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PREFACE 


T he aim of this work is to formulate a programme of 
theoretical astrophysics. 

This volume contains what may be called a bird’s-eye 
view of our knowledge of stellar atmospheres and envelopes, 
projected on to atomic physics as a background. 

A second volume is planned to give a similar view of the 
internal structure of stars, analysed in terms of nuclear 
physics and hydrodynamics. 

1 would like to express my best thanks to Mr. G. Randers 
for his indefatigable help in the final revision of the manu- 
script and in proof-reading; to Mr. Stcensholt for his valuable 
assistance in the preparation of the first version of the book; 
and to the staff of the Oxford University Pi’ess for their care 
and attention in the printing. 

BUNUEEN, ne<ar OSLO, Norway, 

April, 1930 . 
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INTRODUCTION 


AMONG natural sciences astronomy is unique as the mother of 
all other sciences, the oldest by far in years, and probably still 
the one which is dearest to the heart of man. It was originally inex- 
tricably linked up with rehgious thought and practice, and it will 
always have something to say about the general outlook of man 
on the universe, which must take place, so to speak, through the 
astronomer’s telescope. 

It is the most poetical of sciences, and many a beautiful human 
dream was woven into a celestial language. But with oncoming age 
astronomy has taken on a sterner countenance. Poetry may still be 
there, but it has been forced into a different garb. The machine age 
has revolutionized astronomy like everything else. There is the 
ever-insistcnt demand for the mass production of observations, for 
increased precision in measurements, for further detail in arith- 
metical reductions, and for more satisfying theoretical interpretations. 
As a consequence an astronomical observatory of to-day looks more 
like a factory plant than an abode for philosophers. The poetry of 
constellations has given way to the lure of plate libraries, and the 
angel of cosmogonic speculation has been caught in a cobweb of 
facts insistently clamouring for explanations. 

Who has not experienced the mysterious thrill of springtime in 
a forest, with sunbeams flickering through the foliage, and the low 
humming of insect life? It is the feeling of unity with nature, which 
is the counterpart of the attitude of the scientist analysing the sun- 
beams into light quanta and the soft rustling of a dragon-fly into 
condensations and rarefactions of the air. But what is lost in fleet- 
ing sentiment is more than regained in the feeling of intellectual 
security afforded by the scientific attitude, which may grow into a 
trusting devotion, challenging the peace of a religious mystic. For in 
the majestic growth of science, analytical in its experimental groping 
for detail, synthetic in its sweeping generalizations, we are watching 
at least one aspect of the human mind, which may be believed to have 
a future of dizzy heights and a nearly unlimited perfectibility. 

The analytic nature of science has revealed itself most clearly in 
the constantly growing importance of the atomic conceptions; and 
astronomy is the science which, after physics and chemistry, has 

.^ 696.16 2 



xii INTRODUCTION 

benefited most from this development. It is at present the avowed 
goal of these sciences to build up a complete theoretical self-contained 
structure, based on atomic theory, sufficient for the adequate descrip- 
tion of all physical and chemical processes in the universe. 

The historical development leading up to this ambitious prospect 
may be followed step by step in the literature. It is not necessary 
to follow uncertain roads for thousands of years back into history; it 
has all developed before our own eyes. 

It is true, of course, that the idea that matter is ultimately atomistic 
in structure goes back to the very beginning of science; but the 
saturation of nearly all physical and chemical theories with atomic 
conceptions is of more recent origin. Chemistry has always been the 
stronghold of atomism, and rightly, because the limited number of 
chemical elements, and the formation of chemical combinations out 
of pure elements mixed in constant multiple proportions, should 
suffice as an irrefutable jiroof that the ultimate laws of nature are 
atomistic, and hence not reconcilable with a description of nature in 
purely continuous terras. 

But physical experiments have the advantage of bringing the 
atoms nearly within the grasp of human fingers. In the Brownian 
motion w'e observe directly the reflections of atoms bouncing back 
from a small obstacle, and in Faraday’s law of electrolysis the 
counting of separate atoms moving through an electrolyte is nearly 
tangible. Still more is this the case in Millikan’s experiments on the 
electric charge on fine oil-drops. 

In the phenomena associated with the passage of electric currents 
through rarefied gases the electrical properties of the ultimate 
particles of matter reveal themselves still further and lead to the 
discovery of the electron as an integral part of matter. This imme- 
diately raises the question as to the nature of the corresponding 
positive entity, which was nearly solved by Lenard about the 
beginning of this century. Ncsarly , but not quite. There is a minimum 
‘Reizsch Welle’ in such matters, which in the present case was first 
surmounted by Rutherford in 1911, when he showed how the experi- 
ments of Geiger and Marsden on the scattering of alpha-particles 
by thin metallic foil unambiguously pointed to the conclusion that 
the positive electricity in a molecule is concentrated practically at 
points, the nuclei. That each atom should contain but one nucleus 
could not be definitely concluded from the experiments in question, 
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but is an outcome of later developments. By studying the cases 
when the Couloumb law of force between an alpha-particle and a 
nucleus breaks down, the dimensions of the latter were found to be 
of the order ^ qi- even less, being thus a hundred thousand 

times smaller than the atoms themselves. 

This success was relentlessly pursued, so as to determine the 
number of electrons in an atom, or what is the same thing, the 
number of unit positive charges on the nucleus. This could be deter- 
mined by studying the deviations suffered by alpha-particles passing 
through matter, and it was found that this number was, apart from 
minor exceptions, equal to the ordinal number of the element in the 
periodic table, the so-called atomic number, the fundamental im- 
])ortancc of which was first realized by van den Brock. J. J. Thomson 
did the same thing previously by counting the number of electrons 
in the atom, using X-rays. 

And then the theoretical physicists discovered that they were in 
for hard times. For it was now only too evident that ordinary 
mechanics and electrodynamics cannot be taken seriously inside the 
atoms. This might have been realized at a much earher stage, and 
on one occasion it was so realized w^hen Gibbs declared {Elementary 
Principles of Statistical Mechanics, 1900) that the failure of the specific 
heat of diatomic gases to show the vibrational degree of freedom was 
a severe indictment against the whole application of mechanics to 
atomic problems. And how ca7i a composite gas retain its chemical 
properties intact indefinitely, seeing that its molecules suffer billions 
of violent collisions per second? But the physicists refused to 
become shocked until the plain facts left them no alternative, as was 
the case with the picture of the atoms di’awn up by Rutherford. 
For, since the forces holding the atoms together were purely 
electrostatic in nature, the atoms could not possibly remain stable. 
Static configurations are unstable, and moving electrons will radiate 
energy, and not stop until they coalesce with the nucleus. Moreover, 
spectroscopy would demand electrons performing harmonic oscilla- 
tions, and, even more rigidly, one electron for each individual spectral 
line which could not be explained as a higher harmonic of some other 
line. This would demand thousands of electrons in a single hydrogen 
atom, which J. J. Thomson had proved to contain but one. 

The quantum theory, which first burst out in full blossom after 
Rutherford’s discoveries in 1911, originated in September 1900 when 
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Max Planck contributed his first paper on the quantum theory of 
temperature radiation to the Prussian Academy. Considering the 
prevailing tendencies in physics it is no wonder that it got only a half- 
hearted start, and that Planck spent the better part of the next 
fifteen years in attempting to smooth out the apparent hardnesses in 
his original assumptions. 

It was Einstein who, by his work on specific heats and the photo- 
electric effect, gave to the quantum theory its first concrete actuality. 
Incidentally Einstein then formulated the idea of light quanta, a 
paradoxical notion which did not lose its sting until twenty years or 
more later, when it was realized that this paradox contained a good 
part of the real truth . 

However, the man who started the quantum theory on its road to 
success was undoubtedly Bohr, who showed how the principal laws 
of spectroscopy may be interpreted from the quantum -theory point 
of view, provided the Rutherford view of atomic constitution is 
accepted. It was at this time that it w^is first realized that quantum 
theory aimed at a complete re-interpretation of the basic notions of 
classical physics. By the two quantum postulates, which Bohr made 
his starting-point, certain limitations of ordinary mechanics and 
electrodynamics were recognized to be a necessary corollary for the 
introduction of quantum conceptions, and hence to be the essentially 
new feature of the theory. 

It is not true, however, that all subscribers to the quantum theory 
realized the radical implications of these postulates from the start. 
But there came constantly new impetuses in this direction, one of the 
most effective probably being Einstein’s theory of temperature radia 
tion of 1917, where Planck’s original result was derived simply by 
assuming Bohr’s postulates to hold, and assuming the elementary 
atomic processes to go by chance, just as the radioactive processes 
appear to do. This point of view was carried still farther by Bohr in 
his Correspondence Principle of 1918, which was a first attempt at 
the creation of a separate quantum mechanics, a self-sufficient sys- 
tem of mathematical rules for the description of atomic phenomena, 
just as ordinary mechanics plays the part of such a system for the 
motion of the planets of the solar system. And then, half a dozen 
years later, the idea behind this attempt was carried out literally 
by a pleiad of young scientists, Heisenberg, Dirac, de Broglie, and 
Schrodinger, giving rise to the matrix mechanics on one hand and 
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the wave mechanics on the other, which we now know to be but 
different aspects of one and the same theoretical structure, the 
quantum mechanics. 

Just as many scientists of the last century believed it possible 
to describe the universe adequately in purely mechanical terms, so 
we are now expecting the physical universe to yield its secrets 
when attacked with the artillery of quantum -theory conceptions. In 
pursuing this course we are liable to make some of the errors of our 
forefathers all over again. But there is nevertheless ground for some 
confidence, since there is a much greater margin of safety this time, 
the quantum theory having already been subjected to many severe 
tests, which show that its range of application extends all over the 
field of terrestrial physics and chemistry. Moreover, during the last 
fifteen years astronomy has become jiermeated by atomic theory, and 
it is by now abundantly clear that further progress in theoretical astro- 
jjhysics will depend intimately on the astronomers understanding how 
to express their observed facts in the language of atomic theory. 

The beginning of this development goes back to the foundation 
of astronomical spectroscopy about 1860. Already Secchi’s first 
survey of the stellar spectra showed that the stars are made from the 
same chemical elements as the earth and the sun, indicating very 
strongly that terrestrial physics and chemistry, proyierly administered, 
must apply throughout the starry heaven. This result has been 
further fortified by every new improvement in laboratory technique, 
leading to a match of previously unidentified lines in stellar spectra 
by lines in terrestrial sources. 

The first really sensational case of this sort was the discovery by 
Lockyer and Ramsay (1893) that the yellow doublet discovered by 
Lockyer in the chromospheric spectrum of the sun (1868) was really 
due to helium, which was previously unknown on the earth. Through 
the work of Bohr and Fowler (1915) it became clear that the so-called 
‘secondary hydrogen lines’ first discovered by E. Pickering in the 
spectrum of ^ Puppis were also due to helium, this time in its singly 
ionized state. This was the first strict proof that the elements in 
stellar atmospheres are in a state of ionization. It is true that Lockyer 
many years before (cf. Chemistry of the Sun, or Sun's Place in Nature) 
had urged the idea that the change in the spectra of the elements on 
passing from the arc to the spark corresponds to a progressive change 
in the atoms themselves due to the increased temperature. But the 



xvi INTRODUCTION 

notions of atomic structure entertained at those times were too 
crude for Lockyer’s ideas to assume a more concrete form. Yet it 
must be admitted that he was right in his contentions in this particular 
respect, although their value is slightly diminished by the fact that 
in his writings the finer points are sometimes obscured by con- 
troversies. 

Although Bohr must thus be considered the pioneer in the field, it 
was the Indian physicist Megd Nad Saha who (1920) first attempted 
to develop a consistent tlieory of the spectral sequence of the stars 
from the point of view of atomic theory. Saha’s work is, in fact, the 
theoretical formulation of Lockyer's view along modern lines, and 
from that time the idea that the spectral sequence indicates a 
y)rogressive transmutation of the elements has been definitely aban- 
doned. From that time dates the hope that a thorough analysis of 
stellar spectra will afford complete inlbrmation about the state of the 
stellar atmospheres, not only as regards the chemical composition, 
but also as regards the temj)cr:Jture and various deviations from a 
state of thermal equilibrium, the density distribution of the various 
elements, the value of gravity in the atmosphere and its state of 
motion. The impetus given to astrophysics by Saha’s work (‘an 
scarcely be over-estimated, as nearly all later progress in this fiold 
has been influenced by it, and much of the subsequent work has the 
character of refinements of Saha’s ideas. 

Fowler and Milne showed how the analysis could be made much 
more precise by focusing attention on the maximum intensity of 
the lines, instead of considering the marginal appearance or dis- 
apjiearance as Saha preferred to do. In this way it was ])ossible to 
show conclusively that the density in the reversing layer of the stars 
is several thousand times smaller than the density of ordinary air. 

It was further shown by Fowler that the conspicuous contrast 
between the persistence of hydrogen lines with increasing tempera- 
ture beyond their maximum and the very rapid decline of metallic arc 
lines beyond their maximum is a simple consequence of the different 
atomic constitution of these elements. Milne, on the other hand, 
showed how varying ionization with height in the atmosphere, and 
the dependence of general opacity on temperature and density, are 
reflected in the behaviour of the spectral lines, and are responsible 
for some of the more striking spectral differences between giant and 
dwarf stars. 
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In this initial phase of development no detailed theory of the form 
of the absorption lines was involved, except that the intensity of a 
particular line will increase when the number of atoms of the right 
kind and in the right state above the photosphcric level increases. 
Thus only the most fundamental features of atomic theory were 
utilized. And it is interesting that doctrines like the existence', of 
definite energy levels forming excited states from which the lines are 
formed by transitions to other states, can be subjected to such a 
convincing test by astrophysical observations. One may recall here 
all the difficult experimental technique which a cou})le of decades 
ago was brought to bear on the problem of bringing out the successive 
lines of a series by increasing the voltage of the exciting electrons. In 
stellar spectra this j)rocess is illustrated on a grand scale, and just as 
convincingly as in the laboratory. 

The next stej) was obviously to incorporate more detailed theo- 
retical information about the spectral lines into the analysis. Pro- 
gress here has been achieved through successive approximations as 
the theoretical notions have become more and more refined. First 
Unsold on one liand and Stewart on the other showed how the coeffi- 
cient of scattering predicted by classical dis])ersion theory would 
account for the wide wings of strong solar and stellar lines. Unsold 
worked out in this way a j)rogramme for analysing the state of an 
atmosphere from the profiles of the spectral lines. It is true that 
the applicability of the method was originally, and still is, very 
limited; partly because so many things remain to be worked out in 
atomic theory ; still more because the theory of transmission of radia- 
tion through a stellar atmosphere is only very crudely developed; 
most of all because the observational determination of line profiles 
is one of the most difficult tasks in astronomy, which in many cases 
will demand a wholly new instrumental equipment and technique. 

The cruder procedure of observing only the total intensity of a line 
must therefore remain for a long time to come the principal way of 
approach. Here conditions are much less uncertain, as was shown 
by Minnaert and his collaborators. In the case of strong lines the 
intensity appears to be a simple function of the X)roduct of the 
number of atoms above the photosphere, the oscillatory strength 
of the line, and, finally, its damping constant. When the intensity 
of the line diminishes, the intensity becomes gradually more and 
more independent of the argument, passes through a minimum of 
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dependence, and when for still smaller concentrations of atoms the 
intensity begins to fall more rapidly, the damping constant no longer 
plays any part. In its place the intensity is influenced by the 
intrinsic width of the line which is due to thermal Doppler effect. 

This description refers to an ideal case of a quiescent atmosphere. 
If the atmosphere is in some state of motion, conditions will be 
different, and it is here that the study of the lines reveals essentially 
new information. Rotating stars are thus recognized from their 
broad and diffuse lines with dish-shaped profiles. Expanding stars, 
as we observe them in novae, Wolf-Rayet stars, and O stars have 
very broad emission lines which arc easy to recognize. Recently 
Struve and Elvey believe they have found what may be called 
'boiling’ stars, where the apparent thermal Doppler effect exceeds 
the one to be expected by a factor of the order ten, and this fact they 
have interpreted to mean that the atmospheres are in a state of 
irregular motion. The study of the Doppler effect in interstellar lines, 
so important for the study of galactic rotation, also belongs to this 
field. It is in fact not merely a question of a simple bodily dis])lace- 
ment of the lines, as in the case of routine radial velocity incasun^- 
ments, but of an accumulated Dopjfler effect, in which the width of 
the line increases proportionately to its displacement from the zero 
position. 

Another line of study in which the finer details of atomic theory 
play a considerable part was opened up by Bowen in 1927, when he 
removed the veil which uj) to that time had hidden the secrets ol 
nebular radiation by showing conclusively that the previously un- 
known nebular lines must be due to forbidden transitions in the 
ionized atoms of oxygen and nitrogen and some other elements. It 
goes without saying that this discovery at once stimulated theo- 
retical research into the quantitative theory of forbidden transitions, 
and astrophysicists became on the alert as regards other possibilities 
where such transitions might play a part. 

Forbidden transitions entered the field of cosmical physics for the 
first time when McLennan discovered that the green auroral line is 
really due to a transition from a metastable state in the neutral 
oxygen atom. In our own atmosphere we have also other instances 
of forbidden transitions in the well-known red absorption bands of 
oxygen. Recently Adams and Dunham found forbidden bands of 
carbon dioxide in the spectrum of Venus. Still more sensational was 
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the discovery that the absorption bands in the spectra of outer planets 
could be interpreted as forbidden bands of methane and ammonia, 
which was brought out by the theoretical work of Wildt and the 
observations of Dunham. 

The discovery by Menzel, Payne, and Boyce, that many lines in 
novae and 0 stars of previously unknown origin are due to for- 
bidden lines in atoms of ordinary elements, also serves to show 
that astrophysics is just the field where forbidden transitions may 
be studied with advantage. 

The story of the role of atomic theory in astrophysics has not 
been told in full, but enough has been said to indicate how it inter- 
venes at strategic points, and how it promises in due time to reveal 
a full picture of the constitution of stellar atmospheres. Already we 
begin to perceive in outline the possibilities which are lying ahead. 
We know enough now to maintain with considerable confidence that 
the study of the atmospheres is not an isolated field. On the contrary, 
the structure of the atmospheres is so intimately connected with the 
internal structure of the stars, that it is possible to derive from the 
spectra such typical properties of the star in bulk as the mass and 
the luminosity, which again leads to a knowledge of the distance 
of the star in space. In fact, stellar spectroscopy has in this way 
already threatened to supplant many methods of classical astronomy, 
and is likely to do so much more in the future. 

In the present book an attempt has been made to build up the 
theory of stellar spectroscopy in a systematic way from the elemen- 
tary principles of quantum mechanics, ready for the interpretation 
of astrophysical facts. It is fully realized that this can scarcely be 
done except in the form of a programme for future work, but it has 
nevertheless been thought worth while to work out a programme of 
this kind. 
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ANALYTICAL DYNAMICS 

1 . The Equations of Lagrange and Hamilton 

In this section we shall recall some salient features of the canonical 
form of the equations of motion first given by Hamilton,! and the 
integration theory of these equations developed by Hamilton! 
and Jacobi, t This tlieory not only forms the most convenient form 
of the dynandcal equations, but also the most natural bridge from 
ordinary mechanics to quantum mechanics. 

Consider a dynamical system consisting of r mass points. Denote 
the rectangular cartesian coordinates of the ith point by 
its mass by m,,;, and the corresponding force by 3^-, The 
Newtonian equations of motion of the sysk^m are then 

m^Xi ■==■- Xi, mij/i == Yi, m^Zi == (i = 1, 2,...,r), 
wLcre a dot denotes differentiation with respect to time. All affixes 
will bo placed as subscripts for the present, while they have no 
tensorial meaning. 

For various reasons it may be convenient to introduce other systems 
of coordinates in these equations, particularly so when the system 
involves constraints, so that the number of degrees of freedom of the 
system is smaller than the number of rectangular coordinates used 
in its specification, 3r. We therefore introduce a set of generahzed 
coordinates g'l,..., qg- We shall not here stop to consider the difference 
between holonomic and non-holonomic systems, which plays a con- 
siderable part in rational mechanics. We suppose that the particles 
are either moving freely in space, or that tliey are connected in such 
a manner that it will always be possible to find equations not 
involving differential relations between the new and the old co- 
ordinates. 

In order to effect the transformation in question we multiply the 
Newtonian equations of motion by 

^ ^ ^ 

^<lk ^Qk 

respectively, add the resulting equations, and take the sum over aU. 

t ‘On a general method in dynamics’, Trans. Roy. Irish Acad., 1834-6. 
t Vorlesungen iiber Dynamik. 

3595.15 
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The resulting equation is then 


le quantity <?. = J 


occurring on the right-hand side of the above equation is obviously 
the g;^-component of the force in the new coordinate system. We 
further denote the kinetic energy of the system by T : 


On account of the identities 


^<ik 4 ^ 


dXj ^ dXj 

8x^ _ d (dxA 
m (x ^■-4-w ^-1-^ ^ 




we have 


8q, - Z. -r^dt\8q,j -^^^dt\8qj ' '^^dt\8qji’ 
which together with (1) gives the relation 

d(dT\ dT „ , o X 

These equations were given for the first time by Lagrange. f Tf a 
potential energy function ^ exists, so that 

it is natural to introduce the difference between the kinetic energy 
and potential energy , the kinetic potential 

L = T-~cf>, 

into equations (la), which then assume the form 

5(D-i = “ = *>• 

since ^ is independent of the velocities. According to the calculus 


0 {k = l,2,...,s), 


t ‘Th^orie de la libration de la lune. Deuxi^rae section, Nouveaux Mdmoires de 
Vacadimie royale des sciences et belles-lettres de Berlin, annde 1780, 
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of variations, equations of this type are necessary conditions for the 
first variation of the integral 

tx 

J = j Ldt 

ti 

to vanish for arbitrary variations Sg^. of the coordinates, which vanish 
at the limits of integration. This is Hamilton’s variation principle. 

To see this, assume first that the coordinates are varied without 
varying the time. We have then 



By partial integration of the second term in the bracket we find 



But the first term on the right-hand side vanishes in virtue of the 
conditions at the limits. Since the variations are arbitrary otherwise, 
it follows that for 8J to vanish the quantity in brackets must vanish, 
which means that equations (2) hold. 

Suppose next that the time is varied. Account must then be taken 
of the fact that the velocities contain the time. We have then 


ik+Mk = 


d{t+St) 


dt 


/, dBt\ _ . 

( dt) 


9k-^k 


dSt 

dt" 


so that the variation suffered by the velocity g^^ on varying the time 


. dSt 

For the time variation of J we have 


^1 

which by the use of the expression for the variation in qj^ becomes 



The same condition is imposed on as on the other variations, that 
it must vanish at the hmits of integration. By partial integration it 



4 


ANALYTICAL DYNAMICS 


Chap. I, § 1 


follows then in the same way as before that the term 



in the integrand may be replaced by 



without altering the integral. The variation of the time, S^, may now 
be taken outside the parenthesis, and the condition for the vanishing 
of the integral, no matter what St is, becomes 


dL , ^ / . 

dt dt\^ dqj^ 


0 . 


But this equation is identically satisfied in virtue of equations (2). 
For multiplying these ecpiations by qj. and summing, the above 
equation results by an easy transformation of the terms. 

It may be noticed in x)assing that this last equation contains the 
principle of conservation of energy. If the potential energy is inde- 
pendent of the velocities, the expression in parenthesis is just equal 
to the total energy. For since the kinetic energy is a quadratic 
function of the velocities, the sum 



will equal twice the kinetic energy. If the potential energy does not 
contain the time exphcitly, the same is the case of L, and the equation 


reduces to 


d 

dt 


{T+<f>) - 0 , 


so that the total energy remains constant in time. 

From equations (2) we pass over to Hamilton’s form of the equations 
of motion in the following way. We introduce a new series of variables, 
the generalized momenta defined by the equations 

In rectangular coordinates these quantities usually reduce to the 
product of mass and the velocity components, so that the vector 
with components pf^ represents the momentum as ordinarily defined 
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in mechanics. We have then in virtue of equations (2) 

SL = ]£ {Pk^k+PkHk)- 

k 

Consider next the function 

H == I,Pk4k-L. 

k 

The first variation of this function is easily brought to the form 
m = ^ ((h^Pk—Pkkk) 

on using the above expression of SL. This simply means, however, 
that the variables pj., qj, satisfy the system of equations 



Vk 


BH 

Hk 


(3) 


which are just Hamilton’s canonical equations of motion. 


2. The Hamilton-Jacobi Integration Theory 

The general idea underlying this theory is first to find the condi- 
tions to be satisfied by a transformation of variables which has the 
property not to alter the canonical form of tfiese equations. 

The next step is then to find a set of new variables which will 
remain constant during the motion of tlie system, so that they may 
be considered a set of integration constaiits. Tlie relations between 
old and new variables will then just constitute the integrals of the 
differential equations which we are looking for. 

Consider thus a change of variables in the Hamiltonian equations 
from Pj., qj. to Qj. say, the change being by hypothesis of such a 
kind as to leave the Hamiltonian equations invariant, that is to say 



Qk 


m 

8Pk’ 


(4) 


H being some function of Pj,, Qj., and perhaps the time t. This will 
evidently be the case if the kinetic potential, which enters the varia- 
tion principle, when expressed in terms of 7^., Qj^ is equal to the corre- 
sponding L expressed in pj^, save for the possible addition of a term 
which is the total derivative with respect to time of a certain function, 
which may be denoted by S, Any term of this latter kind may 
evidently be added to the kinetic potential in Hamilton’s principle 
because the time integral of such a term depends uf)on the initial and 
the final variations of the coordinates and the time only, and those 
variations are supposed to vanish at the integration limits. The new 
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and old variables will therefore be connected by the differential 
relation _ . a 

I (P,c<h-P, ^ (5) 

The function S may have four different forms. It may depend 
upon Qj^ only, and not on Pj., or alternatively on Qj^\ Pj^\ 
or P^. only. The dependence of S on the time, on the other hand, 
is by (5) always such that 

77 = /?+^!^. ( 6 ) 

dt 


As equation (5) stands S is supposed to be a function of only, 
and we have the following eejuations connecting the old and new 

SS „ dS 


The other forms of these ecfuations are easily obtained by writing 
“ ^^'(Pk9k)~~9k^Pky (^) assimilating the total deriva- 

tives d{pj^qj^) into dS. 

From equations (4) we notice that the new variables will remain 
constant in time if the new Hamiltonian function 11 is independent of 
and Since this function by its definition involves an arbitrary 
constant, it involves no loss of generality to assume P “ 0, or by (6) 


= 0. 

dt 


( 8 ) 


We have next to replace the g>’s in H by their equivalents 
according to (7), in consequence of which (8) becomes a partial differ- 
ential equation for the determination of the transformation function 
S. Any solution of this equation will, of course, define a certain 
transformation. But for the transformation to represent the general 
solution of the dynamical problem in question, it must contain s 
arbitrary constants, which may be taken to represent all the 
The con^esponding P^ are then obtained by simple differentiation 
according to (7). Since both the Qj^ and the are constants of the 
motion, relations (7) will now represent the integrated equations of 
motion. 

If H does not contain the time explicitly, we may write 
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where £' is a constant, which in this case signifies tlie total energy 
of the system. 


3. Motion in an Electromagnetic Field of Force 

Consider a general electromagnetic field in empty space, defined by 
a scalar potential (/> and a vector potential A. These potentials are 
connected with the electric and magnetic field-strengths E and H by 
the equations of definition 


E 




1 ^ 
'cl^' 


H - curl A. 


The force on unit charge is 

f ^ E+-VxH, 

C 


where c is the velocity of light, and the x denotes the vector product. 
The equation of motion of a jmrticle of constant mass m and charge 
e becomes 

mV eE + -VxH. 

c 


Introducing the expressions for E and H into this equation, and carry- 
ing out some not too difficult transformations, it may be brought to 
the form ^ 

dt\ 


mV+?Aj - -v|4-^;VAj. 


But the three components of this vector equation are just the Lagran- 
gian equations corresponding to a kinetic potential 


L = 

c 


For a system of particles the kinetic potential is simply the sum of 
the kinetic potentials of the individual particles. 

We have above assumed the masses to be independent of the time 
and the velocities. Assume now that the masses depend on velocity 
in the manner required by relativity theory 


ntQ 

^ - V^FVeX' 

The equation of motion of a particle moving in an electric field is 
then 
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and corresponds to a kinetic potential 

The only difference from the non-relativistic case consists in the 
replacement of the kinetic energy by — moC^^(l — F^/c^), and this 
holds evidently also when magnetic forces are present. 

This does not mean that the relativistic expression of kinetic 
energy is — moC“^(l— -F^/c^), as will be apparent when passing on to 
the Hamiltonian function of the problem. We now include a magnetic 
field as well, so the kinetic potential of the problem is 

L -w,ocV(l-FVc2)-e(^ + -VA. 

c 


The corresponding generalized momentum is easily found to be 

e 


n - 4- "A 


and the Hamiltonian function becomes 
H - pV-i 

Since this is the total energy, the kinetic energy must be 


V(l-F/c^)^ ‘P 




where the constant term has been adjusted so as to make T vanish 
with V. This is permissible since (/> contains an arbitrary constant. 

Expressed in terms of the momentum p, the mass of the particle 
becomes ,, \ i p \ 2 ^ 

and consequently the Hamiltonian function becomes 


(8 a) 


Removing the square root in this equation gives 

The corresponding Hamilton- Jacobi equation is obtained by intro- 
ducing 

p = VS, H+m„c* = 
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in the above equation, giving as a result 





9 


This equation displays the four-dimensional symmetry of space and 

time, so characteristic of the relativity tlieory. The quantity - — - 

c dt 

plays the part of a fourth component of the four-dimensional momen- 
tum vector: 


\IS + 


idS 
c h ’ 


while the magnetic and electric potentials together form the four- 
dimensional vector potential 

A — i = 


3595.15 
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II 

STATISTICAL MECHANICS 

4. The Theory of Gibbs 

In ordinary mechanics the task of solving a given problem runs 
much as follows. At first the nature of the system is specified, which 
is done by giving its particular Hamiltonian function. Each degree 
of freedom of the system ims then its own specified coordinate and 
momentum, the rate of change of which is determined by the corre- 
sponding canonical equations. By solving these equations the coordi- 
nates and momenta are found as explicit functions of the time. 

It is frequently of advantage to imagine the state of the system at 
a given time represented by a point in a space of 2s dimensions, tS* 
being the number of degrees of freedom of the system, the rectan- 
gular coordinates of this space being the canonical coordinates and 
momenta . This so-called phase space is then a union of the coordinate 
space and tlie momeniuni space. From this point of view the solution 
of a mechanical problem consists in determining the trajectory of the 
representative point of the system in its particular phase space as a 
function of the time. This is what may be called the microscopic 
])oint of view in mechanics, it being tacitly understood that the 
investigator is able to follow up the very smallest details in the 
motion of the system under observation, and that he cares to do so. 

In the meclianical theory of heat we have a case where the investi- 
gator does not care to follow up all details of the motion, while he 
is intensely interested in certain features of the motion which are 
apt to repeat themselves very frequently. To satisfy this need the 
statistical point of view in mechanics was developed by the leading 
j)hysicists of the nineteenth century: Maxwell, Clausius, Boltzmann, 
and Gibbs, to name the most outstanding pioneers in this field. 

We then imagine a very large number of systems, mechanically 
identical in nature but different with regard to phase (i.e. configura- 
tion and velocities). We assume the representative points of the 
systems continuously distributed through phase space, so that the 
probability for a member of the system to have its generahzed 
coordinates inside the intervals to qx-\-dq^,,..,Ps to jPa+dpg may be 
represented by an expression of the form 

dax = PdW {dW = d?i,. 
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The quantity P is called the coefficient of probability, and the integral 

a> = J PdW 

taken for arbitrary integration limits is called probability in pliasCy 
which is natural, since it measures the probability that an arbitrarily 
selected system is to be found within the assigned limits of pliase 


space. 

The numerical value of this integral is by definition independent 
of the time if the integration hrnits are moving witli the velocities 
of the adjacent systems, it being remembered that the component 
velocities are now (/i, A* order tJiat no system be created or 
annihilated during the motion, the coefficient of ]>robability must 
satisfy the same ecjuation of continuity as the density in liydro- 
dynamics, whicli in this case becomes 


dt 


+ 


2 {«</,. 




0 . 


•^’Pk 


For constant. P this liquation reduces to 


( 9 ) 


(Pkl 


= 0 , 


2 ( 1 :+^ 

which is automatically fulfilled in virtue of the canonical equations 
of motion. Hence it follows that the integral 

is also independent of the time, provided the integration limits are 
moving with the adjacent systems through phase space. This is the 
main content of Liouville’s theorem. The hnportance of this theorem 
for statistical mechanics is due to the fact that it indicates a rational 
way of defining statistical probability. Since ecpial volumes of phase 
space remain equal during the motion, we may take the a priori 
probability of a certain volume of phase space proportional to this 
volume, without any appended variable factor. This will no longer 
be the case if non-canonical coordinates are used. 

In order to have a statistical theory of thermodynamics the 
coefficient of probability must be given as a function of the coordi- 
nates in phase space. In statistical equilibrium {dPjdt 0) equation 
(9) reduces to / gp gpi 

2 “ “• 

This simply means that P is a function that does not change during 
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the motion of the system. From mechanics we know a few functions 
of this kind, which are the same for all conservative systems, viz. 
the total energy, and each rectangular component of total linear 
momentum and angular momentum. Since thermodynamics makes 
the express assumption that the equilibrium shall be independent 
of special properties of a system, we must assume the probability 
coefficient of an assembly of systems in thermodynamic equilibrium 
to be a function of the energy and the component momenta of the 
system in question. P must further be singJe-valued and real and 
fulfil the condition that the total probability is unity: 

all 

J PdW = 1. 

phases 

But for the rest P is arbitrary, and it is scarcely possible to give an 
a jiriori jjroof of its functional form. (Jibbs showed, however, that 
for a system at rest the so-called canonical distribution, which is 
given by p ^ ^(4,-mkT^ 


is particularly suitable for a statistical interpretation of thermo- 
dynamics, and it satisfies at the same time the more trivial conditions 
enumerated above. Here K is the total energy, T' is the absolute 
temperature, and k the gas constant relative to a single atom, the 
so-called Boltzmann’s constant; ^ corresponds to the free energy of 
thermodynamics, and is determined by 

all 

e-I^IkT ^ J 

phases 

since J P dW --- 1. The average value of klogP corresponds to 
the entropy S : 

nil all 

S = k J PlogPdW^k J dW. 

phases phases 

The pressure is then given by the ordinary thermodynamic relation 


V = 


difj 


where F signifies the volume in ordinary three-dimensional space. 
When the number of degrees of freedom is very large, such as is 
always the case when the system consists of atoms or molecules, it is 
easy to show that the kinetic and potential energy of the system will 
remain practically constant, in as much as the fluctuations will be 
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of the order of kT, the average energy of a single particle perform- 
ing linear harmonic oscillations. These are the principal features of 
thermodynamic statistics in the form given by Gibbs. 

Gibbs’s ‘canonical distribution’ is essentially a special way of 
introducing the Maxwell-Boltzmann distribution law into molecular 
statistics. Applied to a swarm of non-interacting particles in a box 
the canonical distribution becomes identical with the Maxwellian 
distribution law. Adding a field of force, gravity for example, leads 
to the Maxwell-Boltzmann distribution law, and so on. The only 
difference between these different forms of statistical theories lies 
therefore in the particular mathematical machinery in use, and in the 
genera] background of pliysical arguments leading up to the mathe- 
matical formulae. 

5. Dissociative Equilibrium in Caseous Systems. 

We shall now apply the theory of Gibbs to the dissociation in a 
gas, a problem of fundamental importance^ in astrophysics. Wc con- 
sider a mixture of r different elements in a gaseous state, enclosed in 
a volume F. These atoms may enter into chemical combinations in 
many different ways, say p different types. Let, further, Xj^ be the 
number of molecules of the /i;th type and the number of atoms of 
the ith type which enter in a molecule of the i’th type. We have then 
evidently r equations of the form 

(i = l,2,...,r), (10) 

where is the total number of atoms of the ith sort. 

These definitions and assumptions imx)ly certain restrictions on 
the dependence of the functional form of the total energy on the 
individual atoms. For the term ‘a molecule’ to have a definite 
meaning it is necessary that the forces acting between the molecules 
do not perturb the internal motions of the molecules in any serious 
manner, that is apart from the effect of collisions of a transient nature. 
These conditions are fulfilled in all cases of practical interest, and do 
not prevent the consideration of cases in which there are consider- 
able deviations from the ideal gas laws. By introducing equations 
(10) we have, however, excluded the Fcrmi-Dirac quantum statistics 
from our considerations, since these statistics, according to Pauli,t 
require a canonical distribution of the atom numbers themselves. 


t Zeits.f, Phyaik, 41 (1927), 81. 
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Molecules of the same kind, but in different quantum states, will 
be considered as identical, so that Xi refers to a definite atomic 
complex. The instantaneous values of a particular Xi are not deter- 
minable, since they will vary extremely rapidly from instant to 
instant. What we observe are the mean values, which in statistical 
language are given by 

Xi = ^x^PdW, 

where the integrations are to be extended to those parts of phase 
space only which correspond to the same number of atoms of different 
sorts, as demanded by relations (10). 

We sliall now try to bring the above iiitt^gral to a form in which 
the dependence of the mean values ~Xi on macroscopically measurable 
quantities appears more clearly. For this j)urpos(i we first observe 
that the given integral may be written as a sum of partial integrals, 
each extended to that part of phast^ space in which the rq preserve 
constant values, that is 

I J d W, ( J 0 a) 

Xt 

where the index Xi appended to the integral sign indicates that tlie 
integration is to be carried out for constant a:;- values, and where the 
sum is extended to all combinations of values Xi which are com- 
patible with (10). In the same manner the free energy of the system 
is determined by the partition function 

In order to simplify the expression further it is necessary to con 
sider the functional form of the energy of a molecule more closely. 
Let m be the mass of the molecule, and u, v, and w the rectangular 
velocity components of its centre of gravity, its internal energy, 
and its potential energy relative to all other molecules in the 
assembly. The system energy is consequently 

where the summation is to be extended to aU molecules of the 
assembly. Due to the assumption about the energy mentioned above, 
is independent of the coordinates of the centre of gravity of the 
molecule in question, while e® is independent of the coordinates 
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determining the internal state of the atom. In consequence of this 
each integral ^ 

Xi 

may be split up into independent factors. First of all each molecule 
contributes a factor of the form 


f = ^ dudvdwdW\ 

where dW' refers to the internal degrees of freedom of the molecule. 
The integration over the velocities of the centre of gravity is easily 
performed. In fact, by the theory of the error integral we have 

J dudvdw — {^irnikT)^. 

Hence / - (27rmkT)^f\ 


where a dash indicates that the partition function is only relative 
to the internal state of the molecules. 

Next comes a factor relative to the coordinates of the centre of 
gravity of the molecules 

iT = J dxdy. .. ( =-■ 2 . 

where denotes the total interaction energy of the molecules. This 
latter partition function may be simply expressed by the average 
value of the interaction energy. We have, in fact 


j dxdy... 


dT 

dT . , 


/« fl'!' > X 

and hence logF ~ — E^ -\-\ogV^ 

d Id “ 


The integration limits adopted coiTespond to the requirement that 
the average interaction energy shall vanish for infinite temperature. 

Finally, it is to bo remembered that by permutation of atoms in 
different molecules new states of the systems are obtained, states 
which are not counted in the preceding integrations. The total 
number of permutations of atoms of the ith kind is Permuting 
all atoms inter se we obtain in all n X^\ new states. But it must be 

i 

remembered here that permutations within a homogeneous group 
of molecules do not really lead to new distinguishable states, and 
these permutations must consequently be removed. This number is 



16 STATISTICAL MECHANICS Chap. II, § 6 

obtained by considering two different processes. First we permute 
all homogeneous molecules inter se. This gives in ^1117 pcrmuta- 

tions. We next permute all atoms of the same sort within each 
molecule. This gives an additional number of x>ermuta- 

il 


tions. The final correct number of relevant permutations is conse- 
quently TT ^ 

11 


Thus far we have made no particular assumptions about the 
numbers Xi. We are, however, particularly interested in the case 
when the are large numbers, corresponding to actual conditions in 
a gas mixture. The calculation of the average values may then be con- 
siderably simplified, because expressions like possess a very sharp 
maximum for a definite set of values of the Xi^ By this reason the 
partition function 2 reduces approximately to the largest term 
of the series, and from (10 a) it follows that the average values of tlie 
numbers Xi will coincide with the set of values giving maximal proba- 
bility maximum). We shall not enter more particularly upon 

these questions here, but only remark that the proof is closely con- 
nected with an application of Cauchy’s theorem according to Darwin 
and Fowler, t In fact, the gist of the method introduced by these 
latter authors may be considered to consist essentially of the proof 
of this equivalence of average and maximal values. 

We have now got the following expression for 



and proceed to calculate its maximal value. 

We consider the change in Wx^ when each is replaced by Xi-\-hxi^ 
where hxijxi are very small quantities in comparison to unity. We 
may use Stirling’s formula 

logo:! = xlogx—x.,., 


since the Xi in this case are assumed to be large quantities. Taking the 
logarithm we obtain 


loglFx, = |;iogZf!+ ^ jaJilog^^-ajjlogaj^+aJij + logJF. 


t Darwin and Fowler, Phil, Mag. 44 (1927), 460, 823, or Fowler, Statistical 
Mechanics, pp. 24 and 26. 
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Hence SlogPT^, = ^ 8x,. 

i 

e form 

81 ogW^, = 2 


We write this in the form 


where 


/r 


fi 

It 


and Ui 


1 ^ 
F d x/ 


The variations Bxi must satisfy the conditions that the number of 
atoms is constant for each element, that is 

2 ml8xi =0 (i = 1, 2, 3,...). 

I 

These relations must now be multiplied by Lagrangian factors and 
added to the expression of S(log Wj.^). The variations Bxi may then be 
considered as independent. We find 

The condition that shall vanish for all imaginable variations 
Bxi is satisfied only by reducing to zero the coefficient of each Sxi, 
which gives the following system of equations 


= /fe'‘ 


) nilXi+ui 


( 11 ) 


which, in connexion with equations (10), suffices for the determina- 
tion of the quantities which from now on will be identified with 
the average values x^. 


3595.15 
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Ill 

QUANTUM MECHANICS 


6. The Wave Equation 

The point of view of statistical mechanics in the above sense represents 
something of an intermediate stage between ordinary mechanics and 
quantum mechanics. When the thermodynamical statistician dis- 
regards the motion of the individual atoms or molecules and focuses 
his attention on the recurrent characteristics of the motion, it is 
only because of a sort of physical and mental laziness, and not 
because lie entertains any doubt about the abstract applicability of 
meclianical laws to the motion of the ultimate particles of matter. 
On the other hand, the point of view of quantum theory, which has 
emerged from a mass of experiments and theoretical discussions, is 
that the notion of the orbit of a molecule or an electron is not to be 
understood literally as an observable entity. It is not more of an 
ultimate character than the average values of thermodynamic statis- 
tics. To bring this point of view forcefully to the mind we therefore^ 
in modern quantum theory build up a theoretical structure in whicli 
the statistical point of view is introduced explicitly, even though 
we talk about a single system only. The quantum theory does not 
attempt to construct a micro-dynamics behind the motion of the 
ultimate particles. It limits itself to the construction of a statistical 
machinery, suitable for the description of all observable properties 
of the atomic processes, which merges into ordinary mechanics on 
passing to macroscopic conditions. 

To show the connexion between the methods of classical dyna mics, 
statistical mechanics, and quantum mechanics we may proceed as 
follows. Imagine equation (9) to be integrated over all momenta. 
The sum involving the p’s explicitly in this equation may then be 
neglected, since it is reasonable to exclude the occurrence of infinite 
momenta. Further we denote by qi the average value of % averaged 
with respect to the momenta, and write 

Q = \ P dpi...dp^. 

The quantities Q and q^, will then satisfy the simplified equation 

ofcon«n.it, = 


( 12 ) 
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In the limit of classical mechanics this equation must become a 
direct consequence of the corresponding Hamiltonian equations of 
motion. The quantity Q in the above equation, the probability 
coefficient in coordinate space, must therefore be intimately corre- 
lated with the Hamiltonian function S, A glance at (12) shows that 
the quantum-mechanical equation to be satisfied by S must be of the 
second order, in contradistinction to the Hamilton -Jacobi equation 
which is of the first. This is because the Hamiltonian velocities are 
proportional to the gradient of S, w^hich, when introduced into (12) 
gives an equation of the second order. 

There are many ways leading from the equations of classical 
mechanics to (piantum mechanics, but all of them have the common 
feature that they involve arbitrary assumptions, and cannot be 
carried out logically without an ample appeal to experimental data. 
Skipping this part wo may ])e content to say that the upshot of the 
discussion! is that the transition may be j)erfornied by considering 
the Hamiltonian H as an operator, in the sense that we consider the 
momenta to represent differential operators, as follows: 

__ 7 ^ ^ 

^TTi dqi 

and consider the partial and linear differential equation 

where \fj is the so-called wave function, or probability amplitude, the 
reason for these names being apparent in the following. 

In the limit h ~ 0 the solutions of this eejuation will coincide 
asymptotically wdth those of the corresponding Hamilton- Jacobi 
equation for S, provided we set up the relation 

between S and ijj. By this relation it will bo possible to find out the 
mechanical equivalents of the quantum -mechanical quantities, as the 
left side of the equation represents mechanics, and the right hand 
quantum theory. 

t A very complete discussion of the theoretical background for the symbolic 
interpretation of the canonical momenta as gradient operators is given by Dirac in 
his book Quantum Mechanics j Oxford, 1935. 
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Denote the complex conjugates of 0 and H by and if* re- 
spectively. Then 0* will satisfy the equation 

Multiplying (13) on the left-hand side hy ip* and (15) by ip and sub- 
tracting, we find 

+ = 0 . 

dt h 


Comparing this equation with (12) it appears that a one-one corre- 
spondence between the two equations is possible, provided the second 
term in the above equation reduces to the divergence of a certain 
vector. In that case the operator H is said to be of the self-adjoint 
form. In case of ordinary mechanics the Hamiltonian operator is 
self-adjoint by itself, as may be illustrated by the case of a single 
electron. We have then, in rectangular coordinates, /x and e denoting 
mass and charge of the electron, V the potential energy, and A the 
vector potential: , z ^ xo 


Introducing here 
we find 

// = 2/A.V_!Ay+F 

2ix\27n c ) 
Hence it follows that 


Av 

27ri 




ihe 




= divfv4- - — #*aI (16) 

[4:7rtfjL /xc J 

it being remembered that divA vanishes by the ordinary definition 
of the vector potential. Identifying now equation (12) with (16), it 
follows that the coefficient of probability Q is given by 

Q — ipip* 

and the velocity by 

A glance at (14) shows immediately that this is just what might have 
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been anticipated, since it gives the correct asymptotic transition 
to the case of ordinary mechanics. The definition of energy may, 
similarly, be taken over directly from ordinary mechanics via equa- 
tion (13). For in the Hamiltonian theory of conservative s^^stems 
energy is defined by ^ ^ 



Introducing S from (14) we find the wave-mechanical expression of 

27Ti ijf dt 

Consider the case when the Hamiltonian does not involve the time 
explicitly. A particular solution of (13) is then 

ifj (18) 

where E is a constant and u{q) a function of the coordinates only. 
Comparing these two ex})ressions we see that E in the latter equation 
is just equal to the energy of the system. The wave function of a 
conservative system in a definite energy state is thus seen to be 
simply harmonic in the time. 

7. The Quantum Conditions 

Equation (13) is the fundamental equation of wave mechanics. 
The quantum conditions to be imposed upon the solutions of this 
equation consist in requiring the solutions to be uniforiri, single- 
valued, and quadratically integrable. The first of these conditions is 
common to all functions appHcable to real physical problems. The 
second is practically identical with the earlier quantum conditions of 
Sommerfeld, Schwarzschild, etc., as will be reahzed by an inspection 
of (14). For these earlier conditions demanded that the increase 
suffered by S when a particular coordinate performed a complete 
cycle of its possible variations shall be an integral multiple of Planck’s 
constant. But this is just the necessary condition that 0 shall be 
single-valued, provided S and ip are connected by equation (14). The 
third condition is necessary for ipip* to play the part of a true proba- 
bihty coefficient, because the integral over extended to the 
whole of configuration space must give the total number of systems 
in the assembly under consideration, and it is convenient for the 
theory to keep this number finite. It is easy to see that this number 
remains constant during the motion. If, namely, equation (16) is 
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integrated over all space, the right-hand expression may be trans- 
formed into an integral over a surface lying entirely at infinity. 
Considering material systems of finite dimensions, the flux of proba- 
bility may be assumed to vanish so rapidly on api:)roaching infinity 
that this integral may also be neglected. Hence it follows that 

H>*dr=-0, 

where the integral is extended to infinite configuration space. 

In this equation is hidden a relation of great importance, which 
may be brought out at once. Assume that 0^. and 0^ corresi)ond to two 
different energy values, say and El respectively. Repeating the 
steps we find in the same way that 

For a conservative system the wave function is given by (18), so that 
the above equation becomes 

J dr = 0. 

In so far as differs from ijjj^ and will thus be orthogonal to 
each other, as expressed by the equation 

J ’/'/£</'* dr 0 (E^ El). 

If, however, Ej. is equal to Ei, the orthogonality no longer holds. 
This may mean that ipi^ is equal to ipi, but they may also be differ- 
ent. In the latter case tlie system is said to be degenerate and the 
degree of degeneracy of the state in question is equal to the number 
of different wave functions which correspond to the same eiK^rgy 
value Ej^, 

The orthogonal properties of the wave functions disclosed above 
lie at the base of the perturbation method of solving wave -mechanical 
problems, as we shall meet it at different places. 

8. The Einstein Probability Coefficients and the Theory of 
Thermal Radiation 

The evolution of the system in time is, in the present theory, in 
most cases satisfactorily described by giving certain coefficients, 
which give the probability that a system initially in a definite 
quantum state i shall in unit time suffer a transition to a state k. In 
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astrophysical applications the case is of particular importance when 
collisions between the atoms may be neglected, and the only external 
influence is represented by a radiation field. If the transition in 
question transfers the atom from a lower to a higher energy level, 
the transition coefficient will have the form 

where p{v) is the energy density of radiation of the external field, 
calculated for the frecpicncy v and per unit frequency interval. The 
frequency v is obtained from the energy dificTcnce between the two 
states by the frcujuency relation 

hv ^ 

It is assumed that the radiation field is uniform ov^er the 8j)ectral 
line ill question, so that the natural width of the line is irrelevant to 
the problem. The coefficient B^j. will depend oji the structure of the 
atom in the states i and but is independent of other states of the 
atom. 

For the converse transition we have 

Here is called the coefiicient of spontaneous transitions, because 
it gives the rate of transitions when external influences are absent. 
The coefficient is analogous to and is called the coefficient of 
stimulated emission. 

The first attempt to describe tlie absorption and emission process 
by such coefficients was made by Einstein, f who also derived some 
important relations between the A- and the -S-coefficients. Einstein 
showed further how it is possible by simjile considerations of this 
kind to arrive at a theory of the intensity of thermal radiation. 

For this purpose it is necessary^ to know the number of atoms in 
a quantum state & in a state of thermal equilibrium. This is obtained 
by a direct application of Gibbs’s canonical distribution, by parti- 
tioning phase space into cells, and coordinatmg one cell to each 
quantum state. Denoting the volume of the cell which is coordinated 
to the A:th quantum state by and the energy of this state by Ej^, the 
probability of finding an atom in this state is, according to Gibbs, 

where 0 is the free energy of the assembly. If there are n atoms in all, 


t PhyaikaL Zeita, 18 (1917), 122. 
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the number in the /cth state is accordingly 

In a state of thermal equilibrium it is reasonable to expect that the 
number of transitions from a state i to a state k is equal to the number 
of transitions the other way, or that any cycle of the two directions 
of transitions has the same probability. 

This is the principle of detailed balancing. Although it cannot be 
said that this principle is proved to be a mathematical necessity for 
thermodynamic equilibrium to be possible, it is natural to narrow 
the conditions down to this statement, and thus far no contradictions 
have been encountered on this account. Then for two states i and k, 


or, introducing the above expressions of the transition probabilities 

= rta,- e Z?i*p(v). 

Writing ^ hv and solving for p{v) we find 

pIv) = 

It is clear that p{v) must ai)proach infinity when T approaches in- 
finity, so that we must have 

^ik “ ^k ^ki- 
lt will be proved later (cf. § 30) that the ratio is given by 


in consequence of which the above formula for the energy density 
assumes the form o j. 3 


which was first given by Planck.*}* 


9. Wave -mechanical Calculation of 

We shall now pass on to the actual calculation of the transition 
coefficients. It is then sufficient to calculate one of the three coeffi- 
cients Aj^^, Bj^i, and B^j^ as the remaining two may then be ealculated 
from the above relations. But it is also of interest to calculate all 
three coefficients independently, and thus be able to confirm the 
above relations. Provisionally, however, we shall adopt the first 


t Ann, d. Phyaik, 4 (1901), 553. 
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procedure, and begin with the calculation of We shall i)ostpone 
the refined theory for later consideration, and first consider those 
features of the problem which are inherently connected with the 
transitions between the stationary states of an atom in a field of 
radiation. The forces exerted by the radiation on the atom will in all 
practical cases be very small in comparison with the inner forces of the 
atom, and it is hence sufficient to solve the problem to a first approxi- 
mation only. In the more consistent form of the theory, to be con- 
sidered later, the atom and the rachation field are considered as a 
single conseirvative mechanical system. Hence also tlu^ radiation 
field is quantized, and absorption and emission of radiation is con- 
sidered as an interaction of two mechanical systems. For the moment, 
we shall, however, take a less correct, but more convenient, view, in 
that we consider the radiation field merely as a small perturbing 
external field of force, which is not subjected to quantization. We 
consider for simplicity an atom containing one electron only, the 
generalization to any number of electrons being obvious in all cases. 
The wave equation of the atom is then 



where p is the symbohe momentum —.V of the electron, p its mass, 

and e its electric charge. A is the vector j)otential of the light wave 
and V the pot(Mitial energy of the electron in the atom. The neglect 
of the scalar potential of the light wave is defensible because the 
waves carry no electricity. 

When the term in A is included, the system is not conservative, 
but becomes so when A is neglected. Let 

1 , 2 ,...) 

be the characteristic functions of the atom for this latter case. The 
most general solution of the problem is then 

= (19) 

k 

where the are a series of constants. We assume the characteristic 
functions to be normalized with respect to unity by the equation 
I ~ 1 , which is convenient in most cases met with in the 

sequel. 

When the vector potential differs from zero the wave equation 

3595.15 


E 
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still admits a solution of the form (19) with the only difference that 
the coefficients aj^ are now functions of the time. To prove this 

proposition we assume the perturbing term — (Ap)(^,^ (we neglect A-) 

fjLC 

to be expanded in an infinite series of the form 


( 20 ) 

fMC k 

The neglect of A- is justifiable in the case under consideration at 
present, but it may become of importance in considering absorption 
by free electrons . 

The coefficients of the expansion (20) are obtained by multiplying 

by </>* , say, and integrating over the whole of configuration space. 

All terms with Ej^ i' will then vanisli owing to the orthogonality 

of the (^-functions, the only surviving term being that in Thanks 

to our requirement that the solutions are normalized with respect to 

unity we find ^ . 

^nrn ^ — I dr. 

MC J 

Introducing this ex])ression into the wave equation with the per- 
turbation term retained, it reduces to 


2 ^ nm 

nm 


A 

2711 



71 


Multiplying this relation by </►* , and integrating over all configura- 
tion space we find 


h da^. 
Itti dt 


2 


(21) 


This proves the proposition, and gives the equations for determina- 
tion of the a’s. 

Consider next the solution of these equations in successive approxi- 
mations. For the present purpose we only require a solution valid for 
a short time interval — short in comparison with the mean life period 
of the stationary state in question. It is therefore natural to adopt 
as a first approximation 



where 
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while stands for a series of constants — the values of the at the 
time f = 0. Introducing the above expressions into the series in (21) 
we find the second approximation to be 

^n~\ ^m^mn ^k^mnky (^ 2 ) 

m mk 

i 

where = j ds. 

0 

Let us stop for a moment and recall the meaning of the quantities 
We have shown earlier that ipt/j^dr is the number of systems of 
which the representative points are found in the volume element dr 
of configuration space. Forming 00* from (19) and integrating over 
all configuration space we find, on remembering the conditions of 
normahzation and the orthogonal properties of the wave functions, 
that 

n 


Since N is the total number of systems in the assembly, a* must 
be the number of systems in the nth quantum state, which we shall 
denote by . Denoting by and a" the first and second order terms 
in (22) we therefore find for the net number of systems which in 
the time interval t have entered the nth state 


AW 


a„a*- 


< <+«„ <*+< oct + a,, «7+ «' a'*. (23) 


According to tiiis formula, the induced transition between the 
stationary states will depend essentially upon the individual values 
of the constants and not solely upon the combinations oc^oc* 
which give the initial number of atoms in the state. This is contrary 
to the original form of the quantum theory as it was formulated by 
Einstein. 

In practical cases, however, the phases of the constants a,, will 
probably be distributed at random, and in this case the present 
theory gives the same result as that of Einstein. For any term 
will then be just as hkely to be negative as positive, except for 
the case n = m. The only surviving terms in (23) are then 

N^AI^A^*,~K 1 2R J A^,Ai^ 

where R means ‘real part of’. A term linear in has here been 
omitted because it is clearly unable to produce any secular increase 
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in the number of atoms in any state, since it is periodic, practically 
with the frequency 

For further progress it is now necessary to calculate the coefficient 
Anm' definition 

If the wave-length of the incident radiation is long in comparison 
with atomic dimensions, A will be sensibly constant within that part 
of space in which and differ appreciably from zero, and may 
be taken outside the integral sign. From the identity 

™ div(.7;J)— a’div J 

we find, on assuming J to vanisli sufficiently fast towards infinity, 

J J eZr ” " J r div J dr. 

Let us apply this equation to tJie flux of probability, which from 
(16) is ‘ J 

since A was neglected in the first approximation. The divergence of 
this is g 

We then find j ) dr = P„„, 

where we have written 

= J dr. (24) 

By partial integration we find further 

/ {4>l'^K-4>n^4>l) = 2 J dr, 

and hence finally 


" AP * 

nm 5 




The next task is tlie calculation of We then write first 

P = P-^'rrivtmt 

itm ^ nm^ > 

t 

so that Ai,^ = - 277 tv„„^P»„ J Ae-2«-'-' dt. 

0 

The integral on the right-hand side is just the harmonic Fourier 



Chap, III, §9 QUANTUM MECHANICS 29 

amplitude of the vector potential, calculated for the time interval 
t and for the frequency From this harmonic amplitude of 

the vector potential we may pass over to the harmonic components 
of the electric field intensity E. From the formula connecting the 
energy density U of a plane wave and the field intensity E, 

U - E2/477, 

we find the intensity of radiation per unit frequency range expressed 
by the vector potential. The relation in question is 

t t 

J ds j" ds, 

0 0 

which gives AJ,*, --- 

c 

the suffix A being added to mark that we are concerned with the 
component of parallel to the vector potential. A little con- 
sideration shows further that 

t 

Qpfj As At At* 

0 

In fact, the integral on the left is taken over just half the area 
of that on the right-hand side. In as much as the real part of the 
integrand is perfectly symmetric with respect to the two halves, the 
right-hand integral will be just twice as large as that on the left. 

We may further average over all directions in space of the vector 
potential. We then find 

(Pnn^WjA = i|P«™r- 

since all directions are equally probable. The rate of change of 
then becomes finally 

qo_4/,2 

y (]sf IP \2j 

The probability that a system in unit time will pass from the state 
m to the state n, or vice versa, xinder the influence of a radiation field 
is thus determined by the Einstein ^-coefficients 

= (25) 

If we use the energy density of radiation instead of the specific 
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intensity the .^-coefficients given above must be multiplied by 
c/47r. Having thus found the .B-coefficients, the corresponding 
Einstein .4 -coefficients follow from the relation 


A 


nm 


p3 ^nm.’ 


whieh was mentioned earlier in this chapter. Later we shall, more- 
over, develop a more refined theory which gives the 4 -coefficients 
directly. 

The vector introduced in the above calculations is the 

quantum analogue of the electric moment, which in classical theory 
determines the radiation from an electric dipole. In fact, a classical 
dipole of electrical Tiioment cP„ oscillating with a frequency v radiates 
energy spontaneously at an average rate 


2e~ ■■ 

— IP |2 


^i(2wrip:i-, 


where P" is the constant harmonic amplitude of P^,. The quantum 
theory expression of the rate of spontaneous radiation from a system 
is, on the other hand, Exjwessing by by the 

Einstein relation givejj above, and by (25), we get 

hv A ^—(27 tv IbP" 1“ 

* n m \ I * nm I * 


Comparing these two expressions it will be realized that Pj) corre- 
sponds directly to Py„„. For this reason eP„„ will frequently be re- 
ferred to as the electric moment associated with the transition n^m 
of the system. 



IV 

SOLUTIONS OF SPECIAL PROBLEMS 


10. The Free Particle 

The simplest case of all is the motion of fiee particles in unlimited 
space. The wave equation then reduces to 


STT^fji 27ri c)i 


0 . 


Assume a solution of the form 

i/t = . 

The three functions tj, and ^ must each satisfy an equation of the 
form ,,.,A o «. 

a-TT-fi - 


dx^ 


EJ = 0. 


where Ej. is the energy associated with the motion in the .r-direction, 
so that tlie total energy E is given by 

E ^ E,+E.^,+E,. 

Writing ky = ^J{2ixEy); k. = ^Ji^fxE.), 

we have the particular solution 

0 HZ! const. ^26) 

The corresponding wave function in case of a shower of particles is 
equal to the product of such wave functions, one for each particle. 

The constant vector k is equal to the momentum of the particle, as 
is easily realized by application of (17). The wave function of a free 
particle is thus a simple three-dimensional sine wave, the wave- 
length of which is given by 

A “ j^/|k| = hjiiv, 


V being the velocity of the particle in question. 

The above solution may also be adapted to the case of free particles 
enclosed in a rectangular box with perfectly reflecting walls. Since 
the particle is supposed to be comj)letely imprisoned in the box, ^ 
must vanish at the walls of the box, and be zero outside. If a, 6, and c 
are the lengths of the sides of the box in the x-, y-, and 2 ;-directions 
respectively, the momentum vector must be quantized in the follow- 


ing manner 




A 

2a 




h 


h 

^2c 
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where I, m, n are integers. The exponentials involving the space 
coordinates in ( 26 ) reduce to simple sines, and the resulting wave- 
function becomes 

dj ~ const . e“ 27 r / ^ ^ gin niT - , 

a b c 


with 


E - 




8)Lt\a- 


~>~\~ 


mr 


It is a rather paradoxical result to find a moving particle repre- 
sented by a harmonic wave train in the above way. A plane sine 
wave, extending to infinity on all sides, is a conception very differ- 
ent indeed from that of a material particle, which at each instance 
occupies a definite point of space. 

Since a sine wave, as shown above, is associated with a definite 
momentum k, it is clear that a progressive wave which is limited in 
space will represent a })article the momentum of which is allowed a 
certain range of variation. If this range is Ale and the maximum 
amplitude of the wave is localized within a range Ax in the din^ction 
of propagation, it follows from rather simi)le considerations, which w(‘ 
do not care to reproduce here, that 


AkAx ^ h. 


When the locus of the particle is determined with certainty, the 
momentum is arbitrary, and vice versa. This is a particular case of the 
Heisenberg uncertainty principle, which states that the accuracy with 
which a given component momentum p and its associated canoni- 
cal coordinate q of a, system may be determined simultaneously is 
limited, by the condition 

ApAq > h. 

Similarly, the determination of energy is associated with the accurate 
determination of time by the analogous relation 

AEAt ^ Ji, 

The thorough discussion of these relations is of fundamental im- 
portance in any attempt at a philosophical valuation of wave 
mechanics.f 


t Cf. for instance W. Pauli, ‘Die allgemoinen Prinzipien der Wellenmechanik*, 
Handb. d. Physik, 24, 1 ; or W. Heisenberg, The Physical Principles of Quantum 
Mechanics. 
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11. The Harmonic Oscillator 

Assume the oscillator to have one degree of freedom. Let p be the 
frequency of the oscillator and /x its mass. The potential energy is 

V = }^(l{27Tvfx^ 

X being the distance of the oscillating particle from its position of 
equihbrium. The wave equation of the problem becomes 

Writing the solution in the form 

iff ~ 

this equation assumes the form 

^ — lfi(2'jTv)^X‘^}u 


0 . 


0. 


877-“/X dx“ 

Transform to new variables y and v) by the ecpiation 

y — kx\ u — w{y)e~^y*‘, k ~ 27r^(/iv/A). 

We then find immediately 


w 


-2yw'-\-{X—l)w 0; A — 


H7r~fjiE 

~WB 


2^, 
hv ’ 


w 


dw 

dy' 


(27) 


As a tentative solution we assume an expansion of the form 

= 2“ny”'. 


which, when introduced in (27), yields the following relation between 
the expansion coefficients 

_ 2/1+1— A 

For very large values of the index n the function defined in this way 
behaves approximately like so that u{x) will tend to infinity 
for very large values of x, unless the series expansion breaks off after 
a finite number of steps. For this to take place it is necessary that A 
conforms to the quantum condition 

A =- 25+1 (5 = 0,1,2,...). 

The corresponding quantum condition for the energy is found from 

^ E, = (8+\)hv. (28) 

The series w{y) is a Hermite polynomial, the standard form of 
which is yg 


3505.15 
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Write 
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L -'.r — 7 / *- 


(ew'-(J--v)’) 


X -0 


so that the Ilgiy) is also defined by the Taylor cxjiansion of its 
'generating function’ 

-X. ^ 

6{y,x) = -= 2 

2 X^7^ 

we have 


s,i 


2 Si f <Jy - f ' 


,S,/ 

By equating coefficients of the same j^owers of .r and c we find 

jO, s -7^ t 
11, .s --- t. 

But in as much as is the wave function of our problem 

(disregarding the complex phase I’actor), the normalized wave func 
tion is 


J H,{y)U,{y)e-v'- dy = ^'7rs\ 2%; S, 


'^siy) == 


i-Uy)e~^"' 

V(2\v!V7r/j~') 


Selection Principle. The harmonic amjilitude of the electric moment, 
which according to (25) determines the probability of a transition 
8 -> s', is for the present case of the form 




k^(2''^'^^^'s\s'\7r) 


00 

J H,H,e-v^ydy. 


For the further reduction of this integral we need the following 
recurrence formula of the Hermite polynomials 

yll, = ifls+i+sir^_i. (29) 

The proof of this formula is obtained most easily by using the 
generating function which was given above: 

0 

Differentiating this formula with respect to a; we find 



0 1 


( 6 - 1 )! 


x^~^. 
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Or arranging the equation into a single power scries in x 

0 

Here the coefficient of each power of x must vanish, which is just the 
condition expressed by the recurrence formula (29). 

Introduce now 7/1/^ from (29) into the expression of 




.S+«'^ bs' I 77-) 


OO 






dy. 


Remembering the orthogonal properties of the wave functions it will 
be realized that the amplitude will vanish except for the case when 
6'' is equal to The corresponding values of the amplitude 

are then 


and 




the latter being obtained from the former by changing s into 5—1, as 
was to be expected. The harmonic oscillator will thus only suffer 
transitions between adjacent states, and equation (28) shows that 
the frequency of the ladiation absorbed or emitted in the process is 
just equal to the frequency of the oscillator itself. 


12, Central Fields 

The special case of a central field of force is of such importance 
in atomic theory as to merit separate consideration. First of all the 
hydrogen atom belongs to this class, and extensive calculations on 
the state of other atoms have been carried out by approximating to 
the actual field by an intermediate central field (Hartree’s method 
of self-consistent fields), f 

Let V be the potential energy of an electron in the central field 
under consideration. The wave equation of the problem is then 

where E is the energy of the electron. Since V depends only upon the 
distance from some fixed centre, r say, it is natural to introduce 
polar coordinates r, 9, (j), 

t Froc, Cambridge Phil. Soc. 26 (1928), 89. 
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The Laplacean operator in polar coordinates is 

1 


V2 


1 fe) / ., a\ , 1 8 { . .d\ 

r4i5-rsj+si„«(“""£s) 


+ 


sin-6/ d<f}- 


For those who know the tensor theory tlie proof of this formula is 
verified most sim])ly by observing tliat the square of the line clement 
in these coordinates is ds^ — sin-^d^-, so that the co- 

and contravariant components of the metric tensor arc given by 
1; Qfifi = r-\ r-sin-^; 


grr 


gee 

nOO . 






— 1] g^^ ~ r“-; g^^ — /--sin"-^, and g — 

Introducing these values in the general formula 

_L A 

dxf^ \ 

the above formula for V- is obtained directly. 

Since V depends on r only, it is clearly possible to split up the 
wave equation into several equations each depending on one coordi- 
nate only. Write ^ 

and introduce it into the wave (equation. Denote by Z(Z+ 1 ) and m- two 
constants of integration. l?he reason why these constants are given 
this particular form will become evident in the secjucl. Tlie wave 
equation may then be split up into tliree separate equations, as 


follows: 


d 


dr^ 




V)k - 0 , 


^ .-t-Z(Z+l)U = 0, 

nd dd\ dd) \sm-0 j 


d(/>^ 


~ 0. 


(30 a) 
(30 b) 
(30c) 


The first of these equations depends upon V, and can thus only be 
solved explicitly when the central field is specified. The functions 
7] and on the other hand, arc common to all central fields. We have, 
firstly, ^ 


where A and B are constants. In order that ^ may be single-valued, 
m must be a positive or negative integer 

m = ± 0,1,2,.... 

We call m the magnetic quantum number, for reasons which will 
become obvious later on, while the number I is called the subsidiary, 
or the azimuthal, quantum number. 
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The equation satisfied by rj is the equation for Ferrers' s associated 
Legendre function of order m and degree Z, which we shall denote by 
the symbol Pf' in conformity to general usage. Let us recall briefly 
the connexion of this function with the ordinary Legendre function 
and its principal properties. 

The differential equation of an ordinary Legendre function is 
obtained from (30 b) by dropping the term in m 

Writing x == cos0 

this equation becomes 

+ 0. (31) 

()x- dx 

Assuming an expansion in jjower series 

n 

and introducing it in (31), we find the following relation between tlie 
ex pansioii coeffi cients 

(/— n)(/+w+l)^ 

])(«-]- 2 ) "■ 

The series has therefore the form AP{x)-\- BQ{x), wlicn' A and B are 
arbitrary constants and 

and Q = x-(Z-l)(Z+2)|^+(Z-3)(Z-l)(;+2)(H-4)|-'+.... 


If Z is not a positive integer, both series will diverge at x = ^ 1 • If 
Z is even, P will break off after a finite number of steps while Q will 
diverge. If Z is odd, the conditions are reversed. In both cases the 
polynomial which remains finite may be written in the form 


P ~ — — (X“ 


-ly, 


as was first shown by Rodrigues (1810). It is easily verified that 
(31) is of the self-adjoint form, and that hence the polynomials P^, the 
Legendre polynomials, form an orthogonal sequence of functions. 

Recurrence Formulae. Rodrigues’ formula forms a convenient 
starting-point for the derivation of some recurrence formulae, which 
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are frequently useful in the theory of Legendre polynomials. Denot- 
ing differentiation with respect to x by a dash we thus find 




— iy4-^"U —{x"—iY 


which may be written in the form 

P'M-xPi=(l+l)Pi, (32 a) 

which is the first recurrence formula. 

Write next in Rodrigues’ formula 

Then 

or 21P^ := xPl -\-lPi~ P;_ 1 , 

from which follows the second recurrence formula 

lP,^---xP[-P[_,, (32 b) 

Further, multiplying (32a) by x, replacing I by l-\-l in (32b), and 
adding we get 

{l-~x^)Pl = (Z+i)(.ri>_J>.^.^). (33) 

Ehminating tlie derivatives between these equations we find the 
last recurrence formula 

(^+^)^+i — (2^+f — b. (34) 

Associated Legendre Polynomials. Differentiate the Legendre 
equation (31) m times and write 

fjm p 1 f7m+l 

^ ^ dx^ 2H\ ^ dx^^S ^ 


This expression is then found to satisfy equation (30 b). It is usually 
called Ferrers ’s associated Legendre polynomial of degree I and 
order m. Just like the Legendre polynomials, the Pp form an ortho- 
gonal system for different values of the index Z. For the sake of 
normalization it is important to know the expression of the integrated 
square of Pf', which then will also give the normalization constants 
of the Legendre polynomials. The formula in question is 


J {PTfdx 


2 (Z+m)! 

21+1 
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In order to prove this formula we proceed by steps of partial integra- 
tions. From one of the Pf under the integral sign we select the 
differential quotient 


d/^Pi __ 2 

2!l\ dx^^^^ ^ 


1)', 


and denote the remaining factor by F. As this factor will be a i)oly- 
nomial of the (Z+m)th degree, differential coefficients higher than 
the (Z-fm)th will vanish. The integrated parts will vanish due to tlic 
factor (1 — X-), and we arrive at an expression 

1 




(— !)'+”» 



(x"--iydx. 


-1 

The differential coefficient under the integral sign is now a constant, 
and may be taken out. Writing 

+ 11 1 


ft ™ [ {x-—iydx = j x-(x-~iy~^ dx — J (a:- — ly-i dx, 


-1 -1 -1 
and integrating the first integral by parts, it appears that satisfies 
the recurrence formula 


Since — 2 we find 


We find further easily 


ft-= 


21 


2i = (- 1 ) 


, 2(2’l\y 

{21+1)1' 




and hence finally 


V2 

Irn 


2 

2Z+1 (Z — ni)V 


(35) 


By differentiation of (32 a) and (34) respectively, and multiplica- 
tion by (1— the following two formulae are obtained after some 
calculation : 


pm+l _ 


2m 


xPf+{l+l—m){l+m)Pf-'^ = 0, 


(36) 


and {l+l-m)Pfj^-^-{2l+\)xPf+{l+m)PyL^ = Q. (37) 

Selection Rules. We have thus far found the characteristic function 
so far as it depends upon the polar angles, and this is sufficient for 



40 SOLUTIONS OF SPECIAL PROBLEMS Chap. IV, §12 

the proof of the selection princijiles for the magnetic and azimuthal 
quantum numbers, and the calculation of the intensities of the transi- 
tions involving different jumps in I and m, but one and the same 
jump in the j)rincipal quantum number, which depends also on 
the radial characteristic function. These selection principles are as 
follows: The magnetic quantum number changes by ±1 or zero 
in a jump, and the azimuthal quantum number changes by i 1 only: 

m' = V = l±l. 

[m 

The first of these follows immediately from the fact that 0 oc 
This makes the components of the electric moment perpendicular to 
the j)olar axis vanish except when m' -- while the component 

in the direction of the axis vanishes in all cases except m' r- m. 
These calculations require no further elucidation. 

The selection principle for I is more difficult to prove, as it re quints 
knowledge of the jToperties of associated Legendre functions. Denote 
the rectangular components of the electric moment by and 

the orientation of the axes being the usual one. Performing 
the integration with respect to 0 and leaving out the factor due 
to the radial characteristic function and common constant factors, 
wo find 

+1 

^ f Pf^Pf^y{l-x^)dx, (38a) 

-1 
-4- 1 

M,= r Pf Pfxdx, (38 b) 

-1 

where and denote the normalization factors of the asso- 

ciated Legendi'e functions involved: 

= f ( W = fiPF^^r dx. 

~1 -1 

As regards the problem is solved by introducing for xPf- from the 
recurrence formula (37) 

In virtue of the orthogonality of the Pf-functions it then follows that 
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V is either Z+ 1 or I— 1 as stated by the principle. By a simple applica- 
tion of the formula (35) we find 


( - 


A 

A 


(2i+i)(2i^i)r 

(Z-j- 1 1 — 7??/) 

(2Z+lj(2Z-f-3) 


)■ 


To prove tliat obeys the same selection principle we reduce 

the order of the integrals as regards m by successive applications of 
the recurrence formula (36), eliminating in case of a positive 

sign, and Pf in case of a negative sign. We then get one integral of 
the form and one of the original form, l)ut with m lowered by one 
unit. The same operation is then applied to this integral, and so on, 
until we arrive at an integral of the form 


1 

J PiPIaJ{ 1~X“) dx ~ 
- 1 



dx. 

dx 


dP> 

But eliminating from this expression by 

dx 


formula (33) we are led to integrals over which obey the 

selection principle. 

To find the analytical expression of another procedure is 

preferable. We consider first the case m' =- m+l> I' — ^+1, and 
assume an expansion of the form 

V(l-a:2)Pf= 2 a,, 7-'™+!, (39) 


where the a^’s arc a set of constants. This means merely a rearrange- 
ment of the powers of a; in a polynomial, which can always be per- 
formed. Due to the orthogonality properties of the Pp wo find, on 
introducing this expansion in (38 a), that the integral reduces to 

The coefficient is simply found by comparing the coefficient of 
the highest power of x on both sides of (39), which gives the relation 




2Z+r 


Hence, finally, = 


//(Zd~7ii<--f-2)(Z-f-77i'-f" 1)\ 
V\ (2Z-fl)(2Z+3) y 


3595.15 
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The remaining combinations are found by a similar procedure. In 
the following we give a full set for transitions I' — l—l: 




A 

A 

A 


{2l+l)(2l^l)l 

(2l+l)(n~l) I 

(Z4;^)(/+^— -1)\ 

(2Z+l)(2/»ir/ 


(m' = m), 

(m' — m+l), (40) 


(m' = 


The expressions for the transitions V /+! are obtained (cf. 38 a) 
by substituting l-\~l for I and m— 1 and m + l for m in the above 
expressions. 

Jn most cases the energy does not depend upon the magnetic 
quantum number, so that all spectral lines differing only by a differ- 
ent m-combination will coincide. For this reason it is of interest to 
find the total intensity of these lines. By the intensity we then mean 
the squared amplitudes, summed over all m’s, which implies no 
coherence between the emitting or absorbing atoms. We find first 
from (40) for the 2 component 


z-i 

2 


Mi 


1 


-«-i) 




t, 

2 


m= —L 


To consider the transition V “ Z+B we have only to change Z into 
Z+ 1 in all formulae, hence also in the final formula above, giving 





The sum of these two expressions is equal to |(2Z+1). If we per- 
form the same sort of summation for we arrive in each 

case at the result that the sum is proportional to 2Z + 1. This makes 
the total intensity of all lines from a level with the same Z pro- 
portional to 2Z+1, which is just thoi a priori probability of an Z-state, 
This is the sum-rule which was found empirically by Burger and 
Dorgelo. 


13. The Rotator 

As an illustration of this theory we may consider the motion of a 
simple rotator, that is, a system consisting of two mass points rigidly 
connected so that their possible motion consists in a translation and a 
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rotation. The wave equation of such a system is 




m 


Veyi^dzlJ 


+- 


1 


d"- , 


! + ^ + 






F)U 0, 


M\px\ ' dy\ 

where m and M denote the masKses of the two particles, and yj, 
a’a, 2 / 2 ’ ^2 fheir rectangular coordinates. We here introduce new 
variables 


and X 


X — X-j^ 

7nxi-{-Mx2 . 

m-\-M 


y = Vi-y^^ 

m+-M 


2 ; ~ Zi 




The first s('ries of coordinates serves to refer the motion of the first 
particle to the second, supi^osed to be reduced to rest, and the second 
series gives the coordinates of the centre of gravity of the system. 
Introducing tJiese new coordinates instead of tJie first the wave equa- 
tion assumes the form 


1 . . S-- 


:+- 






+ 


;m Ml\dx^ ' dy'' 

’ M-i-t 


+ 


2 + + L -72] + ^ ^ 1 


m+31\dX'‘ ' ay- ' c)Z- 


Supposing the potential energy to be independent of the coordinates 
of the centre of gravity, the part of the wave equation depending on 
A", F, and Z will have the form of a common factor, so that the term 
^x,y,z dro})ped, which has the consc(iuence that E now 

signifies the internal energy of the system. The reduced equation 
has the same form as that of a central field, when the mass of the 

I 

moving T)article 7n is multiplied by , , , . W(^ shall call --- - 

^ 1+m/ii l+w,IM 

the reduced mass of the particle. 

The rotator is thus only a special case of a central field. Since we 
assume the particles rigidly connected, we may neglect the part in 
the equation (30 a) which depends upon the derivative with respect 
to r (and also neglect the potential energy of the system, which is now 
an additive constant to E only). Equation (30 a) then reduces to 


E 


hP^ 


j0'+i). 


A stands for the moment of inertia, calculated for the reduced mass 
of the moving particle, and we have written j instead of I to conform 
to the usual nomenclature of molecular theory. Since the radial part 
of the wave function of the system reduces to a constant this time, 
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the preceding theory of central fields suffices for the rotator in all 
respects. 

Let us compare this formula with the ordinary mechanical expres- 
sion of the energy of a rotator, M^I2A, where M is the angular 
momentum. Wo find at once 

vo'o'+i)} = ^M. 

For large values ofj this quantity thus signifies the angular momentum 
in units of hl27r, and it is easy to see that the subsidiary quantum 
number I has the same significance in the general case of a central 
field. 

14. The Balmer Formula 

Consider next the problem of an electron moving in a Coulomb 
field of force so tliat the potential energy is given by 



where Z is the atomic number of the nucleus. Equation (30 a) for 
the radial wave function then assumes the form 

= 0. (41) 

When r approaches infinity, ^ will satisfy approximately the reduced 
equation ^ o 

= 0 . 

If E is positive, this equation defines as a trigonometric function, 
which remains finite for all values of r, so that ^ will approach zero 
when r approaches infinity. For small values of r the functional form 
of I will depend essentially on the term /(Z-f- 1)//’“, so that the question 
whether ^ is finite and uniform or not depends on I but not on E, 
This means that all positive values of E are admissible. A positive 
E means mechanically that the electron is moving in a hyperbolic 
orbit, and we have the expected result that free electrons may take 
on a continuous range of energy values. 

When E is negative, conditions are different, since will approach 
towards an exponential function as r approaches infinity: 
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A and B being constants. It is clear that A must be zero in the true 
solution and that B will then no longer be a constant, but a slowly 
varying function of r. To find the actual form of this function we 

( = y^zy-, z - 

ill consequence of which equation (41) assumes the form 

-A\ 


y"+2{z~^-l)y'- 




0 , 


wliere 


Zer 87r-/x 


To solve this equation we assume a series expansion of the form 


y = J,a,z>', 

8 

which, when introduced in the differential equation for y, demands 
the following relation between two consecutive exjiansion coefficients : 


2s— X 


(41a) 


This series must break off for some upper index in order to jirevcnt 
y from behaving ultimately like the exponential function e-", which 
again means an infinite value of the wave function at infinity. But 
the series can only break off if the numerator happens to become zero 
for a particular value of .v. This means that |A must be an integer, 
usually called the principal quantum number and denoted by n. 

The highest power in the series expression of y{z) is thus 
From the form of the recurrence formula for the coefficients it follows 
further that the series will start with a term because the coefficient 
of in (41 a) is infinite, so that must itself vanish, in order that 
Ui shall be a finite quantity. 

Introducing the proj)er expression for k in the equation for A and 
solving for the energy we find 

■ 


This will give the correct theory for the Balmer terms of hydrogen, 
provided the Rydberg constant is given by 

H • 

This relation was discovered by Bohr in 1913 in his first attempt to 
develop the quantum theory of spectra. 
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In the above calculations we have assumed the nucleus to be at 
rest. This means, as was proved earlier, that the electronic mass 
occurring in the above formulae is not the true but the reduced mass 

mM 

^ ~ m+if’ 

where m is the mass of the electron and M that of the nucleus. 
Since a proton is about 1,800 times heavier than an electron, there 
will be very little diirerence between [jl and m. But the difference 
is large enough to be measured spectroscopically. This may be done 
by comparing tlie ordinary Balmer lines of liydi’ogen with the corre- 
sponding sj)ark lines of helium. Since the mass of the alpha particle 
is about four times larger tlian that of a ])roton, the helium lines will 
appear displaced a little to the violet with respect to the hydrogen 
lines. This displacement is even large enough to be measurable in 
certain stellar spectra, where it was found in quantitative agreemeni/ 
with theory. f 


15, Atomic Dimensions 


It is of interest to consider how the atomic dimensions come out of 
the present theory. Being statistical in its nature, we can only expect 
to be able to define mean values for the dimensions. 

We have already seen how the probability distribution of the 
electron in the hydrogen atom is determined as regards dependence 
on direction from the nucleus. In order to find its dependence on 
distance from the nucleus we must turn to the radial wave function. 
Let us first of all consider the unit of length in which our radial 
coordinate s is expressed. In our earlier notation this is equal to l//c. 
Since we now have determined the characteristic values of E, we 
may express ac as a function of the principal quantum number n. This 
gives for the unit length 


1 n 

K Z 


5.10“®™ cm. 
Z 


For the normal state of hydrogen = Z = 1. This unit length is 
thus of the order of magnitude of ordinary atomic dimensions, and 
we must demand that for 2 ;-values appreciably larger than unity the 
radial wave function must fall off very rapidly for atoms in the 
normal state. 


t H. H. Plaskett, Pub, Dom. Astrophys. Obs. Victoria, 1 (1922), 325. 
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Let us now turn to the actual expression of the radial wave func- 
tion for hydrogen. The relation between consecutive expansion 
coefficients of y is 2{s—n) 

^ ^zj(5+z+Tj^^ 



Fig. 1. Graphs of tlio probability distribution of the oloctrori in a hydrogen atom 
as a function of the distance from the nucleus. Ordinates are and abscissae 

fi'i 

the radius vector r in units of a„ ~ ^ — 5 . 1 cm. Tlio numbers written on the 

47r/te 

curves signify the corresponding principal quantiun number n. The subsidiary 
quantum number I is written to the right. 


Writing a — and jS = 2Z-f-2, 

the radial wave function | assumes the form 


const. ( 22 ;yc- 


0 L(a+l) (2zY 
2 ! 


+ ...+ 


+i^j3+l)...(i3+7t~Z~2)(7i-Z^J * 


For the normal state (n = 1, Z = 0) the wave function reduces to a 
mere exponential e~^. 
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For atoms in excited states (i.e. with w > 1) the wave function 
will always possess maxima outside the centre. In particular, when 
n = l-\- 1 the wave function reduces to the form 

^ = const. 

which has a single maximum at 

z — n—l. 

This maximum is hkely to persist as the principal maximum also 
in cases when I is smaller than n—l, but then there will, besides, 
occur a series of subsidiary maxima for smaller 2 -valucs. When I — 0 
there is always a pronounced maximum at the centre. Some interesting 
cases are illustrated in Fig. 1. 

The marked variation in the distribution function shown by these 
figures has a simple mechanical meaning. It will be noted, for 
instance, that when I ■--- n—l there exists only a single maximum of 
The electron is then running preferentially in a spherical shell, 
and it is interesting to note that in the earlier form of the quantum 
theory this case corresponded to a circular orbit. As I approaches 
zero, the maxima of |V- a 2 )proaoh towards the origin. This means, 
mechanically, that the orbits become more eccentric, so the electron 
spends more and more time in the vicinity of the nucleus. This is 
clear from the fact that the eccentricity of a quantized orbit in a 
hydrogen atom was earlier given by .^{1— (Z-f 
For the purpose of qualitative considerations it is frequently of 
advantage to use this mechanical picture of the electron orbits rather 
than the wave-mechanical language. This will be largely done in the 
account of the periodic system given in Chapter VI. 
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ATOMS WITH ONE OUTER ELECTRON AND AN 
ELECTRONIC CORE 

16. The Rydberg -Ritz Formula 

The theory of the hydrogen atom may be considered as a first approxi- 
mation for a mncli wider class of atoms, those, namely, where a single 
electron is moving at fairly large distances from tlie rest of the atom, 
consisting of tlie jiucleus and an attendant core of inner electrons. 
Such cases are frequently met with in atomic theory, first of all for 
ordinary electrically neutral alkali atoms, or singly ionized alkaline 
earth atoms. The classification of the energy k'v^els by quantum 
numbers n and I is equally useful in both cases. But while in hydrogen 
(to our order of approximation) ail sub-states with the same n have 
the same energy, there will in other atoms also appear a dependence 
on 1. The very large increase in distinguishable energy levels pro- 
duced in this way does not sJiow up to a corresponding degree in the 
form of spectral lines because of the selection principle for the 
subsidiary quantum number. Since this number can only change by 
-i-l or — 1 in a jump, the number of possible spectral lines corre- 
sponding to a jump n to n' will not be nn' but only 2??/ — 1, where n' 
is supposed to be smaller than n. 

The spectral terms are usually designated by first giving the 
principal quantum number, and then the subsidiary quantum number 
symbolized by letters in the order This designation 

is taken over from early spectroscopic literature, meaning sharp, prin- 
cipal, diffuse, fundamental, etc., which names were used for certain 
spectral line series. Thus 2s means 7i ^ 2, 1 = 0, The extension 
of this notation to atoms with several outer electrons wdll be given 
later on. 

From the w^ork of Rydberg and Ritz it follows that the energy levels 
of an atom of the kind under consideration may be given by an expres- 
sion of the form 

where 8, according to Ritz, has the form 

8 == 8,(i)-f 


3695.16 


H 
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It is customary to call n—8 the effective quantum number, and 
denote it by n*. 

We shall now show how it is possible to give a theoretical inter- 
pretation of this formula on the basis of the wave-mechanical theory, 
by assuming the atoms in question to consist of an inner electronic 
core and a single outer electron. 

For this purpose we recall the theory of small perturbations given 
earlier which leads up to the equation 


da„ 

dt 


^ 77 % 


0 . 


(42) 


It may be recalled that the wave function of a certain distribution of 
atoms over various quantum states is su})posed to be given by 


where the a,/s are constants or functions of the time, and (f)^^ is the 
wave function of the 7?th state in the unperturbed problem. Finally, 
is given by 


■^mu “ J* 


where K is the perturbation term in the Hamiltonian of the wave 
equation, while the integration is extended to the whole of the con- 
figuration space of the atom. 

In the present simple case K stands simply for the change in 
potential energy due to the deformation of the electronic core, and 
is independent of the time. This has the obvious consequence that 
must be proportional to and will hence oscillate 

very rapidly about zero as a mean value, except in the case 
All terms in the sum occurring in the variational equation (42) will 
therefore vanish in the mean, except the nth term, when -- 
The equation is then easily integrated, giving 

== const. 


The perturbation will thus result in an increase of the total energy 
by an amount r 


The next step is to find the proper expression of K for the case in 
question. Imagine the outer electron to be so far off from the core 
that the force on the electron will correspond to the Coulomb force 
due to the net electric charge on the core. Then each electron of 
the core screens effectively one unit positive charge on the nucleus. 
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Assume next the distance to diminish. The core will then by and by 
become electrically polarized by the electron, the axis of the induced 
electric doublet passing through the electron. Let M be the strength 
of the induced doublet and r the distance of the electron from the 
nucleus. The doublet will then exert an attractive force ^Mejr^ on 
the electron — attractive because the outer electron will push the inner 
electrons farther off and attract the nucleus, so as to give this latter a 
better chance to act. But the doublet strength itself is proportional to 
the external force, that is, 

where a is a constant. The reactive force of the doublet is therefore 
“-2a;e“/r^ and derives from a potential — which then is the 

(piantity denoted by K above: 

'2r<’ 

The calculation of the average value of K is much simplified by a 
reference to the tlieory of Laguerre xiolyjiomials,f which are defined by 


-(«<)= 2, 'r*'‘ 


.s=-() 


(,s‘!)“( 7?.— <s)! 


Denote by the rth derivative of the 7?Lh Laguerre polynomial. 
Then tlie radial wave function of the hydrogen atom may be written 
in the form 

{x — 2/cr), 

or x 2z in our earlier notation. 

There is a generating function G(x, t) associated with these poly- 
nomials, which is such that 

G{xJ) = — 


3) = 0 


Differentiating this relation r times with respect to x we find 


y mx)— = 


Hence 


23~0 


P 


r 

p'-qU 

n 


a.«+2/+2g-xir 


f a^+2'+2exT) j 


t I. Waller, Zeits.f. Physik, 38 (1926), 636. 
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00 

where 5 is a constant. Remembering that J dx = n\ we find 

0 

easily 

J dx ^ {(n+l)\}-is+2l+2)\Pii, 

0 

where is the coefficient of in the power series expansion of 

( 1 - tY+\ 1 - uy-^^ ( 1 - 

The above formula is just of the ty])e we need, since it gives the 
integral over the square of a wave function multiplied by an arbitrary 
power of the argument. 

In the application in view we need the above formula for the 
calculation of the integral over K, in whic^h case we must put 5 — 4 

in the above formulae. However, it is also necessary to evaluate the 
integrals for s ~ 0, in order to obtain the factor of normalization. 
For this latter case we find 

po _ 2n{n+l)l 

( 2 H- 2 )!(w-/-T)! 

For 5 = — 4 we find after some lengthy calculations 

P-4 2in+lV .{^n^~m+l)} 

and 


00 


J dx 

0 


1 ) !(2Z-^ 1 )l[2l-\-~\){2l+ 2)(2Z+ 3~) ’ 


Hence it follows easily for the additional energy that 




— Z(Z-f- 1)} 

n{2l^\)T{2l+^^ ’ 

Writing the total energy of the state in question in the form 




^ EhZ^- BhZ^ 2RhZ\ , 

Ji/ni — — . oVo ~ — o — + 

{n—oY 

and comparing the last term with the above expression of we 
find the Rydberg-Ritz correction to be given by 

a? {21-1^21+ lj(2l+2)l2f+W “ “ 

It will be noticed that this expression is just of the form adopted 
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by Ritz for the empirical correction. Also the absolute value is in 
fair agreement with observations; but some outstanding exceptions 
may be noted. First it breaks down in case of sharp terms {I -- 0). 
This is due to the fact that our expression for the perturbing potential 
is then eiToneous, and better results are obtained by using an ordinary 
(k)ulomb potential inside the core and neglecting the correciion 
outside the core. 

In other cases the approximation breaks down although I is not 
nearly zero. But then it has been shown to be due to a kind of reson- 
ance, that is, the lines in the spectrum of the radiation absorbed by 
the core come close to the lines emitted or absorbed by the outer 
electron, or, otherwise ex])ressed, certain an? lines tend to coincide 
with certain sjiark lines of the same clement. ^ 


17. The Spinning Electron 

Under sutFicicntly high resolving power the iiydrogcn lines are 
shown to consist of a number of components. This feature was ex- 
plained by Sonnnerfcld in the early days of the quantum theory as a 
consequence of the relativity formida for the variation of mass with 
’^Tdocity, and was for some time regarded as the most convincing 
proof of this formula. The expression for the energy in the quantized 
states found by Sommerfeld was the following: 


l + Ejiic^ -- 






'K 


Here y is the so-called fine structirre constant 


r == 


27Te- 

he ’ 


while the other symbols have their usual significance. The value of 
y is nearly 1/137, and in Eddington’s theory of the ratio between 
the mass of an electron and that of a proton J y is exactly 1/137. But 
this theory is at present regarded with reserve by most physicists. 

The Sommerfeld formula agreed well with the observed fine struc- 
ture of the hydrogen lines, and also with the fine structure of the 
corresponding lines of ionized helium. It was further strikingly con- 
firmed by the fine structure of X-rays, which present an analogous 
problem. 

t Cf. E. Schrodingor, Ann. d. Physilc, 77 (1925), 43. 
t Proc. Roy. Soc. A, 134 (1931), 524. 



54 ATOMS WITH ONE OUTER ELECTRON AND Chap.V,§17 

Later on, however, unexplained features appeared, which threw 
doubt on the exact validity of the Sommerfeld formula. There were 
difficulties in the classification of X-ray levels, and in the com- 
plex structures of optical levels as well. Another serious difficulty 
which embarrassed atomic theory at that time was the Zeeman 
effect, which also seemingly was connected with the theory of the 
complex structure of the lines, although the reason for this was 
obscure. 

All these difficulties were removed by the hypothesis of Goudsniit 
and Uhlenbeckf that the electron carries an elementary magnet and 
angular momentum, in addition to its mass and charge. The angular 
momentum, ‘the spin’, of an electron is assumed to be 


and the elementary magnetics moment 

M ~P. 

fxc 

That the magnetic moment will influence the conditions when the 
atom is in a magnetic field, and also when several c'lectrons are 
present, is fairly clear. J t is perhaps less clear how the structure of the 
hydrogen lines can be influenced by the magnetic moment, since the 
electron is moving in an electrostatic field, which should not influence 
a magnet at all. The solution of this apy)arcnt difficulty li(is in the 
fact that relative to the electron the proton is moving very fast, and 
hence constitutes an electric current, with an attendant magnetic 
field. The relation between the magnetic field strength H, the 
electric field strength E, and the velocity of the electron V is found by 
observing that the local rate of change of the electric field intensity 
with time experienced by the electron moving with velocity V is 

? = (VV)E -= curl(ExV), 

dt 

on assuming the local electric density zero, so that divE 0. 
Maxwell’s first equation of the electromagnetic field then assumes 
the form , , 

curlH = i curli(Ex V). 

C dt C 


t Naturwiss, 13 (1925), ^6:^; Nature, 117 (1926), 264. 
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H == -(ExV). 

c 

Formally a vector whose curl and divergence vanish might be added 
to the right-hand side of this relation. But since tliis vector must 
vanish at infinity, it must vanish everywhere. In the further treat- 
ment of the problem it is necessary to take account of the relativity 
modifications of kinematics. This is evident* since the effect of the 
sy)in is suy)})osed to serve as correction to the Sommerfeld relativity 
formula. The ])oint at issue is that the effect of a magnetic field on 
a magnetized sj)inning toj) is to induce it to perfoi'in a slow precession 
of its axis of rotation. The accelerated motion of the electron round 
the ])roton will, on the other hand, when the relativity modifications 
are taken into a(.*count, Ix^ equivalent to another precession of the 
frame of reference of the spinning electron, which is of the same 
order of magnitude. This effect was discovered by Thomas, f and is 
known as the Thomas Precession. It works in the opposite direction 
to the induced magnetic field, and reduces it by a factor i. If we 
only had to deal with the fine structure of the hydrogen lines, this 
factor would not be of so much conseciuence, as it cannot then be 
distinguished from the arbitrarily ado})ted values of the elementary 
magnetic moment and s])in of the electron. But the Thomas pre- 
cession becomes of essemtial im])ortance when it comes to the explana- 
tion of the anomalous Zeeman effect, as it is only in this way possible 
to explain the two effects simultaneously witli the same values of 
spin and magnetic moment. 

An elementary magnet of moment M subjected to the influence of 
a magnetic field of strength H has a potential energy 

U =- MH. 

The j)roof of this formula is very simple and need not be repeated 
here. The next step is to introduce the proper expressions of M and H 
in this formula and to calculate the average value of the interaction 
energy. This was carried out by DarwinJ on one hand and Heisen- 
berg and Jordanll on the other. The result is, for a hydrogenic atom, 
that the average additional energy in a stationary state is 

I(i+i){2i+i) 

t L. H. Thomas, I*hil. Mag.y ser. 3, 7 (1 1)27), 1 . 

t Proc. Hoy. Soc. A, 115 (1927), 1. H Zeits.f. Phyailc, 37 (1926), 263. 
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We have written down the formula in the above rather complicated 
form because this is the way in which it was first stated. Here s 
represents the angular momentum of spin in units of A/277, and is 
thus to be taken equal to h Further, j is a new quantum number 
which aj^pears in consequence of the degeneracy of the Balmer terms. 
It signifies the total angular momentum of the atom, orbital plus 
spin, and is thus cither equal to Z+i or Z~ J. However, j is always 
positive, so that the level Z 0 is single, having j i only, j — I 
being rejected. Introducing the pro})er exj^ressions of j and s as 
given above, we find that all distinguishable energy levels will be 
given by the single formula 


n l(2l+l)(l+iy 


(43) 


the alternatives in the numerator corresponding to j — l-\- 1 and 
j Z— i resjiectivcly. 

To complete the solution of the problem it is necessary to calculate 
the wave-mechanical equivalent of the Sommerfeld relativity formula. 
This is a straightforward problem, which leads to a resultant ex2)res- 
sion of the energy 


E j fJLC“ “ 


1 + 


_ r^- 

~ (Z + 1 ) (Z -f i ) “ 



which differs from the Sornmerfeld formula by the substitution of 
I— I for Z. Expanding this expression to the second ordeT in we 


find 


E==E,,+E,, 


n 


1 


An 


)■ 


Adding (43) to this expression we find that all fine structure levels 
corresponding to a given n are contained in the formula 




(Z- 0,1,2,...), 


without introducing ambiguous signs. The reason for this is that the 
levels will coincide in pairs. The r^th level will thus be split up into 
n component levels, which are given by the above formula. 

The introduction of an electronic spin also influences the magnetic 
quantum number. This is now more naturally defined with respect 
to the total quantum number j, representing the component of j 
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parallel to a given direction. It may therefore run through the series 


of values 




Thus m is no longer an integer. For further details compare the paper 
of Heisenberg and Jordan referred to above {Zeitn. f. Physih, 37 
(1926), 263). It is sufficient here to give the final formula for tlie 
change in the energy levels of an atom caused by a liomogeneous 
magnetic field of field strength //: 


( , 4 .i 0 '+ 1 1 )+.s'{.s'+ 1 )) 


where the magnetic quantum number m is defined in the above 
manner. In this formula H is suj)posed infinitely small, so that the 
true magnetic energy is essentially smaller than tlu^ separation (3f 
tJie fine structm-e hwels. 


18. The Alkali Spectra 

(Jonsider next the case of an atom in which a single electron moves 
at relatively large distances from an inner core of electrons, which 
remains practically unaltered during transitions of the outer electron. 
Uiis model was ])reviously adopted as a basis for the inter])retation 
of the arrangement of tlie sj)ectral terms into d series, etc., the 
Rydberg-Ritz formula, and the selection principle for the subsidiary 
quantum number. While these cliaracteristics ap])ly more or less 
accurately to a large number of elements with rather different 
chemical properties, which suggest the presence of several outer 
electrons, we shall now see that when the electronic spin is taken 
into account we must limit the application of this model to atoms of 
alkali metals only. 

In fact, it will be expected that formula (43) for the magnetic 
energy of the spinning electron may be taken over also for the more 
general case, provided the change in the orbit of the electron is 
compensated by the use of an effective quantum number instead 
of n. A change of I by one unit will now affect also, and this will 
have the effect of suppressing the coincidence of levels in pairs. The 
only fine structure left over is then the one given by the ambiguity of 
(43) which corresponds to a level separation of 


^E 


n* 


(44) 


In case of s-terms the ambiguity vanishes, owing to the fact that j is 

3685.15 T 
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not permitted to be negative. Hence the s-terms are always singlets. 
That a formula of the form (44) will fit the observational data con- 
cerning doublet spectra was shown by Lande, and by Millikan and 
Bowen. 

It should b(i noted that the relativity term has disap])eared from 
tlie above expression of the doublet separation. The alkali doublets 
are thus an exclusive effect of the electronic spin, in contradistinction 
to the fine structure of liydrogen, which is a combiiied effect of rela- 
tivity and spin. 

In case of elements other than alkali metals, or in case of spectra of 
higher order, more complicated multiplicities will be found, which 
cannot be explained on the above lines. These multiplicities are due 
to the interaction of several valency electrons, both as regards their 
spins as well as their oibital magnetic moments. 

In the above short account of the spinning electron mechanical 
notions are used considerably beyond the limits of their ap])hcability. 
It is therefore gratifying that Diracf was able to give the theory 
such a turn that tlie electroni(^ spin appeared as a sok; effect of the 
relativity modifications in mechanics, without introducing the notion 
of spin explicitly, a state of affairs which is more in keeping with our 
general feeling about the matter. But for j)ra(5tical purposes it is an 
estabhshed use to talk of tlie electron 'as if’ it carried a spin and a 
magnetic moment, which is especially convenient in qualitative dis- 
cussions of spectral structure. For this reason we shall not enter 
further into details of Dirac’s relativistic theory. 

t Proc. Roy. Soc. A, 117 (1928), 610; 118 (1928), 351. 
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THE PERIODIC SYSTEM 

19. Pauli’s Exclusion Principle 

Before considering the theory of spectra of higher niultij)licities it 
is necessary to study in more detail how the interaction between 
several electrons in an atom is to be treated on the basis of the 
present theory. One soon encounters the didiculty that a large class 
of solutions, which are perfectly good from a theoretical point of view, 
are not realized in atomic configurations. How this comes about is 
best seen from an example like the following. 

Consider a hydrogenic atom in its normal state, characterized by 
1 he values 1, rt A? I the quadruple numbers ni, Z, and^\ Assume 
the nuclear charge to consist of several elementary units, and con- 
sider the process of capturing additional electrons in the atom, 
external agencies being absent. Neglecting the electronic inter- 
actions we expect the electron last bound to suffer a series of transi- 
tions, and finally also to be bound in a normal state. What difference 
will the interaction between the electrons make to this result ? For 
the spectrum of the radiation emitted dining the binding process 
the difference may be considerable. The original system happens, 
namely, to possess an exceptional type of degeneracy, which makes 
the perturbations in the energy values abnormally large. Other- 
wise the evolution of the system will proceed very much as if the 
interaction between the electrons were absent. In particular, the 
final state of the system is likely to be characterized by the same 
set of quantum numbers as a normal hydrogenic state containing 
two electrons. The functional dependence of the energy upon the 
quantum numbers may, however, be somewhat different from the 
pure hydi'ogenic case, but this is an unimportant point here. Adding 
a third electron to the atom would probably only result in the intro- 
duction of a third equivalent electron. In short, we expect all 
electrons to be bound in equivalent states. 

This conclusion, however, is contradicted by a mass of facts in 
atomic physics, notably the structure of X-ray spectra and optical 
multiplets, as well as the pronounced periodicity in the chemical 
properties of the elements. It is therefore necessary to restrict the 
possible solutions by an exclusion principle, which can be formulated 
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as follows: an atomic system will never contain equivalent electrons. 
We then assume equivalence to be defined by equal values of the 
quantum numbers n, I, m, and j. 

Dirac and Heisenberg have brought Pauli’s principle into a form 
which is convenient for discussions on the basis of wave mechanics. 
(Consider an atomic system containing r electrons, and let j/q, i/q,---, 
be the characteristic solutions of the wave equation corresponding 
to this atom. Due to the linearity of the wave equation the solutions 
in question can be separated into two series and such tliat the 
functions of the first series are unalterc^d by interchanging the posi- 
tion of two ek^ctrons, while the functions of the second series change 
the sign only by this process. Hiat is, tijo functions of the first series 
are symmtiric and those of th(^ second s(ui(\s antisymmetric in the 
coordinates and the spins of the electrons. 

Pile possibility of this requirement being admitted, it follows that 
a ll harmonic aui])litu(U\s in the electrical moment of the atom, which 
involve one symmetric and one antisymmetric wave function are 
zero. 

The truth of this sta tement follows directly from the fact that inter" 
changing two electrons, the integral over the wave functions which 
gives the harmonic amplitude associated with the transitions in 
(piestion will change its sign if it involves one symmetric and one 
antisymmetric w ave function. In as much as the electrons are supposed 
to jyossess identical structures the amplitudes in question cannot 
possibly alter their value by such an interchange, and the integrals 
must vanish. Tlie possible stationary states of a system of identical 
electrons therefore fall in two series between which there can occur 
no transitions. Each of these series therefore constitutes an inde- 
pendent class of solutions of the quantum problems. 

Pauli’s principle applies to the antisymmetric functions, while the 
symmetric functions must be rejected as solutions of atomic problems. 
However, in the quantum theory of the radiation field the symmetric 
functions are of importance, while the antisymmetric must be re- 
jected. It should also be realized that symmetric functions are 
frequently used in atomic problems, when a solution is sought by 
neglect of the electronic spin. It is then understood, however, that 
using these solutions there will be no more electrons in the atom 
than may be labelled in an individual manner by a suitable distribu- 
tion of the spins. 
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Pauli’s exclusion principle is best illustrated by a discussion of the 
chemical properties of the elements. For a detailed theory the actual 
solutions of the wave equation for molecular systems will, of course, 
play the principal part, but for a qualitative survey Pauli’s principle 
is like a flash-light that suddenly illuminates the night. 

It is clear that the pronounced periodicity of the chemical pro- 
perties of the elements must be primarily determined by the atomic 
surface electrons, since there is no particular reason why electrons 
buried deep in the atom should liave any influence on the outside, 
apart from their screening effect on the nuclear charge. And we shall 
see that tlie surface electrons must exhibit a periodicity which really 
goes parallel to the chemical pro])erties in a striking manner, provided 
Pauli’s principle is duly considered. 

Ckmsider as an illustration the imaginary case in which the inter- 
action between the electrons in the atom is neglected. In order to 
fix the otherwise indefinite magnetic quantum number m we assume 
the atom to be situated in a weak magnetic field. Fhe state of each 
electron is then characterized by the four numbers n, I, m, and J. 

By Pauli’s principle no two electrons can occupy the same state. 
Fhcre can thus only be two electrons in the state n 1, since then 
I ~ 0, j = 1, and m — iJ* n ~ 2 there are eight permissible 


states : 


I z- 0, j zz- m -hi 


/ zz:z 1, j J, ni 


Z zzzz ], i ± 2 i i - 


In general, for a given value of I there are 4Z-1-2 possible states. We 
shall adopt the nomenclature that all electrons with the same value 
of I form a sub-group, and that all electrons with the same value of 
n form a ])rincipal group. In each sub-group there are then 4Z-[-2 
electrons, while a principal group contains 2n^ electrons, since 


2n\ 

i-o 


In X-ray spectroscopy a definite nomenclature has been adopted 
for the principal electronic groups, each group being denoted by a 
capital letter, starting with K and continuing upwards through the 
alphabet. Thus the J^-group {n ~ \) contains 2 . F = 2 electrons, the 
i-group {n = 2) contains 2.22 — 8 electrons, the -group {n = 3) 
contains 2 . 3^ 18 electrons, and so on. For the sub-groups we shall 

use the nomenclature of optical spectroscopy, and denote them by 
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the letters s, p, d, f, etc. Thus the groups with I — - 0, 1, 2, 3,... will 
be denoted by the letters s, p, d, f and will be called the s, p, d, 
/-groups. In order to indicate the principal group to which a given 
sub-group belongs we put the value of n in front of it, as is customary 
in sx)ectroscopy. The rZ-sub-group of the 3/-group will thus be 
denoted by 3r7. 

We have already seen that the first two principal groups will 
contain 2 and 8 electrons respectively, such that these groups will be 
expected to be just saturated in helium {Z ~ 2) and neon {Z ™ 10). 
These elements are remarkable for the fact that they form inert 
gases, which do not enter into chemical combinations of any kind 
and can only be made to liquefy at extrejnely low temperatures. 
This fact immediately suggests that the ability of an atom to enter 
into chemical combinations dei^ends essentially upon the degree to 
which its outer electronic group is saturated. Further information is 
obtained by considering the ekunents adjacent to an inert gas in the 
j)eriodic system. In fact, since an inert gas is supposed to contain a 
saturated electronic group, the succeeding element will ])rcsumal)ly 
have a single electron loosely bound outside a saturated grouj). This 
surmise is amply confirmed by the spectra of the alkali metals. Tiie 
unit valency of the alkali is therefore linked up with the fact that the 
surface group of the atoms contains a single electron only. 

The further fact that these elements carry a positive chaige in 
electrolytic solutions, i.c. are electro-positive, means evidently that 
the additional electron is only loosely bound and easily lost. This 
is, of course, a fact which is well known from spectroscopic measure- 
ments of the strength of the binding of the electron. 

Conversely, the electronic configuration of the elements preceding 
the inert gases, the halogens, must have a surface group which is 
saturated save for the absence of a single electron. The fact that these 
elements are monovalent and electro-negative means therefore that 
an imsaturatcd group has a strong tendency to take up an extra 
electron, so as to complete the group in question. This happens in 
spite of the fact that the atom acquires a surplus negative charge in 
the process. 

It is now easy to generalize and to ascribe the divalent and electro- 
negative properties of the elements preceding the halogens to the 
fact that the electronic surface groups of these elements will be 
saturated by the addition of two electrons. Similarly, the fact that 
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the alkaline earths are divalent and electro-positive means that the 
surface group contains two electrons only. 

This picture gives a suggestive explanation of the chemical affinity 
between electro -negative and electro-positive elements as a simple 
recombination between jiarticles of oi)posite electric polarity. The 
recombination of a j)ositive sodium atom with a negative chlorine 
atom to form an electrically neutral NaCl molecule being analogous 
to the recombination of a free electron with a positive nucleus to 
form an atom. In this way we obtain the first ])artial understanding 
of all heteropolar chemical combinations, i.e. the cases in which the 
combining entities have opposite elc^ctric polarities. (Considering 
electronic groups half-way completed, we shall be somewhat embar- 
rassed, however, to say which way the group is likely to complete 
itself, either by loosing some electrons and becoming electro-positive 
or by adding surplus electrons and become electio -negative, or on the 
whole how many valencies the atom will possess. The rule here seems 
to be, as has been elaborated in detail by Slater, that the valency is 
determined by the resultant spin of the electrons in the outer group. 
That a closed group has no resultant spin is a simple consequence of 
Tauli’s principle. 

20. Influence of Electronic Screening 

It is now time to improve upon the simple model of an atom, which 
was adoj)ted as a basis of the discussion. The neglect of the inter- 
action between the electrons in the atom served the purpose of indi- 
cating the main origin of the periodicity in the chemical proj)crties, 
and the parallelism between atomic structure and chemical valency. 
However, this parallelism raises the ]3ertinent question why atoms 
with incomplete electronic groups have a tendency to complete them - 
selves by adding or losing electrons. A quick glance over the 
periodic system shows, moreover, that the chemical properties of 
successive elements are frequently quite different from the succession 
predicted by energetic considerations when the interaction between 
the electrons is neglected. 

It so happens that it is fairly simple to find a satisfactory answer 
to both questions. It is for this purpose largely sufficient to deal 
with the problem from the approximate point of view which was used 
in discussing the Rydberg-Ritz formula. 

Assume that an atom is constructed in the following manner. 
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Initially there is a bare nucleus with Z positive charges and Z free 
electrons. These latter are then one by one carried into the field of 
the nucleus, so that the atom is being built up in successive steps. 
The first electron bound by the nucleus will, when left to itself, 
evidently settle down into a normal hydrogenic state. The binding 
of the second electron will now be comj)licated by the fact that the 
inner electron will exert a screening effect, such that at great dis- 
tances from the nucleus the conditions will ap])roximat/e the case of 
a hydrogenic atom with atomic number Z—\. When the second 
electron has settled dowm into its normal state we can still assume 
that the field of force it is running in is, on an average, centrally 
symmetrical and practically hydrogenic, but the screening by the first 
electron is not unity any more, but has rather some value between 
I and 1. 

Consider next the binding of tiie third electron, the first electron 
of the i-group. It runs outside the A^-grouj^ most of the time, so that 
the A"-elcctrons will do tluur full amount of screening. This means, 
among other things, that the diwensions of the L-grou]) will be 
larger than would have been tlui case if the if -electrons were absent. 
Adding more electrons to the atom, the mutual screening of electrons 
in the L-group must also be taken into account. 

It is important then to reahze that the mutual screening between 
electrons in the same group may be essentially smaller than the 
screening by inner groups. The reason for this is essentially embodied 
in the electrostatic theorem that a spherically symmetric distribu- 
tion of electricity outside a sphere will not give rise to an electric 
force inside the sphere. Considering, for instance, the motion of an 
A-electron we realize that the screening by A-electrons is practically 
complete, while the A-electrons themselves will occupy an inter- 
mediate position. 

This incomplete screening between electrons in the same group, 
particularly when the group approaches completion, is the main 
cause of the electro -negative properties of the halogens and allied 
elements. In fact, an incomplete screening must, for electrons in the 
given group, be equivalent to a surplus positive charge of the nucleus. 
It is therefore not surprising that in an electronic group nearing 
completion this virtual charge has become equivalent to one or more 
real positive charges, such as to warrant the binding of surplus 
electrons in the group. 
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21. Relative Importance of Sub-groups 

In the case of if -electrons the screening by K- and L-electrons 
amounts to nearly ten units. But in this case there may be con- 
siderable difference between electrons in different sub-groups. The 
nS-electrons, for instance, will frequently penetrate even within the 
region of the if -electrons, and thus experience the full force of the 
nucleus. The cZ-electrons, on the other hand, will run in spherical 
shells, practically, outside both the K- and Z-elcctrons, and hence be 
screened by inner groups to the maximum amount, and this differ- 



Fia. 2. The periodic system of the elements. The principal periods are represented 
by the arrangement of the elements in horizontal rows. Elements belonging to the 
iron group, the zirconium-palladium group, and the rare earths are enclosed by 
frames. Chemically related elements are connected by full lines. 

ence grows more and more important on passing to higher groups. 
For the 5-electrons will penetrate into the A"-shell no matter to which 
shell they belong, and thus break through all intermediate groups. 

It is this difference in the screening for electrons in different sub- 
groups which is the essential cause of the irregular succession in the 
chemical properties of heavier atoms. 

In order to facilitate the survey of the elements we give in Fig. 2 
a diagram of the periodic system, which brings out the periodicity in 
a rather striking way. In this diagram the principal periods, counted 
from one inert gas to the next, are written in separate rows. Elements 
in different periods, but with similar chemical properties, are con- 
nected by vertical or oblique lines. Adjacent elements with similar 
chemical properties are underlined. 

3595.15 
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Chap. VI, §22 


22. The Problem of Argon 

The elements from hydrogen to argon appear to be built in the 
succession predicted from the simplified scheme with the electronic 
screening left out of consideration. Thus helium closes the A-group, 
and neon the L-group. The next inert gas should be expected at 
atomic number 2 i 2 _j _9 92 _|_o 32 __ 9 ^ 


Element number 28, however, is occupied by the metal nickel, the 
properties of which differ very much from those of an inert gas. On 
the other hand, already at atomic number 18 there occurs an inert 
gas, argon. This element marks the completion of the 3 j 9 -group of the 
Jf -electrons, but not the ii/-group itself. The fact that a sub-group 
hero takes over the function played by })rincij)al groups in the earlier 
elements marks the stage when the difference in screening effect of 
sub-groups has increased to prime importance. 

That this is the true explanation is nicel}" shown by the succeed- 
ing element potassium. Since argon closes the 3^-grouj), we should 
expect potassium to j)ossess a closed 32 >“group and a single 36?-electron 
running nearly circularly outside. The question here natui-ally aristas, 
however, whether an electron having the low principal quantum 
number 3, and being exposed to the full screening of 18 electrons, 
will have less or more energy than an electron having higher principal 
quantum number 4, and the advantage of being an ^-electron which 
may penetrate through the intervening shells right into the vicinity 
of the nucleus. The arc spectrum of potassium shows clearly that the 
latter case is the one realized in nature, the additional electron being 
bound in a 45 -state. 


23. The Problem of the Iron Group 

The element succeeding potassium is calcium. Here the same 
question arises as regards the binding of the additional electron, and 
the answer is the same: it is bound in a 45 -state. This completes the 
first sub-group in the A-shell, and the question, what will happen 
becomes still more pertinent in the succeeding element, scandium. 
For while a 3(i-orbit may lose in the competition with a 45 -state, it 
may win when competing with a 4^. On the other hand, with 
increasing nuclear charge the principal quantum number will gain 
relatively in importance, and may induce the electrons to turn from 
the 45 -state to the slighted SeZ-state again. This is exactly what 
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happens in scandium, where not only the electron last bound but 
all three outer electrons have settled down in 3d!-states. 

This uncertainty about the right choice of sub-group is the charac- 
teristic feature of the elements of the iron group. There is a constantly 
recurring tendency to build up an outer iV^-shell of electrons round an 
incomplete ilf -shell. Although the idea has never been worked out 
in detail there is no doubt that the characteristic properties of these 
elements must be closely connected with the simultaneous presence 
of two incomplete electronic shells in the atoms. 

The element succeeding nickel is copper {Z = 29). According to 
spectroscopic data this element has a single 45-electron running out- 
side a closed electronic group. This must mean that the Af -group 
was elTectively closed in nickel, and that the 46-electron in copper is 
the first one which appears in its legitimate order of succession. The 
next element, zinc, must then have two 46-electrons. These conclu- 
sions are confirmed by the general similarity of the arc spectra of 
Cxi and Zn on one hand, and the arc spectra of alkali and alkaline 
earth metals on the other. The next six elements would seem to 
behave regularly, as would be expected, such that la*ypton (Z = 36) 
possesses two com])letc sub-groups of A-electrons, in addition to the 
completed principal groups A, A, and Af . It is true that krypton 
only marks the completion of the first sub-groups of N, But we 
learned from the case of argon that this may be sufficient for the 
development of inert gas characteristics, and this holds for krypton, 
which is a typical inert gas. 

24. The Fifth, Sixth, and Seventh Periods 

From this stage on history repeats itself, the development of the 
succeeding elements exhibiting a striking similarity to the growth of 
the iron group. The valency electron in rubidium, succeeding krypton, 
is bound in a 56-state, instead of a 4rf-state. This means, in our 
scheme of interpretation, that now the internal screening has reached 
the stage when a difference of two units in I outweighs one unit in n. 
Strontium {Z ~ 38) has, similarly, two electrons in the 56-group. 
But in the next element, yttrium, there occurs the same back-slide 
which we noticed in scandium; and in the eight elements succeeding 
strontium, the yttrium-palladium group, an oscillation back and 
forth between 4d- and 56-states seems to play the same part as an 
oscillation between 3d and 46 did in the iron family. The uncertainty 
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is settled in silver (Z == 47), in which case the fii’st three sub-groups 
of the iV^-group appear to be saturated with their normal number of 
18 electrons, with a single electron in a 55 -state outside. 

The next element, cadmium {Z ^ 48), has two S^-electrons, while 
the next few elements complete the 5p-states, so that the element 
xenon, which is eight units above palladium, will have the sub- 
groups 55 and 5p completed, and, according to expectations, the pro- 
perties of an inert gas. It is not easy to explain wliy the completion 
of the first two sub-groups of a j)rincij)al group marks the stage of an 
inert gas, while the comxdetion of succeeding sub-groups passes un- 
noticed. But it could probably be ex])lained by a careful study of the 
screening conditions. 

The Sixth Period. Superficially we might now expect that condi- 
tions in the next period will be a mere repetition of those in the 
fourth and fifth periods. But this would be a mistake. The beginning 
is hopeful, however, as the element succeeding xenon, caesium, has 
the properties of an alkali metal, and a single electron running in a 
65 -state as was to be expected. Barium {Z ~ 56) falls into its proper 
place as an alkaline earth metal, and has two 65 -electrons. 

Then, however, something ])artially new hapj^ens. For we must 
remember that we have been going on adding electrons in new 
groups at the surface of the atom, without taking care of completing 
the inner groups in due course. Thus barium still lacks the /-electrons 
in the -group, and all d-, /-, and {/-electrons of the 0 -group, while it is 
busy building up a still higher group, the P-group. This looks like 
a preparation for a landslide of electrons, as, considering the small 
screening effect between electrons of the same sub-group, we should 
expect a group to be filled to the brim as soon as it starts capturing 
electrons. 

This is what happens in the elements succeeding barium. Lantha- 
num (Z = 57) is on the verge, having probably its additional 
electron bound in a 5jp-state. In the fourteen elements succeeding 
lanthanum we now witness the completion of the iV-group. These 
elements form the rare earth family, and have closely similar chemical 
properties. This latter circumstance is essentially due to the fact 
that the spatial dimensions of the iV-group will be considerably 
smaller than the dimensions of the 0-group. What happens to the 
iV-group will therefore be only feebly reflected on the atomic surface, 
which determines the chemical properties of the element. 
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The rare earths close up with ytterbium, and in the next eight 
elements, ending with platinum, the first three sub-groups of 0 are 
completed. This group of elements parallehze, in a certain way, the 
elements of the iron family, and the yttrium -palladium family in 
earlier periods. Further on the 0-group probably remains unaltered, 
while the first two sub-groups of F are built uj), terminating in the 
inert gas niton. 

The Seventh Period contains only five (or six) known elements, 
all of which are strongly radioactive. As far as we can judge, this 
period runs parallel to the ])revious one in the beginning, as would be 
expected from analogy. But as we only know a few of its elements 
it is rather idle to speculate about the conjectural properties of 
elements which are absent. It is also probable tliat for such high 
atomic numbers the problem of constructing elements still heavier 
than uranium will be com])licatcd by the finite extension of the atomic 
nucleus, even if it should be possible to find a nucleus which was not 
subjected to spontaneous disintegration. The dimensions of the 
A"-shell in uranium are, in fact, not much larger than the estimated 
dimensions of the uranium nucleus. 



VII 

THE THEORY OF MULTIPLETS 


25. Nomenclature 

In the more detailed theory of the atoms with several electrons it is 
advantageous to use a generalized nomenclature in which the notation 
used for atoms with only one electron appears as a special case. 

The principal quantum number is not particularly suited for a 
generalization of this sort, and it is therefore fortunate that the part 
played by this number becomes more and more ill defined as the 
multiphcity properties of the atoms become more pronounced. When 
referring to this number in the theory of complex spectra we shall 
simply take it to define in the ordinary way a sort of mean value of 
the energy of all levels belonging to the same multiplet. 

As regards the remaining three quantum numbers we introduce 
capital letters L, J, and S as a generalization of the numbers and s 
of single -electron atoms. Here L will aj)X)ear as a sort of vector sum 
of all the Z’s of the individual electrons. Denoting the I of the ith 
electron by we have therefore 

i 

the summation being extended to all electrons in the atom. In the 
same way we have 

-s < 2 l^il- 

i 

The number J signifies the total angular momentum of the atom, 
measured in units of A^/277, and it therefore satisfies the inequality 

J < \L+S\. 

In order to obtain a clear view of the rather complicated cases met 
with in multiplet spectra it is necessary to introduce a generalized 
sort of nomenclature for the atomic states involved, by which a given 
state is completely characterized by a single symbol. Several systems 
of nomenclature have been devised from time to time, but at present 
it seems that the form originally proposed by Russell and Saunders 
enjoys universal favour. In this system the terms are denoted by 
capital letters in the usual order: 

iy “ 0, 1, 2, 3, 4,... by the term symbols: S, P, P, P, . 
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The multiplicity of the term is written as a separate upper index on 
the left side of the letter. Thus a triplet P term is denoted by ^P. 
The value of J, on the other hand, is given as a lower right index. If 
the above triplet P term corresponds to an inner quantum number 
J ™ 2, the notation is ^P^^. It remains to indicate the princii)al 
quantum number. This is frequently not even known or is unin- 
teresting, and may be left out altogether. But if it is important 
to bring it out it is added in front of the letter. If the above 
term corres])onds to n — 4, the complete symbol assumes the form 
4 

It is frequently of interest to indicate exjilicitly how a particular 
configuration of electrons is constructed. We then use the ordinary 
term symbols, and add the number of electrons in a given state by 
an upper right-hand index. The normal state of the carbon atom is 
a triplet and contains two Ls-electrons, two 26* -electrons, and two 
2p-electrons, and these electrons interact in such a manner that 
iv = ], S “= 1, and e/ = 0. The normal state is therefore charac- 
terized by the symbol 

{Uf{2sf{2pf ^P,, 

But it is often unnecessary to indicate more than the last bound 
electron or electrons and the above symbol is then abbreviated to 

The prototype of complex spectra is set by the so-called normal 
multiplets, which appear as a direct generalization of the alkali 
doublets, doublets which therefore are included in the group. A 
normal multiplet spectrum consists of several p, d series, etc., the 
members of each series having a characteristic kind of multiplicity. 
Thus calcium has one singlet term system and one triplet system. 
Scandium has doublets and quartets, titanium singlets, triplets, and 
quintets, etc. The multiplicity of a series is characterized by its 
S-vslue. Singlets have 8 0, doublets 8 ~ I, triplets = I, etc. 

The multiplicity is in any case given by 2^S^-f- 1. 

For a given value of 8 and L the number J can only assume the 

values j ^ L+S~l,..., |i-;S4-l|, |P--Sf|, 

in accordance with the presumed vector property of J. 

This general nomenclature may be useful in the analysis of any kind 
of multiplet spectra. The so-called normal multiplets, which corre- 
spond to a coupling between the outer electrons of the kind first 
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distinctly defined by Kussell and Saunders,! are singled out among 
other multiplets by particular selection rules, which result from the 
assumed coupling scheme. In the Russell-Saunders coupling scheme 
there is a strong coupling between the individual and the individual 
so that they combine into quantized resultants L and S in the 
manner considered above. But the coupling between L and S is sup- 
posed to be slight. From tiiese assumx)tions the following selection 
rules may be derived: 

L ~> i>ih 1 or L -> L, 

J — >■ J 1 or tJ — > tf j 
and 8 S. 

The last rule states that the multij)licity is conserved during a 
transition, so that intercombination hues require a departure from 
the Kussell-Saunders coupling scheme in order to occur. From the 
fact that intercombination lines do occur, occasionally, in almost all 
multiplet spectra, it follows that the normal raultix)let scheme forms 
a sort of ideal limit, which is not realized rigidly in actual cases. 

That L and J must conform to the same selection rules in normal 
multixilets is a simple consequence of the assumed negligible coupling 
between L and S. A change in J must then necessarily lead to a 
corresponding change in L. 

Applying these rules we find the following scheme for normal 
multiplets : 


L 

i J 




J 


0 

0 

singlets S ^ 0 

1/2 




doublets *5? = 1/2 

1 

1 


1/2 

3/2 




2 

2 



3/2 

5/2 



3 

3 

1 



5/2 

7/2 


0 

1 1 

triplets S ~ 1 


3/2 



quartets S — 3/2 

1 

0 12 


1/2 

3/2 

5/2 



2 

12 3 


1/2 

3/2 

5/2 

7/2 


3 

2 3 

4 


3/2 

5/2 

7/2 

9/2 

0 

2 

quintets >5 = 2 



5/2 


sextets S — 512 

1 

1 2 3 



3/2 

5/2 

7/2 


2 

0 12 3 

4 

1/2 

3/2 

5/2 

7/2 

9/2 

3 

1 2 3 

4 5 

1/2 

3/2 

5/2 

7/2 

9/2 11/2 

0 

3 septets S — 3 




7/2 

octets — 7/2 

1 

2 3 

4 



5/2 

7/2 

9/2 

2 

1 2 3 

4 5 


3/2 

5/2 

7/2 

9/2 11/2 

3 

0 12 3 

4 5 6 

1/2 

3/2 

5/2 

7/2 

9/2 11/2 13/2 


t Astrophya, J. 61 (1925), 38. A very comprehensive discussion of various possible 
coupling schemes in multij)lets is given by Laporte, Handb. d. Astrophys. III. 2. 
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One will notice that the sharp series terms {L ~ 0) are always sin- 
glets, no matter whether they belong to a singlet system or not. Passing 
from sharp to principal, diffuse terms, etc., the multiplicity increases 
until it reaches a maximum value, and from thence it remains 
constant. 

The manner in which S is related to the elementary electronic 
magnets is indicated among other things by tlie manner in wliich S 
takes an upper limit for different elements. The conditions are such 
that each outer electron contributes at most I to the maximum value 
of S. When the number of electrons in an outer shell approaches its 
maximum number it seems, however, as if they gradually lose their 
power of manifesting their presence by affecting the maximum 
number of S, so that the multiplicity does not reach its theoretically 
possible upper limit. The following table giving a survey of the 
observed spectra of the elements from potassium to zinc will make 
this matter clear, and otherwise serve to illustrate the features of 
multiplet spectra. 

Arc spectra 



K 

Ca 

Sc 

Ti 

V 

Cr 

Mil 

Fo 

Co 

Ni 

Cu 

Zn 

Singlets 

Doublets 

X 

X 

X 

X 

X 




X 


X 

X 

Triplets 

Quartets 


X 

X 

X 

X 

X 

1 

X’ 1 

X 

X 

X 

; 

X 

Quintets 

Sextets 




1 

X 

X 

X 

X 

X 

X 



Septets 

Octets 






X 

X 

1 __J 

X 






Spark spectra 



K+ 

Ca+ 

Sc+ 

Ti^ 

V-I- 

Cr' 

Mil ^ 

Fo * 

Co + 

Ni+ 

Cu+ 

Zn+ 

Singlets 

Doublets 


X 

X 

X 








X 

Triplets 



X 


X 








Quartets 

Quintets 
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X 

X 

X 







Sextets 






X 


X 



i 


Septets 

Octets 

1 






X 







It will be seen that the rule of maximum multiplicity holds fairly 
well up to seven electrons, but then the maximum multiplicity 
declines. A rule which holds without exception, however, is the rule 
of alternation, that is, the fact that an even number of outer electrons 

3695.16 T 
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gives odd multiplicities while an odd number gives even multi- 
plicities. 

26. Displaced Terms 

In most cases of observed inultiplets all but one of the valency 
electrons occupy their normal positions. Theoretically any distribu- 
tion of electrons over the possible quantum states is permissible, but 
experimental conditions are mostly such tliat the excitation of one 
electron is strongly favoured as compared with the simultaneous 
excitation of several electrons. There arc some exceptions to this 
rule, liowever, the most conspicuous being found among the terms 
of the arc spectra of alkaline earths. These exceptions are due to 
the existence of metastable states of the atom, particularly in the 
ionized form. 

Looking over the spectral terms of singly ionized calcium, for 
instance, we find that the lowest 6Z-term is intermediate in value 
between the low est p- and the lowest 5-term, the latter corresponding 
to the normal state of the atom. Due to the selection principle for 
I a spontaneous transition from a f/- to an 5-state is excluded, and 
once the atom is settled down into the lowest (Z-state some external 
influence is required in order to transfer the electron to the normal 
or some other state. Or, if the metastability is due to the vanishing 
of the associated dipole moment only, the fife period of the state will 
be very much prolonged, so as to allow the next higher non-vanish- 
ing multipolc to come into play. Under conditions of sufficiently 
strong excitation there will in any case result an abnormal aggrega- 
tion of singly ionized atoms in the lowest cZ-state, and the case may 
occur with a rather large frequency that such an atom recombines 
witli a free electron. In the recombination process such atoms will 
emit radiation, the spectral fines of which differ from the usual ones 
because the influence of the additional electron proves sufficiently 
large to destroy the metastability in question and to induce a 
simultaneous transition of both valency electrons to states of lower 
energy. 

The difference between the spectrum emitted in this way and the 
ordinary spectrum consists essentially in a displacement of all fines 
towards liigher frequencies, and hence the designation ‘displaced 
terms’. The displacement is found to correspond to the energy 
difference between the lowest d- and the lowest 5-state of the ionized 
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atom, as was to be expected. No exact correspondence is found, 
since the influence of the outer electron is likely to produce a consider- 
able deformation of the motion of the inner electron. This influence 
must decrease with increasing distance of the outer electron in its 
initial state, and must vanish at the series hmit. This inference is in 
complete accordance with experiments. Displaced terms originating 
in a similar way are found in the spectra of N, B*^, 0"^ +, Al^ , S+ 
P+++, and 


27. Probabilities of Transitions bet^veen Multiplet Levels 

The theory of intensities in multiplcts has already j)layed some 
part in astrophysical discussions, and may become of more promin- 
ence in the future. We shall therefore give a short account of the 
formulae most in use, without, however, entering uj)on their theo- 
retical basis. Most of the work in this line was completed before the 
discovery of the modern quantum mechanics, but later developments 
have not led to divergent results. 

As emphasized before, each multiplet level of inner quantum 
number J is itself multiple and sjAits up into 2/+ 1 component levels 
in a magnetic field. We must therefore first consider the transitions 
between these sub-levels, which are distinguished by different values 
of the magnetic quantum number m. These transitions will deter- 
mine the intensities of the Zeeman components of the lines for the 
case of an infinitely weak field. This problem has been considered by 
Darwinf from the point of view of wave mechanics, while Born, 
Heisenberg, and Jordan, J and Heisenberg and Jordan] | have developed 
the theory from the angle of matrix mechanics. The formulae are 
quite the same as those derived by earlier authors by assuming the 
transition probabihties to be quadratic functions of m, and assuming 
the total intensity and the total polarization of a multiplet to be un- 
altered by the influence of an infinitely weak field (principle of spectro- 
scopic stability). 

The formulae in question are derived on the assumption that it is 
sufficient to take into account the influence of the associated electric 
dipole moment of the electric oscillation in the atom. The theory has 
also been developed so as to take into account the effect of the 
associated magnetic dipole and electric quadripole. But as that 


t Proc. Roy. Soc. A, 115 (1927), 1. 
11 Ibid. 37 (1926), 263. 


X Zeits.f. Physikf 35 (1926), 557. 
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question is of special interest to the theory of nebulae, it will be 
reserved for special consideration later on. We shall therefore here 
only recall the form of the simpler formulae, without entering on 
their theoretical foundation. 

Let denote the probability of a spontaneous jump from a 

state J, m to a state J', m'. The formulae in question have then the 
following form: 


Transition J -> J : 

A Jm 



A J,m 

_ A.T 

J -> ./+ 1 : 

A J, w 

+ 1 

XAj {J ±m+2){J ±m+\) 
(/+1)(2,7+3) 


A J, m 

AJ {J+lf—m- 

./-> J-I; 

A »/. in 

- ’ 


A Jy m 

•'"V(2J-r)' 


The quantities A’j, etc., are independent of m and J, but may depend 
in any manner on the other quantum numbers. 

In order to use these expressions for the analysis of Zeeman com- 
ponents of multiplet lines it is of course necessary to know the 
relative number of atoms in the different quantum states involved. 
If the excitation has a non-selective character, so that states with 
the same values of n, L, and J have the same probability, practically 
speaking, the above formulae will be directly applicable to the inten- 
sity problem. Thus the empirical rules of Ornstein, Burger, and 
Lande concerning the intensities of the Zeeman components are aU 
contained in the above formulae. 

Consider next the probabilities of transition between the unper- 
turbed multiplet levels. It is now important, especially for astro- 
physical applications, to remember that the following formulae apply 
only to transitions dominated by a variable dipole moment, as was 
emphasized above. The formulae were given by various authors as 
a suitable generalization from the classical theory. The nomenclature 
adopted is that of Sommerfeld and Honl, which is, for instance, also 
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used in Laporte’s article on multiplets in Handb. d. Astrophys. 
III. 2, p. 673. 

Let P, Q, and R be defined by 

P(J) = (J+X)(J+L+l)-5(-S+l), 

Q[J) ^ 

and R{J) =- J(J+])+L(L+l)-/!?(^+l). 

We have then for transitions L -> L— 1 : 


A-’X 


L-l 


P{J)P(J-i) 
iJL ’ 




2J+1 

4L/(J+i)’ 


and for transitions L-> L\ 


AJ,L _ m(j\ (2J+1)(2L+1) 


AJ.h 


P{J)Q{J-l) 


2L+1 


These formulae are due to Kronig.f Sominerfeld, H6nl,| and RusselLj] 


t Zeits.f. Vhysik, 31 (1925), 885. 

J Bed. Her. (1925), 141; of. also Ann. d. Phy.nlc, 79 (1926), 273. 

II Nature, 115 (1925), 835; Proc, Nat, Acad. Washiuytori, 11 (1925), 314, 322. 
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THEORY OF ABSORPTION AND EMISSION 


28. Energy of the Radiation Field 

Consider a radiation field which is constrained to remain inside 
a finite enclosure with perfectly reflecting walls. For the sake of 
simplicity we assume the enclosure to be of rectangular shape, parallel 
to the axes of a rectangular coordinate system, i-he coordinates of the 
edges along the axes being 0, oc, y respectively. 

In such an enclosure the amplitude of a harmonic comj^onent of the 
field must have the form 

X = A cos 27n4 sin kn- sin In ^ sin inn - , 

(X p y 

where A is an arbitrary constant, and A*, Z, and m are positivSE) integers. 
The amplitude will now necessarily vanish on the w?cfls of the box, 
and may consequently be assumed to be zero on the outside. Since X 
must satisfy the wave equation 

= -,X, 
c- 

it follows that the frequency v is given by 

Each triad of integers Ic, Z, m will correspond to a possible solution, 
and the total number of possible solutions for which the frequency 
is less than v is given by the volume of the positive octant of the 
ellipsoid defined by the above equation when k, Z, and m are considered 
as rectangular coordinates. This volume is 

where £i is the volume of the enclosure. In case of light waves the 
number will be twice this because of the transverse nature of the 
vibrations, so we add a factor 2. Differentiating, we find the number 
of vibrations in the frequency interval vtov-\-dvto be 

= (45) 

Assume that the radiation field is defined by its vector potential, 
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and let us resolve this potential into harmonic components in a 
slightly different way, a component being given by 

277V 

A=AoU(t)sm (ax+fy+yz-i-e). (46) 

c 


Here is a unit vector, a, ^8, y are the direction cosines of the 
direction of i)ropagation of the wave, e is a phase constant, which is 
to be determined so as to make the amphtude vanish at the boundary, 
and u{t) is a function of the time, which reduces to a cosine for a w ave 
which is also harmonic in the time, as assumed above, but which 
otherwise may be slightly different when there is absorption or 
emission of radiation. The complete radiation field will now be 
represented by a sum of standing vibrations of the above type, the 
number of possible vibrations in the frequency interval dv being 
given by (45), while the directions of propagation and polarization 
are distributed at random. It is evident that knowing all the u- 
functions of the field the vector potential is determined, and then also, 
by a simple differentiation process, the electric and magnetic inten- 
sities. Hence we may consider the 'W-functions as the coordinates of 
the radiation field. 

The electric and magnetic field vectors E and H are given by 

, H = curlA, 

c dt 


or expressed in harmonic components by (46): 


E 




H 


’H.xAn^.cosn, 


where is a unit vector with components ocg, jSg, y^, and Pg is given 

The electromagnetic energy in the space fi is 

w = -io(E2+H2). 

877 


Leaving out cross-terms, which only entail rapid fluctuations in the 
field of the period of the light waves, we may write 


£2 = 


1 

2^ 



W 


2 -?-< 



80 THEORY OF ABSORPTION AND EMISSION Chap. VIII, § 28 
which give the following expression for the energy W 

8 

Introducing the Hamiltonian momenta of the field, 

dw n . 

dUf. SttC^ 

the energy assumes the following form 


"'=2 






The consequent canonical equations are 

^ 877C-^ ^ ^ 

dVg £2 ^ du^ Sttc- 

Eliminating we find 

w«+(2-n-rJX = 0, 

which shows, as was to be expected when there is no interaction 
energy with matter, that the ^/-functions are harmonic in the time 
with frequency v. It is convenient for the following to make a slight 
change in the definition of the canonical variables by writing 

“• “ Ji^y- ”• = j(&y 

In the new variables and the energy assumes the form 

8 

which is the Hamiltonian for a system of independent harmonic 
oscillators of unit mass and frequencies v^, . The vector potential 

of the field assumes the consequent form 




Aosg-sSinTg. 


29. Quantization of the Radiation Field 

Since the radiation field is resolvable into a system of independent 
oscillators, the characteristic functions of the field are 

= H,(kq)e-i<M>' {k = 

where is a normalized Hermitian polynomial. Moreover, the 
characteristic energy values are given by 

E,^hv,{8^+1) (^' = 0 , 1 , 2 ,...). 
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Consider next the wave-mechanical problem of an atomic system 
in interaction with this field. We write the Hamiltonian of the pro- 
blem in the form rr rj ^ 

xx — TIq 

where is the Hamiltonian of the atom and the field, with neglect 
of their interaction, while K is the interaction term. Let 
be the normahzed characteristic functions of the unperturbed 
problem, i.e. corresponding to the Hamiltonian alone, and let 
be the coiTesponding characteristic energy values. The 
most general solution of the unperturbed problem is then 

•A == 

n 

where the are constants which w^e suppose chosen in such a way 
that a* is just eciual to the number of atoms in the assembly which 
are in the r^th quantum state. From the perturbation theory which 
was developed in a preceding section (see p. 26) we know that the 
quantities must satisfy the equations 


, 27TI 1 


(m = 1, 2...), 


where 


= J dr. 


is the matrix of the interaction energy. 

1 / e Y 

Neglecting the square of the vector potential, the term Aj 


in the Hamiltonian reduces to 
question is therefore 


- Ap. The interaction term in 


In the case of a single electron p//x stands for the momentum of a 
single electron, divided by its mass, that is, in the language of wave 
mechanics, t ^ 

etc. 

jLt 27^^ja ox 

In the case of several electrons K is simply the sum of — Ap over all 

(IC 

electrons. The vector potential is in each case to be calculated at 
the positions of the respective electrons. In the following we proceed 
as if there were but one electron present, since the generalization to 
several electrons is trivial. 


3595.15 


M 
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Introducing the expansion for the vector potential given earlier we 
find 


K = 2 9'*8inI](AosP). 


Expression (47) for the perturbation matrix may be further re- 
duced by the following considerations. First it may be recalled that 
the wave functions 0^, supposed to be calculated by neglect of the 
interaction energy, may be written in the form 


where is the wave function of the atom, and etc., are wave 

functions of the harmonic components of the radiation field. Each 
term in the sum giving K contains a as a factor, and each term will 
be multiphed by the corresponding product quantum 

states being, say, and m.,. Apart from these ])articuJar states, the 
wave functions will occur in j>airs and it is therefore clear 

that each term in the sum giving will be a product of integrals 
of the form 

^Tlg 7)lt J 


and 



The latter integral will vanish in all cases except when = m^, 
when it equals unity. By the theory of the harmonic oscillator the 
former integral is given by 


or 



(m^ = n^+1), 
(m^ = n,— l). 


where i/^ = 

As a consequence of this the series representing a perturbation 
matrix element reduces to a single term 

XT 

n^... n,...; n n,± 1... 


^r>.~^rr 

h ■ 




sinrg^*^(Ao«pK„^dT| 
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where the upper or lower expression is to be taken according as 
mg = n^+l or rig— 1. Write 


The above expression may then be written in the form 


K 


■rif,, Tij... 7?,...; Wo.nj... nj±l... 


2ni 


e2’^‘*’*y(Wg+l) 

p-27,ivj^n^ 


\ 


The equation for tlic time variation of the a^^-coefficients now 
becomes 




2 - 

/X 




where fn^niS^s) denotes fn^mS^s) without the complex time factor, 
while r,, stands for (£'^ — These equations may be considered 
the essential basis of the quantum theory of radiation processes. The 
special cases of pure absorption or pure scattering are to be under- 
stood not as intrinsically dilferent processes, but more as different 
aspects of one and the same radiation process. 


30. Structure of an Emission Line 

The simplest possible case is encountered when tlie system consists 
of an atom initially in empty space, from which it may suffer transi- 
tions to a single lower state under emission of radiation. Denote the 
upper state by index 2 and the lower by index 1 and write 


^21 — ^12 — — /2(*^ s )* 

Neglecting consistently all other terms than the resonance terms, 
the only surviving equations are 

e K h ' 




fJLA 



(48) 



(49) 


Integrating (48) over the time we find 




( 50 ) 



84 THEORY OF ABSORPTION AND EMISSION Chap.VIIIJSO 
Introducing this into (49) we get an integral equation for , 

t 

* ^ 0 


The sum with respect to s may be changed into an integral over y, 
taken from zero to infinity. Then, using (45), 


® 2 , 0 ,c ^ 


e- 8h 
y? c* 


'i J J «2,o 

v ,-0 ^0 ^ 


dv^. (51) 


Considering the secular decrease in the number of atoms in the upper 
state, it is clear that this equation wfill have a secular solution (i.e. a 
solution smoothed by leaving out periodic terms) of the form 

^2,0,0... “ ^ 


where A is a constant. Introducing this expression of ^ 2 , 0 , 0 ,., 
equation (51) we find 


. 8e‘^A r l_e^^+27rKv-r.)}< 

A = ^sjMf2M - - --- t : r- dv,. 


A+277^(^' — Vg ) 


Write this integral in the form 




{iX/27r)-i-Vg—p ^ 27ri J (A‘‘^/477^) + (rg— v)^ ^ 

0 

+ A f /52) 

+ 4772J (A2/47r‘‘=) + K-v)2 *• ^ ^ 


We may evaluate these integrals if we assume that A is very small 
compared with v (which will always hold in physically interesting 
cases). 

The first question is what becomes of fm^nS^a) when 00 . In 
the expression for f{vg) written out in full, 

+ 00 4-00 4-00 

/m.n>«)=J J j siT^~(°^sX+Psy+YsZKt,{^os'^)U.dzdydz, 


-00 — 00 — 00 


we rotate the axes, till the new 2 ;-axis lies in the direction of pg, 
Then, performing the integration over the new coordinates x' and y' 
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we get the expression 4.^0 


F[z') dz' , 
c 


where 


Fiz') 


-00 

-1-00 -foo 

. J J syc 


a finite function of;:;'. 

By the integral tJieorem of Dirichlet: 

-foo 

Jim- r f{t-\~z)m'ivz^ 


V—^oj 77 


dx'dy', 


■■ /(O. 


wo find 


lini 




2771 '. z' dz 


- OJ^XO) 0. 


It is now easily shown tJiat the firstf and tliird of the integrals ( 52 ) 
converge, and it then ]i(‘s in the nature of the problem that the 
second must also do so. We see further that the essential contribu- 
tion to their values is found near the poles ™ j/=PiA/ 277 . We may, 
therefore, Avithout pcu’ceptibly altering their values extend the lower 
limits to Vg — —CO. As regards the first integral we may join the 
limits by a path enclosing the negative comy)lcx v^-plane. By 
Cauchy’s theorem the integral is then equal to ~ 27 Ti times the 
value of at this point, which to a sufficient 

approximation is _2^VA(v)/,(v). 

The second integral vanishes owing to the factor v^—v in the 
numerator, the same approximations being assumed as in the pre- 
ceding case. TJie third gives, similarly, a contribution 2^/i(r)/2(v). 
Hence 


7 — 2K/’iW/2M A 


4:e^hv 


ljr& 




As the probability of the atom being in the state 2 is ct2,o,o... ^2,0,0,... 
is clear that the corresponding Einstein A-coefficient is just 2 RX,X or 


1 21 


fl- 


In all optical applications, that is, apart from X-ray spectra, the 

t Charlier’s convergonco tost, cf. Wliittaker and Watson, Modern Analysis, p. 72. 
J J? = real part of. It follows below that A is actually real, so in the following we 
need not distinguish RX from A. 
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atomic dimensions are very small in comparison with the wave-length 
of radiation. This means that the sine function may be 

taken outside the integral sign. The remaining integral is then given 
by tlic calculations in § 9: 

Mv) - sinr J rfr = -sin T 

Mv) = sin r j dr = sin T-^AoPf,, 

where P 12 is the harmonic amplitude associated with the tAvo states 
in question. Averaging over all directions of the incident ray we may 
take sin-r = i and the average |A()Pj 2 (“ — J |Pi 2 i“- The final expres- 
sion of the Einstein A is then 


A 21 


(UTT^rV p 


(53) 


in agreement witli the r(\sult in § 9. 

The line profile. We may now^ also find the distribution of energy 
in the emission line. This is the same as to find the probability dis- 
tribution of the states l,...As- Since u.2 0,... is given by equation (50) 
for Ri^y he integrated directly, the result being 


a 


1,0,..., 


1 *... 



po 

*12 


1 ^-{A+27T<(v-v,)}/ 

X-\~27Ti{v Vg) 


sin r, 


where we have introduced the value off 2 i(vs) found above for the case 
of long waves. The integration constant has been so chosen as tc‘ 
make vanish at ^ ~ 0. From this expression we find directly 

the probability of the state in question, as it is given by 

In order to find the distribution of frequency, however, we must 
further multiply by the number of radiation components in the 
frequency interval to which is Q(87rrf/c^) dv^. 

Assuming further the time t to be so large that 2e~^^ may be 
neglected in comparison with unity, and writing the resulting distri- 
bution in the form dv^, we find 

2A 

A2-f47r2(v-vJ2* 

This gives an energy distribution in the line which is the same as 
for a classical oscillator with damping constant A» 
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31. Probability Distribution Law of Weisskopf and Wigner 

The above calculation refers only to the special case of the emis- 
sion of a resonance line, as due to some kind of nondescript excita- 
tion. The result is, strictly speaking, not aj)plicable, unless it is 
verified beforehand that the excitation in question corresponds to 
the assumptions, and it is not certain that it can be applied without 
further modifications to the emission of subordinate lines. Further 
work by Weisskojif and Wignerf seimis to show fairly conclusively 
that the result will hold under very general conditions, when some 
precautions are kept in mind. If in fact we include a series of states 
in the calculations, the equations are approximately satisfied by 
assuming solutions in exponential terms, with suitably chosen damp- 
ing constants, to be determined from the equations themselves. It 
turns out that the form of the line to be expected is in most cases 
that of a classical linear oscillator of the frequency of the line, and 
with a damping constant equal to half the sum of all transition pro- 
babilities from both states involved in the j)roduction of the line. 
This is a result which is of great imj)ortancc for astropliysical appli- 
cations. 

Weissko])f and Wigner gave an interpretation of this result which 
is of considerable interest for the systematic development of the 
radiation theory, as it lends some physical insight into the meaning 
of the mathematical fonnalism. It is in fact a little disconcerting 
to find that the spectral lines have a finite width, although we assume 
the radiation to take place according to the strict frequency relation 
hvj^. “ If we do not want to meddle witli this relation, 

there is only one way to go, which is to admit that the energy 
values Ej^ and Ej of the two states involved are not sharply defined, 
but show a probability distribution round a mean value. 

This is also what would be expected on the basis of the Heisenberg 
uncertainty relation. For let E be the energy of an atom in a station- 
ary state and r the life period of this state. The uncertainty relation 
then demands that the uncertainty in E, AE say, cannot be made 
smaller than A/r. But l/r is equal to the probability of transition, A, 
from the state, so that the uncertainty in the energy is of the order 
of hA, and that of the frequency of the radiation emitted during a 
transition from a state 1 to a state 2 is, correspondingly, 

Weisskopf and Wigner were able to substantiate this general 
t V. Weisskopf and E. Wigner, Zeits.f. Pfiyaik, 63 (1930), 54. 
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inference, and found the following distribution law for the energy 
of a state: 

W,{E)dE = (54) 


4j. dE 

h iAi+i^{jf- 




where Aj. is the probability of transition from the given state, the 
mean energy of which is A\.. The state with a definite value E of the 
energy will be called a sub-state of the given state. 

We shall now consider some applications of this formula, whicli 
will sliow its far-reaching adaptability in the radiation theory. We 
shall first derive the exjwssion given earlier for tJie ])rofil(^ of an 
emission line with a nondescript excitation. Let the upper state be 
denoted by k, and assume the transition to take jfiace to the / -state, 
with the probability We assume that tlu^ transition ends 

exactly in tlie sub-state with energy E' in the close vicinity of Ej. 
The probability of a transition ending in a ])articular sub-state is 
supposed to be independent of the particular sn])-state from which 
the transition took place. The probability that the atom shall have 
an energy in the interval dE before and in dE' after the transition 
is therefore 


WiEj,)W{Ej)dEdE' 

Aj^Aj 

'{IAI+^{E- 


dEdE' 


The frequency of the radiation emitted (or absorbed, in the case of 
the converse transition) is 


V - (E~-E')lh, 

The probabihty that for initial energy E the frequency of the emitted 
radiation will be found in the interval v to v+dv is obtained from 
(55) by writing dE' — —hdv and then integrating the probability 
expression over all values of E, keeping the difference E—E' — hv 
constant. Introducing the notation 

X^- E, p-= E^, q= Ej+hv, a = b = 


the probability expression assumes the form 


j j __ ^dv r abdx 

J {a 2 +(a;----^~) 2 y( 62 q_(^_^) 2 }* 

— 00 

The integral is most readily evaluated by complex integration, the 
path of integration being along the real axis in the positive direction, 
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and then counter-clockwise along a half-circle lying at infinity and 
joining the positive end of the x-axis with the negative. This latter 
part of the integral will give no contribution to its value. The whole 
closed line integral is then by Cauchy’s theorem equal to 2771 times 
the sum of the residues of the integrand at the poles inside the 
enclosed area. In this case the integi*and has two poles inside this 
area, which are 

— p-^ai and 

and the corresponding residues are 

— \hi — \ai 

6- + (p —q-^ai)- + (g ) ^ * 

The sum of these two terms is easily found by observing that each of 
the denominators may be resolved into a product of two linear 
factors, of which one, p~q-\-i{a—b), is common to both residues. 
The two remaining factors are respectively p—q-\-i{a-\-b) and 
p~~q—i{a-\-b), and the sum of the two residues becomes 

— li I b a \ ~U(a-{-b) 

p~q+i{a—b)[p—q+i{a+by p~q—i{a+b)j ~ (a+b)- + (p—qy 

The final form of the integral is therefore 

j. a-\~b ___ {Aj,-\-A,j)dv 

^ ~ n la^bf-^{p—qy-~l{A^-i-Ay+^7T-{v-{E^~Eyh:^^' 

When comparing this result with the one derived directly from the 
radiation theory it must be remembered that we tlieii assumed the 
transition probability Aj to be zero. Otherwise the present result 
is in conformity with the earlier calculations. In order to obtain 
the intensity of the line it is only necessary to multiply the above 
expression by livj^^Aj,y 

32. Dispersion Theory 

Thus far we have only been considering the form of emission lines. 
In astrophysical problems, however, we are most frequently con- 
cerned with absorption processes, and it is of vital importance that 
the student of astrophysics should be familiar with all aspects of 
such problems, even if the direct astrophysical application of the 
result may be excluded by the mathematical complexity of the 
problem. 

Let us first of all consider absorption of radiation in the first 

369S.16 ^ 
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resonance line of the atom, that is, the line connecting the two lowest 
energy states. We assume a plane monochromatic beam of light of a 
frequency in the proximity of the relevant line to be passed through 
a layer of atoms in the gaseous state at a sufficiently low density. 
According to everyday experience we tfien know that the influence 
of the gas on the radiation will only consist in a scattering of the 
radiation over different directions, without stuisible change in fre- 
quency or loss in energy. It is of considerable interest to under- 
stand in detail how this result is brought about. 

Let us consider the case from the point of view of Weisskopf and 
Wigner. The two relevant states of the atom, A and B say, will each 
have a probability distribution of the standard form (54). When a 
light ray of frequency v strikes the atom it will presumably find this 
latter in some sub-state of A', sa}^ with an energy B. If the atom 
suffers a transition as an effect of the encounter, it will become 
transferred to a sub-state of B, with an energy B' - B-\-hv, We 
assume the density of the gas so low that the atom does not have any 
chance of suffering any collisions with other atomic? particles during 
the time it resides in the upper state, so that the only thing that can 
happen is that it will return to state A. Here, however, it has a 
choice between a continuous number of sub-states, each correspond- 
ing to a different value of the frequency of the scattered radiation. 
The scattered radiation cannot therefore take the form of an infinitely 
sharp line, even if we consider the ideal case when the incident 
light is strictly monochromatic. This intrinsic width of the re- 
emitted line puts a hmit to the ability of the scattered hght to 
form interference patterns, and, on the whole, to exhibit the pheno- 
mena usually called refraction and dispersion. When such phenomena 
show up terrestrially to such an extent as they really do, it is due to 
the fact that the life period of an atom in a normal state is under 
usual experimental conditions, practically speaking, infinitely large. 
As long as ordinary collisions and the thermal Doppler effect may be 
neglected, the limit to the life period of this state is put by the 
intensity of the incident light itself. 

Unfortunately, it is not possible to consider this problem properly 
on using the probability distribution law (54) directly, since we should 
have to deal with the case when two states coincide, which was 
supposed not to occur in the derivation of the formulae. Weisskopf, 
however, carried through the calculations directly, and found the 
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energy distribution in the re-emitted light to be given by the 
formula 




const. 


(56) 


Here and 47ryj^ are the total transition })robabilities from the 
two states respectively, v is the frequency of the incident light and 
V that of the scattered light. It will be noticed that the intensity has 
two maxima, one when v -- v and another when v The process 

of dispersion, even if the frequency of the incident radiation is well 
outside the centre of the line, will therefore necessarily also be asso- 


ciated with an emission of the line itself. That this must be so follows 
immediately from a consideration of the probability distribution of the 
two states. When, nevertheless, the scattered hght usually contains by 
far the greater part of the energy, it is due to the m uch greater damping 
constant of the upper state. Assume then that v is well outside the 
region of the line, so that the two maxima of (56) are clearly sej)arated. 
The scattered light will then definitely pose as a doublet line, and 
the intensity will be the sum of the intensities of the components. 
Consider for instance the component with v as a centre. We may then 
obtain a fair approximation by putting v v in the second factor 
of the denominator, and integrate the expression over v for all 
frequencies. Since 

r (lx __ TV 


this gives for the intensity 

const. 

Ya (YB)' + i^ — VAB)'^' 

Proceeding in the same way with the other component we find its 
intensity to be _ 1 const. 

Yb lYA)~ + i'’—^AB)-' 

The intensities of the doublet will thus be sensibly in the ratio of the 
corresponding transition probabilities, and since very much 

larger than y^ the radiation in the line itself will be insignificant, so 
that practically the whole energy will appear in the line round the 
frequency of the incident light. 

These considerations serve to show how intimately the ordinary 
phenomena of dispersion are connected with the fact that the first 
resonance line of the atoms only is involved. Although we do not 
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possess a detailed theory as yet, it is clear that we must expect the 
atoms to scatter light in the vicinity of subordinate lines in a very 
different manner. 4:7ry^ will still continue to denote the total proba- 
biht}^ of transition from the lower state of the line, also including the 
probability of spontaneous transitions, or any other influence shorten- 
ing the life period of the state, and likewise for 47ry2^. In the case of 
subordinate lines will usually be larger than yj^. In consequence 
of this the scattered light wall be mostly re -emitted as if it were due 
to ordinary spontaneous transitions from the upper state. The line 
surrounding the frequency of the incident light will be relatively 
broad, and of inferior intensity. Further it must be remembered that 
the sum of the intensities of these doublets will no longer give tlie 
(uiergy extracted from tlie incident beam, as an uncontrollable 
amount of radia tion may be diverted into lines ending in lower energy 
states. It is clear, therefore, that the extension of results obtainc^d 
by applying tlu'- ordinary theory of dispersion to subordinate lines 
must l>e eyed with siisjhcion, or, at any rate, administered with very 
great caution. 

32. 1. Classical Theory of Dispersion 

We have thus far made it rather a point to develop the conse- 
quences of the atomic theory directly from the wave-mechanical 
equations. At the present place it will be desirable, however, for the 
sake of historical continuity to consider also the classical dispersion 
theory. This latter assumes tivo different forms, according as one 
considers directly the emission of radiation from a system of electric 
particles with a given polarization, or considers the motion of an 
individual electron subjected to a damping force, due to the emission 
of radiation. 

Let us consider the latter case first, and assume the electron to 
vibrate elastically, except for the decay which is due to its emission 
of radiation. The latter is known to be equivalent to a force, pro- 
portional to the rate of change of the acceleration: 

2e2... 

3 

where x is the linear coordinate determining the position of the 
electron. The equation of motion is then 

2 

fix — —fi(2wo)~x-i- - --X, 
o c 
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where ix and e denote as usual mass and charge of the electron, and 
its proper frequency of vibration. Writing in this equation 

X — const, 


wc find 


a - (277^0)- + ^ 


262o-’' 


Considering the imaginary term in this equation as a small correction 
only, we find to the first order 


t(7 


2Triv^ 


47r^C‘ 


2,, 2 


The solution found is thus a damped oscillation. The time of decay, 
which is usually denoted })y 2t, is given by 


4:7T-eri'l 


Th(‘n T is the time of decay of the energy of tlu^ electron. For a fre- 
quency of the order 10^^ sec.“^ r is of the order 10~^ sec. Expressed 
ill terms of r, the damping force due to the emission of radiation 
becomes 

fJLX 

4Tr'“vf) r 

Consider next the transmission of a monochromatic plane and plane- 
polarized light wave through a gaseous medium. The gas atoms arc 
assumed to contain only one electron each, whicli when undisturbed 
performs damjied harmonic oscillations with a frequency Vq and 
with a time of decay r. Under the steady influence of the light wave 
the electrons will perform forced oscillations with the frequency of the 
incident wave. Neglecting a possible interaction between the electrons 
themselves the equation of motion of an electron will be 


fix = eE—fi.{27TVo)‘~x+ . ( 57 ) 

Here the electric field is supposed to have the intensity E, and to 
be directed along the .r-axis, so that the steady motion of the electron 
will be along this axis only, x being the displacement of the electron 
from its position of equilibrium. 

Considering the case in which the wave-length of the electric field 
is long in comparison with the ampHtude of the electronic oscillations, 
we may assume E to be independent of x, and to be proportional to 
g27n:w jji steady state x will then be proportional to E, and 
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equation (57) reduces to 


ii^ \ eE 

27rpQ t] ^TT^jJb 

In practice v will always be so close to Vq that we may write v ^ Vq in 
the imaginary term, and write vl—v- = 2vq(v(^—v). Then 


eE 


. . (58) 

87r‘-/xvQ( Vq — i' 4" 

Let N denote the number of atoms per unit volume. The current 
density due to the motion of the electrons will then be J ™ Nex, 
or, by (58). ^ _ aE 

87r“/LcvQ(vQ — c-bf/lTrr) di 


This current will generate a macroscopic electromagnetic held, which 
in combination with the incident wave will satisfy the Maxwellian 
equations j 


curlH 


c dt ^ c 


curlE —r 


1 dU 

c c) t 


(59) 


Eliminating H and introducing the above expression of J, we find 

27T/jLVf)[vQ—v-\-i/4:7rT\j dt^ ^ ^ 

and a corresponding equation for the magnetic field strength H. In 
this elimination process use is made of the fact that both div E and 
divH vanish, since the wave carries no electricity. The above equa- 
tion represents a damped wave, and we may write the solution in the 
form £ ^ const. e2’riV(/-r>x/c)-jKx_ 


where n is the index of refraction, and k the absorption coefficient of 
the wave, relative to the flux of energy. Introducing this expression 
in (60) we find the following equation for the determination of k and ti: 


(|/c+27nW/c)2 


IttV/ _ ^ 

C* \ 2TTIXVf^{Vf, — V+iJ^TTr), 


or, separating real and imaginary quantities, 


Ne^{vQ — v) 

27rixvQ{ ( Vq — r )^ + 1 / 1 67r^T“} I ’ 


Ne^ 

Itt/xct (vq — v)**^ + 1 / 1 


and 
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Thus far we have been concerned with one electron per atom 
only. Let there now be / identical electrons to each atom. These 
electrons will, in the steady state, move in unison as if they formed 
one electron of mass f/jL and electric charge fe. Hence the correct 
generalization is obtained by writing for /x and fe for e in the 
above equations. Noting that the time of decay is then divided by/, 
it appears that the correct generalization is 

Ne-f ^0—^ 


and 


1 


TlK 


27T/XV0 

1 _ 
47r/XCT (Vq — 1^)“+(7/477t)' 


4.7TNe^p 


^Ct{ 1 Gtt- (^0 —v)- +/“/t“} 


(60a) 


The further generalization to atoms containing groups of electrons 
with different proper frequencies is not easily made by the above 
procedure, since the representation of the reaction of the radiation 
field by a force (xx/^n-vlr breaks down in tJiat case. The j^oint of 
interest in the above result is that, neglecting the term in and the 
damping term in the denominator, we find n- — 1 to be proportional 
to /while the product uk is proiiortional top. The total absorption 
in a line, on the other hand, will be proportional to / only. We 
find, namely, on assuming the index of refraction to be of order unity, 
even in the region of the line 



Comparing these results with those derived from the quantum theory, 
it is clear that the classical damping constant //r plays the part of 
the sum of the probabilities of transition from the two levels of the 
line, while Trfe^l^c plays the part of the Einstein ^^-coefficient of 
absorption. 

The general form of the absorption coefficient may also be found in 

a somewhat simpler way, which perhaps gives a better insight into 

the physical processes at work. We know that the radiation from a 

system of electrons is determined by the time derivative of the 

electrical momentum p __ r + 

— jex, etc,, 


according to the formula 

rate of loss of energy = 



(61) 
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The variable electric momentum means that there is a current 
density NP in the gas, wliich, when introduced into the Maxwellian 

equations (59) gives , 

-r-. -i(E+47riYP). 
c- 


The electrical momentum will, to a first approximation, satisfy tlie 
equation of motion 

/xP =^/e“E— /x(27rro)'P, 

which gives in tlie usual way for the steady state {P oc E cc 


P 


Je^ 

/x(27t)“(v5— V“) 


( 02 ) 


This makes P real, so the approximation is not sutHcient for the 
determination of the absorption coefficient from the Maxwellian 
equations. But we may proceed some way by using ((i2), on reasoning 
as follows: The energy lost from the light per unit time and volume 
is by (61) and (62) 


2 ( 27 TvYi_ /c-E _ /WE^iV 


Dividing this expression by the flux of radiation, which is here given 
by the Poynting vector cE-/47r, we find the absoiption coefficient 

3 r»'5— V-)-' 


This expression is identical with the one derived earlier, N denoting 
the number of atoms per unit volume, on allowing the same aj)proxi- 
mations and neglecting the damping term in the denominator. 
However, we have above made no assumption with regard to the 
frequency v and may in particular assume it to be very large. Then 
the expression approaches the limit 


Stt 

3 


PN, 


which is Thomson’s formula for the coefficient of scattering by free 
electrons. If the atom contains a series of electrons with different 
proper frequencies and the corresponding /’s being denoted 

by/ 1 ,/ 2 ,.,., absorption coefficient becomes obviously 

Stt 




N 


/V 


K 


(63) 
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32. 2. OHantum Theory of Dispersion 

Although it does not lead to any new results, it is of some interest 
to show how the above procedure may be translated into the language 
of the quantum theory, step for step. The radiation field will then 
be treated as a small perturbation, just as in the case of the theory of 
the Einstein coefficients considered in an earlier section. 

We then assume that an atom with its centre at the origin of 
coordinates is exy)osed to the influence of a plane and plane-polarized 
light wave of frequency v. The atom is siq)posed to contain one 
electron only, moving in a field of potential energy V, and the vector 
potential of the light wave is supposed to be directed along the 
.T-axis and to be given by 

A == 2^ocos27rr^ -- 


This means that the dimensions of the atom arc small in comparison 
with the wave-length of light, otherwise a term linear in y and z should 
have been added to t in the above expression, which would have 
complicated the calculations very much. 

The wave equation of the problem is (§ 9) 




^Trie .dijj 87T-/Z,, . 4771(1 dift 


he 


dx 




F<A-f 


h bt 


0. 


The wave function aj)propriate to a stationary state h we assume to 
be split into the unperturbed function 

and the perturbation term being independent of the time. The 

functions (f>f^ will be assumed to be orthogonal and normalized in the 
usual way. Neglecting the product which is of the second 

order, it is clear that will satisfy the equation 








^Vu, 


^7ri(jL duj, 

h dt 


4:7716^ 

he dx 


As is usual in perturbation theory, we assume without further proof 
that the perturbation term to the right may be expanded into a 
convergent series of the functions of the form 

e-V27TiEirm — ^ 

he dx n 


where the constants are given by 


n 

'^n 




3505.16 


O 
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It was shown earlier (§ 9, p. 28) that 



h 


Vkn{Pk,,)x^ 


that is, a„ 




where which from now on will be denoted by P;^.„ simply, is 

the harmonic amplitude of the ntoni in the direction of the a;-axis. 
Wc have already implicitly assumed the atom to contain no per- 
manent electric moment, so the one we are considering here will be 
in the direction of the external field. 

As a next step wo assume Uj. to have the form 


where Vj. and iVj. depend on the coordinates only. The above form of 
Uj^ is clearly demanded by the dej)endence of the perturbation term 
on time. The two functions Vj. and will each satisfy a separate 
wave equation, but these equations will only differ from each other 
by the sign of i\ It is therefore sufficient to write down and solve the 
equation satisfied by Vj., which is easily found to be 

VX-+ X^(Pk+hv-V)v, = 2 

ft" n 


Assuming an expansion of the form 

= 2 K^n 

n 


we find easily, by making use of the unperturbed equation for , 


87rV»’*„ + »' he l'kn + ^ 

The corresponding expansion coefficient of Wj. is obviously obtained 
by writing -—v instead of v in this ex])ression. We may therefore at 
once write down the comi)lete form of 


Ur. ™ 


27rie^ 
he 


^kn ^kf} 


f^~2'ni{Kk +/< v)ilk g - 2 tt / (E^ -hv)tlh\ 

^kn + ^ ^'k7i — ^ i 


(64) 


From this expression we may now form the induced electrical 
moment of the atom, which we shall denote by Since the 

momentum is directed in the a;-direction, we have, on neglecting 
second-order terms and assuming the unperturbed electric moment 
to be zero, 

i^kk)x = e j 
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Introducing the expression of given by (64) we find 
2e2 4w. . „ .v-v,.„PL 


M,., 


kk 


— Aft sin 27rvt V . 


The emission of energy per unit time from the atom is now 


3 C'^ 


C 3 H^kn~'^'^) / 


Denoting the electric field intensity by E, the flux of radiation is 
given by the Poynting vector cE“/47r. Now 

1 dA. 47rv , 

c bt c 


E 


-Ay sin 27Tvt, 


so that AQsin“27rr^. 

477 c 

Dividing the emission of energy by the above expression of cE2/477 
we obtain tlie coefficient of absorption of the atom, 

/s-87rV^v,,PM‘^ 

3 r 

Comparing this with tlie classical formula ((>3) it ap])ears that the 
quantum theory equivalent of the 'number of dispersion electrons’ 
/ associated with a line is given by 

/• p2 

J kn ^ krf 


In the classical theory the /’s were naturally assumed to be 
integral numbers, but in the quantum theory this is no longer 
necessary, a feature which is confirmed by experiment. In fact, the 
/’s cannot be integers, a feature which is brought out distinctly by 
the Thomas-Kuhn sum rule. This rule may be derived in a direct 
way from the quantum theory, but it also follows from the above 
formulae. In fact, the above expression of the scattering coefficient 
of an atom should hold the better the higher the frequency v of the 
incident light. But if v is sufficiently large, we may neglect in 
the denominator, and there remains 


K = 


Stt 



For sufficiently high frequencies we should expect the electron to 
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scatter as if it were free, and the above exj)ressioii of k to coincide 
with tlie Tliomson formula. For this to be the case we must have 

n 

If the atom contains several electrons, the sum will be equal to the 
number of electrons in the atom. The sum is in all cases extended 
to all ])ossible (luantuin states, the continuous states, when the 
electron is essentially free, being included. This is the Thomas-Kuhn 
sum rule. 


33. Influence of the Doppler Effect 

Since the atonis of a gas are in a state of thermal agitation, it is 
nccc^ssary to consider* how the foregoing results are to be modified 
before applying them to actual gases. 

Let m be tlie mass of an atom, u its velocity in the line of sight, and 
vq its proper frequency, ilelative to the observer this proper fre(|uency 
will appear to be , /, / x 

I'o - 

The absor])tion coefficient of this atom for radiation of the frequency v 
relative to the observer will then assume the form 

KS 

when the frecpicncy v is close to the apparent pro])er frequency vq of 
a characteristic line of the atom. Further, 4778 is the damping 
constant /'/r, and K summarizes the rest of the constant factor of tht^ 
coefficient. 

By the above ex])ression of as a function of Vq, the absorption 
coefficient assumes the form 

K 8 

(1/— + 

The number of atoms per unit volume of the gas which have a velocity 
component in the interval u to u-\-du is, by Maxwell’s law, 


(IP - N 


' m 
2TTkf 




where N is the number of atoms in unit volume and T the tempera- 
ture. Integrating over all possible velocities we find the average 
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absorption coefl&cient to be given by 

I* g,-imu‘lkT 

J (e — Vo+I/oM/cf + 8'“ 

00 


f/c'rfP-iV^KS A 


In order to bring the integral into a simpler form we introduce the 
notation 



m 

2 kT' 


7 ] 


Vq — V 

I'O 



and 




The absorption coefficient then assumes the following form 


iVKS rnc^ F 

— CO 

Two limiting cases are of sj^ecial interest. First of all it is clear that 
if Tj is suliiciently large, ^ may be neglected in the denominator, in 
which case the original form of the absorption coefficient is obtained. 
In that cas(^ the thermal motion has no influence on the absorption 
of radiation. This liolds at sufficient distances from the centre of the 
line. 

Next w(i may consider the case when t] and I) both are small. The 
denominator will then have its minimum value {C — y]) very near 
zero, while the numerator will be relatively large, and change very 
slowly. Near ^ -- rj the integrand then runs up to a sharp maximum 
and down again during an interval of ^ in which the numerator does 
not change very much. In that case we may put ^ — rj in the 
exponential term, take it outside the integral sign, and perform the 
remaining integration. The result is 


AC NKy/7r~e-v\ 
o 


( 66 ) 


The original profile is in this case comjdetely lost. What remains is 
only a reflection of the Maxwellian velocity distribution of the atoms. 

An approximate expression also for intermediate values of rj is 
obtained as follows. We first integrate by parts, and obtain 


f 


oo 

^ J ^e~^\irctan^^^ d^, 

— CO 


since the integrated i)art vanishes at both limits. The limits of the 
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above integral may be changed from -- oo and + QO ^ ^ 

by writing 


arctan^-- -^4-arctan^^^ = arctan 

D 1 ) D^+7]^~ 


.^2 


instead of arctan{(^--77)/i)} in the integrand. We further assume rj 
to be so much larger than D that D- may be neglected in comx)arison 
with Iff. 

Foa* large values of ^ the above arctan-expression ap]iroaches the 
value 77 . For small ^ it may be approximated to by ^IDjif. The 
division between these regions is not very sharply defined, but may 
be taken at ^ since this corresponds to half the maximal value 
of the function. The consequent approximate form of tlie integral is 

V 


/ 






dL 


and the corresponding form of the absorption coefficient is 

V 


NKy/Tr^ie-’r-+‘^^ 

o \ ttt; 


* J di 


34. Experimental Tests 

It is not easy to devise experiments for a direct test of the theo- 
retical predictions regarding the dependence of the absorption 
coefficient on frequency in the region of a line. The theoretical con- 
nexion between absorption and dispersion provides means which are 
useful at sufficiently large distances from the core. As was pointed 
out by Ladenburg and Reiche,t a further test is provided by tiie 
total absorption in a line, a quantity which can be measured fairly 
easily. Consider, namely, the transmission of a parallel beam of 
continuous radiation of initial intensity 1 through a homogeneous 
medium. We assume the intensity I to be initially independent of 
frequency in the region of the line to be studied. The intensity of 
frequency p after the beam has passed a distance s through the medium 
will be given by The total loss of energy in the beam at this 

distance is therefore oo 

jr = / (66) 

0 


I Ladenburg and Reiche, Ann d. Physik, 42 (1913), 181; W. Schiitz, Zeits. f. 
Astrophya. 1 (1930), 300. 
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The integral will assume different forms, according to the functional 
form of K in the region where the exponential term drops most 
rapidly from its maximal value to zero. Consider first the case when 
K in this critical region has the form demanded by the theory of 
damping by radiation alone, the width of the line being considerably 
greater than the damping constant, so that we may write 

NsfSe^ 

ixc(v—vf^y 

Vo being the frequency at the centre of the lin(‘. Instead of v it is now 
advantageous to take 

* “ v(L) " 

as an integration variable. The upper limit of the integral will then 

be u --- 00 , while the lower limit will be — suitable 

Nsjo 

choice of iV' or s this quantity may easily be made so large numerically 
that we may put the lower limit equal to minus infinity. The quantity 
J now assumes the form 



where A is a numerical constant of order unity 

00 

A ~ j (1—6”“"*) du, 

— CO 

It appears that the total absorption is proportional to the square 
root of which is the result first derived by Ladenburg and 

Reiche. 

Consider next the case when the absorption line is so narrow that 
the influence of the Doppler effect is predominating for the form of 
the absorption coefficient. Using expression (65) for this latter we 
find the folknviiig expression for the total absorption : 


where 


no oo 

J == i J J dy, 

0 -TJo 


The quantity tjq, being of the order of the ratio of the velocity of 
light to that of a moving particle, is so large that the lower limit of 
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the integral may be taken equal to infinity. The dependence of the 
total absorption on N, s, and K is through the constant a only. An 
exact integration of the expression is difficult, and neither is it 
necessary, since it is clear that an approximate value of the integral 
will be given by twice the value of rj which makes the exponential 
term of the order J. .This rj is given by 



so that 2/^ /log[, 

VoN [log 2 

approximately. Very large variations in N, s, or the intrinsic strength 
of the line will thus be necessary in order to produce a sensible in> 
crease in total absorption in tliis region. 

We may finally mention also the trivial case when ks is small 
in comparison with unity. The exponential in (66) may then be 
expanded, and the expansion reduced to the two first terms only. 

It is then evident tliat the total absorption will be proportional 

00 

to J SK dv. But this case is too difficult to realize experimentally to 
0 

be of much value. 

The important result of these considerations is the fact that the 
total intensity of broad lines will follow the square root law, while 
narrow lines, which show the effect of Dopj)ler broadening, will rather 
tend to be independent of density and optical path. This result 
depends in the first instance on the functional form of the absorption 
coefficient in the two cases, and we shall therefore see later on that 
the same result is obtained even in cases when the external conditions 
are so much different that other results would have seemed more 
likely. 



IX 

TRANSFER OF RADIATION IN A STAR 


35. The Equation of Radiative Transfer 

In the preceding section we have considered the detailed meclianism 
of interaction processes involving at the same time both atoms and 
a field of radiation from the point of view of atomic theory. In order 
to make this information available for the interpretation of astro- 
physical facts we need, however, a macroscopic complement to this 
theory, consisting in a study of the transformation suffered by a 
field of radiation sifting through a medium of varying temperature 
and chemical composition. For this macroscopic problem it is un- 
necessary to retain the machinery of quantization of the radiation. 
It is sufficient to consider a parallel beam of radiation and to control 
its depletion or growth as it moves along, quantum theory being 
consulted only when it comes to the introduction of the expressions 
for the coefficients of absorption and emission in the final formula. 

Consider thus the transmission of radiation through an absorbing 
and emitting medium, which we assume to be permanently at rest. 
The case when the medium is in motion is also of importance, but 
may be postponed for later treatment. We shall also in the pre- 
liminary discussions asstime the refractive index of the medium to 
be unity, which means a great simplification. Let 

dvdcjodV 

denote the energy of radiation within the frequency interval v to 

v+dvy within the solid angle dex), emitted per second at the time 

from matter enclosed in the infinitesimal volume element dVy 

supposed to be situated at the point x,y,z. We denote further by 

the absorption coefficient of matter for radiation of the given 

quality, defined in such a way that x^ds is the relative weakening of 

a linear pencil of rays passing a distance ds through the medium. 

The behaviour of the radiation field is then sufficiently described by 

the definition that t j j j 

(ivacjaar 

is the radiation energy in the frequency interval v to v+dv and 
within the solid angle dco which per second passes perpendicularly 
through the infinitesimal surface element da. The coefficients 4 and 
are characteristic of the radiation field and the emissivity of 

3696.16 T, 
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matter. They are functions of x, y, z, t and the direction cosines of 
doo, which we shall denote by oLy, ol^. We shall call the intensity 
of v-radiation, and the emissivity of matter in the same frequency 
interval. 

Consider now the motion of an individual packet of radiation as 
it is propagated along the direction of the infinitesimal line element 
ds with the velocity c. After an infinitesimal interval of time dt it has 
moved a distance cdt ~ ds. On this jiath it has lost an amount of 

I,dvdwdax^cdt 

by absorption, and gained by emission an amount 

E^ dvdixydo cdt, 

dcrcdt being just the volume of the matter which can contribute to 
the specific energy in the time interval in question. The requirement 
of conservation of energy leads therefore necessarily to the equation 

^-I)^dvdojda) = {E ^—Xyl^) dvdcxida 
dt 

which will be called tlie equation of motion of the radiation. The 
symbol djdt refers to a moving light packet. Relative to a coordinate 
system at rest we must substitute for djdt the hydrodynamic operator 

d d d 

Jt ^ 


in virtue of which the final form of the equation of motion of radia- 
tion becomes i or or 


36. The Flux of Radiation 

We define the monoclrromatic flux of radiation as a vector, the 
components of which are given by the expressions 

Kx = J = I ^vz I 

The integrations must be extended to all directions of the unit sphere. 
Evidently this vector describes the net flux of radiation in the fre- 
quency interval v to v-{-dv, which per second passes through unit 
surface placed perpendicularly to its direction. On using the equation 
of motion this vector may be brought into a different form, which 
is of some interest. Write equation (67) in the form 




dz 


c et /’ 



107 


Chap.rX,§36 TRANSFER OF RADIATION IN A STAR 
and introduce this expression of 1^ into (68). We then find 

j lyOlldo) — ^ j lyOCj^CCydM — 

( 09 ) 

Tliis equation brings out the itnportaiice of the radiation tensor, the 
components of which ai‘e given by 

Pik = I lyOClOi^doi, 

as it is the divergence of this tensor that apjiears in equation (69). 
Tile first term on tlie right-liand side of (69) will be proportional to 
F^j., etc., and may be left out by a suitable le -definition of the 
absorption coefficient, whicli we assume to be done. The physical 
reason for this is that the emission by matter taking place inde- 
pendently of the radiation field will be symmetrical with respect to 
the flux and contribute nothing to the exjircssion in question. The 
emission stimulated by tlie flux will, on the other hand, be propor- 
tional to the intensity of the flux and be in its direction of motion, 
according to Einstein’s original theory of stimulated emission. Con- 
sidering, moreover, stationary conditions, the term involving a 
derivative with respect to time is to be neglected, and equation (69) 
reduces to the simple statement that the jiroduct of the absorption 
coefficient and the flux of radiation is precisely equal to the nega- 
tive divergence of the radiation tensor. Now x^FJe is the force 
exerted by radiation upon unit volume of matter. Equation (69) 
shows therefore that, with the hmitations stated, this force is the 
divergence of a tensor, which only reduces to a simple isotropic 
pressure — the light pressure — under special conditions. 

37. Digression on the Stellar Interior 

The neglect of the time derivative with respect to other terms in 
equation (69) is found to be justifiable in nearly all cases. For this 
term to become of importance the radiation field will have to suffer 
considerable variations in time intervals of the order and this 

will usually be a very small fraction of a second, and hence be negli- 
gible, both in the stellar interior as well as in the stellar atmosphere. 

Another question of more real importance is to find the conditions 
necessary for the radiation tensor to reduce to an isotropic jjressure. 
For this purpose we split 4 in fwo parts, /' and 4, with the under- 




/ 


OLj^ do) 


dx 
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standing that 7' is the linear average of for all directions, 

47r/' = J 4 

or, what is the same, ^Trlljc is the energy density of the radiation 
field. The radiation tensor will now split up into a corresponding 
sum P[u+Pik^ which are determined by tJie equations 

(s» = (i; ’ ; 

Pik “ 

The tensor p'ik corresponds consequently to a hydrostatic pressure, 
while Ph corresponds to oblique stresses in a continuous medium. 
Let us estimate th(^ relative importance of the two tensors for the 
case of the sun. The flux of radiation is evidently some measure 
of the asymmetry of the radiation field. It is not probable that this 
flux will increases very much from the surface towards the interior. 
At most we may postulate an increase inversely as the square of the 
distance from the centre through the outer half of the star, while it is 
likely again to decrease by further approach towards the centre. This 
will then also be the probable course of the tensor P'-^,, The tensor 
on the other hand, will behave quite differently. From the very 
definition of /' it follows, in fact, that it will increase proportional 
to Planck's function, or, integrated over all frequencies, proportional 
to the fourth power of the temperature, according to the law of 
Stefan and Boltzmann. Wiiile the temperature increases from several 
thousand degrees on the stellar surface to some million degrees in 
the interior, the radiation tensor will increase several billion times. 
At the surface of the sun the two tensors are of about the same magni- 
tude, but in the main interior the tensor P,';. will exceed P^j^ by a 
factor of the order From the equation of motion (67) we see 
that the average value of 4 mnst be very closely given by 
which we shall denote by : 

so that = 

which is the light pressure of elementary theory. The flux multiplied 

by is now just equal to the gradient of this pressure. 

0 
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The quantity must, generally speaking, be a function of tem- 
perature only. In the case of thermodynamic equilibrium we have, 
according to the laws of Kirchhoff and Planck, 

c 

and the question arises bow far this result will be influenced by devia- 
tions from thermal equilibrium in the stars. The spatial changes in 
temperature cannot influence the problem at all, as these variations 
inside the star are not likely to be comparable with changes in 
temperature known from laboratory experiments to be necessary in 
order to influence seriously the laws of thermal equilibria. Moreover, 
the stellar substance is likely to be rather hazy, ensuring an intimate 
interaction between matter and radiation, which serves to equalize 
their temperatures. 

Various authors have contended that the irreversible generation of 
energy, which we believe to take place in the interior of the stars, will 
perceptibly influence the laws of thermal equilibrium. It is, however, 
mostly overlooked that the deviations in question must depend in- 
timately upon the sp^^cial mode of generation of energy, and may even 
be expected to vanish completely, such as would be the case if the 
energy were supplied by a slow shrinkage of the star as a whole, as was 
suggested by Helmholtz. It lies in the nature of things, however, that 
this irreversible emission will never entail any serious deviations from 
the laws of thermal eciuilibrium as regards the stellar interior. This 
follows from a line of reasoning entirely similar to that just apj)lied in 
the estimate of the relative importance of and For the flux of 
radiation from the surface includes everything of irreversible emission 
in the star, and since the energy carried by this flux is negligibly small 
in comparison with the energy residing in the radiation field of the 
stellar interior, the question is to be decided in the negative. 

When the absorption coefficient is independent of the frequency we 
may drop v as an index. Integrating over the whole spectrum, the 
total flux of radiation becomes 

CO 

F= { B,dv= 

3x J 3x 

0 

Srrk^ r dx ^ STT^k^ 

J — 1 

0 


where 


u ™ aT^, 
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according to Stefan-Boltzmann’s law. If x does depend on the 
frequency, we may use the same expression for the flux provided we 
define x by the equation 

1 TT r dB^, dv 

X caT^ J dT x/ 

0 

When x^, is averaged in this way it is called the stellar absorption 
coefficient. 


38. The Case of an Atmosphere 

Consider the problem of integration of the eciuation of radiative 
transfer under conditions approximating those to be expected in a 
stellar atmosphere. To simplify the formulae it is convenient to 
leave out v as an index from all quantities dej)euding on v, as long 
as there is no direct danger of serious misunderstandings. We shall 
further always assume the star to be spherically symmetrical, so that 
the radiation field will have rotational symmetry round the direction 
to the centre. Denote by r the distance to the centre, and by 0 
the angle between the direction to the centre and the line of sight. 
We have then 


d 

ds 


d dr d dd 
dr ds dd ds * 


By simple geometry — cf. Fig. 3 — we find 

dd ___ sin d 
ds r 

The equation of radiative transfer therefore becomes 
^dl sind dl 


dr . 

cose/, 

ds 


cosd- 


dr 


dd 


x(B-l). 


(70) 


In most problems of stellar atmospheres it is legitimate to assume 
the atmosphere to be stratified in plane parallel layers. Tliis pre- 
supposes that wc are considering cases when the line of sight really 
passes through the star proper, and not merely through the atmo- 
sphere, because the curvature of the star will necessarily be of 
decisive importance very close to the case of grazing incidence, such 
as is met with in the study of the chromosphere and the corona 
during solar eclipses. Leaving such cases out of consideration, how- 
ever, as well as abnormal stars like the 0-stars, the ^-stars with 
emission line spectra, and the novae, the assumption of plane-layer 
atmospheres appears to give a close approximation to the truth. For 
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this case the angle 0 may be treated as a constant in equation (70) 
and the second term involving the derivative with respect to d may 
be neglected altogether. 

Instead of r it is convenient to introduce as a new variable the 
optical depth of the atmosphere, defined by the equation 

dr — —xdr. 



Fig. 3. Diagram showing the spherical coordinates 
used in tho equation of radiative transfer. 


Denoting further cos0 by fi, the equation of radiative transfer 
becomes 

(71) 


= I-B. 


dr 


On account of the assumed spherical symmetry the element of solid 
angle do) may be taken to be 27rdp, and the resultant flux of radia- 
tion becomes, therefore, i 

F = 27r j //X dfi, 

-1 

the perpendicular components vanishing because of the symmetry. 
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We further define the total intensity of radiation by the equation 

1 

J = 277 J I dfl. 

Both these expressions hold whether I represents the intensity in 
a small frequency interval or the intensity integrated over all fre- 
quencies. 

From the differential equation for / we shall now derive two 
equations involving F and J which arc of considerable importance 
in the following. Fmst multiply equation (71) as it stands by 
and integrate between the limits — 1 and -\-l. This gives, on assum- 
ing the emission to be independent of the direction, 

dF 

^ == J-47rB. (72) 


Next multiply by 27ryidix and integrate between the same limits. 
This gives i 



_i 


Since the mean value of /x- over the unit sphere is it was suggested 
by Eddington as a suitable approximation to take 


2tt j dfji ~ ^277 J 1 dfjL 




~1 


or 


IdJ 


(73) 


Introducing this expression of F into equation (72) we find the 
following ordinary differential equation for the total intensity: 


1 ^ 
3 dr^ 


J 4:17 B. 


It is of interest to consider a little more closely what the above 
approximation really means. It holds exactly when the intensity is 
uniformly the same in all directions. It also holds exactly when 
the intensity is uniform, say, over one hemisphere, and uniform 
of intensity /g over the other hemisphere. It holds also, therefore, 
for a uniform emission from a half-plane into a vacuum without back 
radiation. Consider, on the other hand, the case when the intensity 
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is over a cone corresponding to p, = /Xq, and Jg over the remaining 
directions. Then 

and J == 27r{7i(l— /A o)+/ 2 ( 1 +/xo)}. 

Take for instance the rather extreme case = 21^ and ™ ~"4* 
We then find i 

I //X-d^ =18-3*^. 

-1 

SO even in this case the error in the approximation (73) is small. 

39. The Formation of the Continuous Spectrum 

The simplest case surpassing the bounds of the strict equilibrium 
theory occurs when the state of matter corresponds at each point to 
that of local thermal equilibrium, including its ability of emitting 
and absorbing radiation. 8till, the variation of temperature from one 
l)lace to another will leave some traces in the field of radiation, but 
even there deviations must be confined to the surface regions, so that 
l)rocccding inwards into the star a state of strict thermal equilibrium 
is ra])idly approached. 

As a second simplification we shall consider first the case when 
the absorption coefficient is independent of frequency. This case will 
give a first insight into the conditions for the formation of the con- 
tinuous spectrum in the radiation from a star which seems to approach 
rather close to the truth. The consideration of selective absorption 
has no particular interest in this comiexion, as it is fairly evident 
that the formation of stellar absorption lines is intimately connected 
with a departure from a state of local thermodynamic equilibrium, 
as we shall see later. 

Neglecting further the generation of heat energy by viscosity or 
otherwise, and the transfer of heat by molecular conduction or by 
convection, it follows from the principle of conservation of energy 
that the integral flux of radiation must be a constant. By integral 
flux we mean the monochromatic flux integrated over all frequencies. 
Since the absorption coefficient is assumed to be independent of the 
frequency, equation (72) holds provided the total intensity J and the 
emission function B are also assumed to be integrated over all fre- 
quencies. Since -F is a constant, dFIdr vanishes, and we have 

J = 4cttB, 

Q 


3595.15 


( 74 ) 
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By (73) it follows further on integration that 

J ^ ^Fr+J^, (75) 

where is an integration constant, which must be chosen in such a 
manner that tliere is no inward radiation at the boundary of the star, 
wlien T “ 0. 

The simplest way to determine the approximate value of this 
constant is to assume the radiation field on each point separated 
into two parts, each of constant intensity. Taking the outward in- 
tensity equal to and the inward intensity equal to we have 

1 /j (1 5? p. > 0), / -= /g (0 > /X -1). 

We then find that the following relations hold: 

1 

J ~ “ '^(^1 — -^ 2 )? j “ 3 '-^* 

1 

The last ec^uation shows that the present approximation is consistent 
with the one introduced earlier, on which our equation (75) is dii*ectly 
based. We see further that the incident radiation vanishes when 




which is therefore the value of the constant Jq we have been looking 
for. Hence, finally, j _ 


Since we have assumed from the outset tliat matter is in local 
temperature equilibrium, we have 


4:7tB 

c 


= aT^. 


Equation (74) then shows that the integral intensity will at each 
point correspond to the local temperature of matter. This is no 
general consequence of the assumption of local temperature equili- 
brium but solely due to the much more special assumption that the 
absorption coefficient is independent of frequency. 

It is customary to express the flux in terms of the effective tem- 
perature by the equation 

F ^ icaTi (77) 

corresponding to the idealized case of emission from a sharply 
bounded boundary surface, kept at a temperature and radiating 
into empty space without back radiation. The occurrence of the 
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factor J in this relation, which at first sight may appear out of place, 
has a very simple origin. For caT^ is the total intensity of radiation, 
independent of direction. Half of it is radiated back to the star, 
leaving one-half for the outward radiation, and accounting for a 
factor The other half is due to the integral over [i giving the 
directed flow of outward radiation. 

From (74), (76), and (77) we have now the final relation 

= m + ir). 

The limiting temperature of the atmosphere thus becomes 
To = ^^T, = 0-8417’,. 

The optical thickness of the atmosphere is, on the other hand, 
since this makes T - T^. 

As emphasized before, the above results depend essentially on the 
assumption that the absorption coefficient is independent of fre- 
cjuency. Dropping this assumption, the results may turn out rather 
different. In order to elucidate the degree of arbitrariness involved 
in the problem from this cause, we shall consider a few simple cases. 
It is sufficient to consider directly th(^ exchange of radiation at the 
top of the atmosphere. Since the emergent radiation is practically 
speaking uniform over the lower half-plane and otherwise zero, the 
total amount of radiation absorbed is 27tx^ We here add v as 

an index to emphasize the dependence on The coiTes])onding 
amount of radiation emitted is, on the other hand, 4:7tx^ In 

the case of radiative equilibrium the total iimount of radiation 
emitted and absorbed must be equal, or 

00 QC» 

277 I" B^{T,) rfi' = 477 J dv. (78) 

0 0 
Three different cases are interesting. 

1. The atmospheric absorption is confined to the infra-red part of 
the spectrum, so that the emissivity is given by Rayleigh’s law: 

B^ oc v-T. 

The integrals over v will then balance on both sides and there remains 

To = m- 

The limiting temperature is then just one-half the effective tempera- 
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ture of the star. This is to be regarded as a lower limit of the tempera- 
ture of a plane atmosphere in radiative equilibrium. 

2. The absorption is confined to the far ultra-violet part of the 
spectrum. As a typical case of this sort we may take 

a;,, -- 0 (u < vj, = const, 


The choice of the negative third power for the frequency in the 
above relation was first suggested by X-ray absorption experiments, 
and was later also justified by quantum -theory calculations. Since 
the absorption is to take place in the ultra-violet, we are justified in 
taking liv^jkT^ large in comj)arison with unity. It is then permissible 
to use the Wien approximation for the intensity of radiation, and 
equation (78) assumes the following form: 


This relation may also be written in the form 


Te-T, 



which shows that T^^ will approach indefinitely near to as hv„JkT^ 
approaches infinity. 


3. The absorption coefficient is independent of frequency. We 
then have the case treated in detail before, and the condition (78) 


reduces to 


71 - V27; 


in complete agreement with the earlier result. This serves as a sort 
of control of the method by showing that its degree of approximation 
is of the same order as that of the more complete calculation. 

Knowing nothing definite about the absorption coefficient, we can 
only assert that the atmospheric temperature will assume a value 
somewhere between the effective temperature of the star as an upper 
limit, and half this value as a lower limit. 

Having calculated the emergent radiation to a first approximation 
we may proceed a step farther and find the distribution of radiation 
on different directions and frequencies. For this purpose it is suffi- 
cient to introduce the expression for the emissivity B which results 
from (76), viz. 

B===±F{2+3r), 


into the equation of radiative transfer (71), and integrate. Multiplying 
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this equation by it may be written 

dr 

or integrating from the observer, that is r — 0, to an optical depth 
we find 

I ^ /oe-^«/F+ I* 

6 

where the intensity at optical depth tq has been denoted by /q. If 
the intensity does not increase exponentially with r it is clear that 
the first term on the right-hand side will soon become negligible in 
comparison with the second term. This is all the more certain if we 
suppose the integration carried right through the star, so that 
will denote the radiation incident from without. Supposing no 
incident radiation to be present and the integration to be extended 
to an infinite distance from the observer, we may therefore without 
hesitation write ^ 

/ — J dr/fi, (79) 

0 

We shall now introduce into (79) the first-order expression derived 
above for B as a function of r, and thus obtain the corresponding 
expression of the emergent intensity as a function of direction. Since 
Bis a linear function of r only, it is clear that the contributions to the 
integral will come from quite superficial layers only. We find 

I = ^F(2+SiJi). (80) 


TJlis formula refers to the intensity of the integrated spectrum. If 
we want to find tlie distribution of radiation in frequency in the 
emergent intensity, we must use the Planck expression for i? as a 
function of frequency, 


B 


2hv^ 


c- 




and express the temperature as a function of optical depth by the 
formula j, _ 


or 


1 = 


2hi^ 


drlfi 


1 


This formula, which was first given by Lindblad and Milne, deviates 
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only slightly from the Planck formula — so little, in fact, that the 
difference is of no particular importance for astrophysical appli- 
cations. 

As regards the observational side of the problem it is a fact that 
the continuous background of the spectrum of the sun and most of 
the stars corresponds roughly to the energy curve of a black body at 
a certain temperature. This shows at once that the assumption of 
a state of local temperature equilibrium for the stars cannot be so 
far from the truth, and also that very great variations with fre- 
quency in the coefficient of general absorption are unlikely. 

However, certain definite features of the continuous spectra of the 
stars, and especially the sun, seem to be established beyond doubt. 
Although their theoretical interpretation is far from clear yet it is 
still of interest to sum them uj) briefly on tliis occasion. 

The solar spectrum looks on the whole like a ])lack-body spectrum 
at a temperature of about 0,000^. The maximum intensity in the 
spectrum when plotted as a function of wave-length occurs at about 
4,700 A., which, according to Wien’s law, 

0-289 deg. cm., 

corresponds to a temperature of 0,1 50"^ K. Determining, on tlie other 
hand, the total energy emitted per sc^uare cm. of the solar surface; 
per second, and using 8tefan-Boltzmann’s law as a means of obtain- 
ing the temperature, one finds a value of only 5,750° K. The differ- 
ence between theses results is })robably connected with the fact that 
the solar energy curve rises more steeply to a maximum than an 
ordinary Planck curve. The infra-red part of the solar curve thus 
corresponds to a temperature of only 5,000°, while the ultra-violet 
part con'esponds, according to Fabry, to a temperature of 5,900°. 
Very careful measurements of H. H. Plaskett lead to a somewhat 
higher value of the temperature in the ultra-violet. On comparing 
these different investigations on solar temperature it must always be 
remembered that the subject is one of the most difficult in astro- 
physics, both observationally and theoretically, and one should be 
very careful in drawing theoretical conclusions from the results 
obtained up to this time. 

In the case of the sun there is an interesting check on the theory 
in the variation of the intensity from the centre of the disk to the 
limb, which is the same thing as the variation of the intensity with 
different angles 6. It is very interesting that for the integrated radia- 
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tion of all wave-lengths the simple cosine law 

gives a good approximation to the observations. Here u is a constant 
called the coefficient of darkening. The value found for u observa- 
tionally is about 0*56. 1'he theoretical law derived earlier (80) corre- 
sponds to a coefficient of darkening of 0*60, so the agreement is 
fairly good, at least as good as might ])e expected. 

This agreement between theory and observation with regard to 
darkening of the solar radiation towards the limb indicates that 
the temjierature distribution in the solar atmosphere does really 
correspond to that demanded by the simple theory of radiative 
equilibrium, giving a linear relation between T** and the optical depth. 
The various attem])ts made? in order to j)ush theory one step farther, 
and also to explain the deviations from a Idanck curve as well as 
the minor differences between theory and observations witli regard 
to the darkening towards the limb, have thus far not led to con- 
cordant results. 

The continuous background of stellar spectra is much less investi- 
gated than for the sun. It should be mentioned, however, that a 
careful analysis of the light curve of eclipsing variables has revealed 
the fact that these stars too are strongly darkened towards the hmb. 
A cosine relation of the kind found to hold for the sun works well 
also for these stars, but the relation cannot be said to have been put 
to a real test in this case. 

Although it is scarcely possible to stress the observational evidence 
very far, it seems established beyond doubt that for a limited number 
of stars, whose general energy distribution in the continuous spectrum 
indicates a relatively low temperature, the spectral type is such as 
is usually associated witli a very much higher temperature. To a 
minor degree this is a characteristic difference between giant and 
dwarf stars, a dwarf demanding a liigher colour temperature in 
order to show the same general spectral features as a giant. It is 
therefore natural to conclude that abnormally red or yellow stars — 
abnormal because their spectral lines would indicate a higher tempera- 
ture — have the giant characteristics in an excessive degree. Some 
giant characteristics at least must be accentuated far beyond the 
normal scope. 

It is then interesting to inquire if this characteristic may be just 
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an abnormal extension of the stellar atmosphere; or, shghtly differ- 
ently put, if a large extent of the atmosphere will tend to produce 
a marked difference between the colour temperature and the tempera- 
ture determining the spectral class of the star. This is a question 
which cannot properly be answered until the theory of the spectral 
classes has been developed; and we shall therefore postpone this 
problem for later consideration. 

40. Formation of Absorption Lines. General Considerations 

The theory of absorption lines cannot be based simply on the 
assumption of local thermodynamic equilibrium to the same extent 
as the theory of the continuous sx^ectrum. It is very important to 
realize this before entering on a more detailed analysis. If‘, in fact, 
this were the case, the intensity of light, in the region of a line, would 
be given by a slight modification of formula (79) for the continuous 
siDectrum. This modification consists in the projicr distinction 
between the optical dejith in the line and in the adjacent continuous 
spectrum. We make this distinction by denoting the optical! dejith 
in the line by r and in the (continuous background by r. The formula 
for the emergent intensity in the line is then by (79) 

00 

i' J i^(T)e-^V (Zt'/iu. 

0 

This means essentially that the intensity 1' will equal apjiroximately 
the temperature emission function B at an optical depth r fi. If 
the line absorjition coefficient is much larger than the continuous 
absorption coefficient, the optical depth r' — /x will lie at a level far 
above the photosphere, and hence correspond to a lower temperature 
and to a correspondingly smaller intensity. The central line -intensity 
in the middle of the solar disk should thus correspond very nearly to 
the limiting temperature Tq — T'j\l2 = 0-8413^,,. As a rule, however, 
the observed residual intensities arc much smaller than those corre- 
sponding to this limit. Still more striking in tliis connexion is the 
behaviour of the absorption lines at the solar limb. At the hmb the 
whole radiation, continuous or in the lines, corresponds to the 
temperature ?q, which means that the spectral lines should vanish. 
This, however, is far from being the case, the absorption lines at the 
limb being nearly as prominent as near the centre of the solar disk. 
It is therefore to be considered a settled matter that the theory of 
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absorption lines must embody features essentially different from 
those displayed in a state of local thermodynamic equilibrium. 

The reason why this must be so is interesting, as it is intimately 
connected with the theory of atomic structure. While there is no 
doubt that the far interior of a star is in local thermodynamic equili- 
brium it is because of the large density and high temperature which 
are prevalent there. When an atom absorbs a quantum of radiation 
in the interior the atom is likely to suffer a collision with some free 
jiarticle before having the chance of re-emitting the absorbed radia- 
tion. The distribution of the atoms over the various quantum states 
will therefore be determined in the random, nondescript manner 
characteristic of collision al processes, which usually lead to a state 
apjjroaching local thermal equilibrium. Proceeding sufficiently far 
out into the atmosphere, however, a state will be reached when 
collisions are so rare that an absorbed quantum is likely to be rc- 
emitted by the sayne atom before an effective collision takes place. 
The radiation will then be re-emitted either nearly in the same 
frequency, or in the form of a limited number of spectra Hines, depend- 
ing upon the state of the atom under consideration. In this case, 
which may be termed a state of pure radiative ecjuilibrium, there are 
much fewer j)ossibilitics oj)en for the redistribution of the absorbed 
radiation over different frequencies, and the consequent state of the 
radiation field will differ in several im])ortant respects from that 
corresponding to local temperature equilibrium, as we shall see 
presently. While the state of temperature equilibrium tends to hide 
the individual atomic processes in play, so to speak, behind a veil, 
the state of radiative equilibrium tends to draw aside this veil, so 
that the individual processes may reveal themselves in the observed 
phenomena. It is solely by this feature of radiative equilibrium 
that we have a chance at all to make that incisive analysis of stellar 
atmospheres which is actually made in astrophysics. 

In this field it is necessary to be rather patient, as we are realty 
concerned with an enormously complicated problem, and any simple 
solution must be eyed with suspicion. All we can hope to do at 
present is to make the situation clear in a general way by interpreting 
the fact that the solar and stellar lines are more marked than the theory 
of local temperature equilibrium would lead us to expect. At the same 
time it will be a crucial point to find out how the lines can remain 
unaffected to such a large degree on approaching the limb of the sun. 

3595.15 T> 
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The key to the understanding of the phenomena in question is 
provided by tlie proper consideration of possible cycles of transitions 
which an atom may perform under the influence of a radiation field. 
Two sorts of cycles will come into consideration, the one being a 
successive set of transitions between quantum states in the ordinary 
sense, the other transitions between the continuous set of states 
which, in tlic theory of Weisskopf and Wigner, constitutes each of 
the ordinary states, and wliich must be considered closely in an 3^ 
theory of the line profiles. Both sorts of cycles will play a pre- 
dominant part in the theory of stellar lines, as we shall see in the 
following. 

41. Coherent Scattering 

The sim])lest case imaginable is met with when the atom contains 
only two states, and, moreover, the lowest state is considered as 
infinitely sharp. When an assembly of such atoms are exposed to the 
influence of a monochromatic field of radiation of frequency v, the 
scattered radiation must necessarily also have the frequency v, 
provided the Doppler effect due to the recoil velocit^^ acquired by the 
atom during the scattering process is neglected. We shall call an 
absorption process with subsequent emission according to this scheme 
coherent scattering, because its coherence in frequency is the physical 
basis of experiments involving dispersion of light in the ordinary 
sense. In such experiments the dispersive substance is to a very high 
degree in the normal quantum state, which is jnactically speaking 
infinitely sharp. It is broadened only by transitions to higher states, 
and under ordinary experimental conditions these take place so in- 
frequently that the resultant broadening is negligible. If the lowest 
energy state has an appreciable width, as will usually be the case when 
considering subordinate lines, the scattered light will be redistributed 
in frequency over the spectral line in question according to a certain 
law, which may be stated quantitatively. There will then be reason 
to suspect that dispersion in the ordinary sense will be weak, and 
that the problem must be handled in a different way from that of 
coherent scattering. Provisionally we shall only be concerned with 
this latter case. 

Let as usual I denote the intensity of the radiation field, and let 
cr denote the scattering coefficient per unit volume of the atoms for 
frequency v, which is supposed to be well within the region of the 
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spectral line in question. In the case of coherent scattering the 
intensity of the re-emitted light will depend on the angle between 
the incident and the scattered beam. Denoting this angle by 0 we 
must consider a as a function of v and 0, besides the optical depth in 
tlie atmosphere, measured in the continuous region, which we denote 
by T as usual. The dependence of a on 6 is given simply by the factor 
l~fcos“0, an (expression which was first derived by Rayleigh. The 
average value of cos“0 is so the fluctuation over different directions 
is not large. For tliis reason it is usually neglected in astrophysical 
theories, although it must be retained in other cases, particularly in 
the theory of the scattering of the sunlight in our atmosphere, which 
is a spectacular instance of coherent scattering. 

We may thus write down directly the emission of radiation per 
unit volume and unit solid angle as 


w^here J as usual is the total intensity of the field, and the equation 
of radiative transfer becomes {z being the height above a certain 

dl oJ 


O'/. 


Since no radiation can enter or leave the frequeiicy interval it once 
occupies, granted it is only transformed by scattering processes, the 
flux of radiation through a scattering atmosphere will remain con- 
stant, not only for all wave-lengths but also for each infinitesimal 
frequency interval. The equation derived in the case of pure absorp- 
tion with a constant absorption coefficient for the integral flux and 
intensity may therefore be taken over unaltered for the mono- 
chromatic flux and intensity in the present case. By exactly the same 
system of approximations we further find the total monochromatic 
intensity to be related to the monochromatic flux by the equation 

J ^ F(2+3t). 


It must be remembered that the quantities are calculated for a 

defiriite frequency of radiation, and that the optical depth r is 

defined as r , 

T — — \ a dz, 


where a may depend on the frequency in any manner. 

Assume that a purely scattering atmosphere is superposed on a 
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photosphere emitting radiation corresponding to a definite tempera- 
ture. Let T signify the total thickness of the atmosphere for the given 
frequency. Jjc will be the energy density of radiation at the photo- 
spheric level, and be given by Planck’s formula, corresponding to the 
effective temperature of the star. If the atmosphere had been absent, 
the relation between the fiux and the energy density would have 
been F ~ \ J, This formula, however, cannot be directly compared 
with the one given above for the relation between F and J, because we 
have now included in J an amount 4 J of inward radiation which is not 
supposed to be present in the other case. Leaving this out we are 
left with a flux \J when there is no scattering atmosphere overlying 
the photosphere, and J l(2~\-3r) when there is one of optical thickness 
T. The fiux is thus cut down by a factor (l + i^)~^ account of the 
scattering. 

When the scattering coefficient is iiKl(>])endent of the frequency 
the effect of a scattering atmosphere is sim])]y a general decrease in 
the flux. However, in a practical case tlu^ superxiosition of such an 
atmosx)here on a star would not be likely to influence the resultant 
flux in the slightest degree, because the radiation held back by the 
atmos[)here would heat the star, and would go on doing so until 
J were increased by the factor 1-1-2'^ so as to precisely cancel the 
effect of the scattering in question. The case under consideration 
has therefore only an interest in the case of selective scattering, or 
a uniform scattering with selective transmission bands. 

It is further of interest to find the dependence of intensity on 
direction. We then proceed in the same way as before when deriving 
the dependence of the emergent radiation on direction. The only 
difference is that we now integrate through the scattering atmosphere 
only. The expression of the intensity may then be written down at 
once as follows : ^ 

7(0,^) = J ™ (2+3T)e“-'^//^ dr/zx, 

0 

or, carrying out the integration, 

This equation may be further simplified by observing that we have, 
approximately, , ^ 

I{r,i,)^^J = ±F{2+Zr), 



( 81 ) 
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in consequence of which we find 

If the optical thickness of the atmosphere is large in comparison 
with unity, the last term in this expression may be neglected, and 
there remains only th 

/ = ^(2+V). 

This result is rather interesting, as it shows that spectral lines pro- 
duced by pure scattering will be darkened towards the limb in about 
tlie same manner as is observed for the absorj)tion lines in the solar 
spectrum. The argument raised earlier against the suggestion that 
Fraunhofer lines arise as a result of absorption and emission in a 
state of local thermal equilibrium would thus not be effective against 
the suggestion that they arise by selective scattering. 

Although it is clear from general considerations that the conditions 
of ]:)ure scattering cannot apply even approximately under stellar 
conditions, it is interesting to have this fact confirmed by experiment. 
Tliis is done in the present case by the fact that the above theory 
would predict s])ectral lines with nearly zero intensity in the centre, 
which must be contrasted with the fact that residual intensities of 
10 per cent, or more of the intensity in the adjacent continuous 
spectrum are common in the sun. As was shown earher, the scattering 
coefficient given by the ordinary dispersion theory is of the form 
const. (v—ro)““, Vq being the frequency of the centre of the fine. For 
y = the optical depth r would then be infinitely large, so that for 
given photospheric intensity J, equation (81) would require a zero 
flux F. Adding a small damping term to (v'— V q)- would formally 
remove the infinity, but practically the conclusion would be the same. 

This conclusion would further be only slightly modified by taking 
into account the Doppler effect produced by the thermal motion of 
the atoms. The Doppler effect will tend to increase the central inten- 
sity to a quite marked degree, but it is very far from being able to 
explain the large residual intensities observed in the sun and the 
stars. The obvious conclusion is therefore that pure scattering is, as 
far as stellar conditions are concerned, a fictitious case, which at least 
must be considerably modified before it can come seriously into con- 
sideration even as a first approximation to facts. 
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42. Absorption and Scattering Combined 

An obvious suggestion for an improved approximation is to super- 
pose on the scattering some thermal emission, both of a selective 
nature, oi)erating in the region of the spectral lines, and of a non- 
selective nature, responsible for the continuous background.! We 
are then led to write the selective emissivity of the substance in the 
form j 

(T - + 

Att 

where a and k are certain coefficients, which we shall call coefficients 
of selective scattering and absorption respectively. It is ck^ar that 
cj and K must be proportional to the coefficient of scattering given by 
quantum theory as regards the dependence on frccjuency, but both 
may be affected by coefficients depending on tlio oj)tical depth. This 
side of the question cannot well be canied into greater detail since 
the whole present formulation of the problem is a little hazy. 

On forming the equation of radiative transfer for the present case 
we must add the absorption and emission of a non-selective nature, 
which is responsible for the formation of the continuous spectrum. 
Let Kq be the coefficient of continuous absorption. The absorbed 
radiation is then Kq I and the emissivity is /<•„ B. The consequent form 
of the equation of radiative transfer is 

— (a+K+/fo)/4-o-^-+ 

dz An 

Let T denote the total optical depth of the atmosphere from the 
top down to the point in question: 

and write 1— -A— ^ -. 

G+K+Kq 

The equation then assumes the new form 

== (82) 

In order to integrate this equation in successive approximations we 
proceed in the same way as before, and derive the exact expressions 

^ XJ-i7rXB; F = ^ dij,. (83) 

dr dr J 

t Cf. E. A. Milne, Monthly Not. 88 (1928), 493. Sir Arthur Eddington, ibid. 89 
(1929), 620. 
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In the last equation we substitute for its mean value which 
makes i t t 

3 dr' 

Introducing this value into the first equation (83) we find 

= SXJ-UttXB. (84) 

dr^ 

Consider first the case in which A is constant and B a linear func- 
tion of T. By this hypothesis we obtain some insight into the influence 
of a temperature gradient on tlie emergent radiation. In this case 
the above equation may evidently be written in the form 

= 3X{J-^B), 

the general solution of which is 


The arbitrary constants a and jS are fixed by the conditions to be 
satisfied by the solution at the top of the atmosphere and in the far 
interior. Since conditions must approach rapidly towards tempera- 
ture equilibrium in the interior, J must aj)proach rapidly towards 
47r/i as T becomes very large. A glance at the above solution then 
shows that the constant a: must be put equal to zero. 

For the emergent radiation we have the usual condition : 


J - 2F 


2^ 
3 dr 


as T approaches zero. Writing B in the form 

B ~ a-f-ftr 


we find as an expression of the above condition 

R'TT 

4:Tra-\-^ “ — 

or solved with respect to ^ 

^ ^Trb — IttU 

This approximate solution may now be used for the calculation of I 
to a second approximation. Just as before we introduce the first- 
order expression of J into equation (82) for the radiation intensity 
and perform the integration involved. This gives an expression 
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which for large values of the upper limit of integration converges 
towards the value 


1(0, fi) = a-ffe/x-f 


{l + iV'(3A)}{l+pV(3A)} 


For abnormally small values of A, that is, for dark lines, this expression 
reduces approximately to 

7(0,^)- lV(3A)a(l + |/x), 


where the term in 6 has been neglected because it is very small in 
comparison with a in this case. We notice again that the dependence 
of the intensity of the emergent radiation on /x is such that the 
intensity near the centre of the line decreases in the same manner 
as the adjacent continuous spectrum on approaching the limb. For 
stars the dependence on /x is usually not observable. What then 
becomes of importance is the total flux F, which in the present case 
by (85) is found to be 



(l -A)(|6-- a) V( 3A)-lo g{l+V(3A)}- 
1 + IV(3A) 3A 


43, More General Solutions 

It is very simple to find the solution corresponding to constant A, 
while the dependence of B on optical thickness is left arbitrary. We 
shall WTite t instead of ^(3A)t and put 

J — ef j u dt, 

where ^ is a new function of t. Introducing this expression of J in 
equation (84) we find the following equation for u\ 

which gives, when multiplied by and integrated, 

t 

— ' 2 ^( 0 )— Itt j Be^ dx, 

0 

The corresponding solution of (84) is consequently 

t z 

J — (xe^j^Pe-^—4-7r€f J dz J B{x)e^ dx, 

0 0 

where a and ^ are arbitrary constants. In order to find the second 
approximation to I it is only necessary to introduce the above ex- 
pression of J into (82) and perform the integration. 
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It is further of importance to know some solutions corresponding to 
a variation of A with height in the atmosphere, as will frequently be 
the case in nature, due to variations in the state of ionization of the 
stellar gases with height. It is of some interest in tiiis connexion that 
it is possible to find a solution in which A varies exponentially with 
the optical height, which was first shown by Eddington. f A solution 
of this type is not strictly applicable to the case where (t/k is inde- 
pendent of frequency. But it is possible that such a solution may 
nevertheless be used in an approximate treatment of the problem. 
Let us thus consider the case where 

3A 

where a and /5 arc independent of r. Equation (84) then assumes the 

form 70 T 

\ e0cr+P{J-47rB). 

It is further advantageous to use 

y = 

or 

as an independent variable instead of r. The resulting form of our 
equation is then 

From the general theory of linear differential equations of the second 
order it is known that the solution of an inhomogeneous equation 
can always be found provided the corresponding homogeneous equa- 
tion has been solved. This latter is, in the present case, 

which is transformed into an equation of a Bessel function of zero 
order by the transformation 



In fact, we find in the new variable 

The solution of this equation, which remains finite for a; = 0, is, 


d 

dy 


/ m _ j_ 
V w 


4:7tB. 


3595.15 


t Monthly Not. 89 (1929), 620. 
S 
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apart from a constant factor, given by the convergent power series 



which is a Bessel function of zero order. Expressed with y as an 
argument the series is 

When B is a linear function of y the particular solution in question is 



which, when added to the proper Bessel function, gives the complete 
solution of the problem. 


44. An Integral Equation for J 

The problems of radiative transfer are also susceptible of solution 
in terms of integral equations, as was first shown by W. H. Jackson, f 
and later developed by L. V. King,J Schwarzschild,|| and Hopf.ft 
In order to show the possibilities of this method wo shall consider 
the problem of mixed scattering and absorption from this point of 
view. We then start from the differential equation 

CLt 477 

and introduce the new dependent variable 

= (1-A)/ + A5, 


which will be the function figuring in the integral equation we are 
going to construct. It is important to notice that ^ depends on t 
only, and not on fi. The differential equation now assumes the form 




dr 




Assuming that there is no radiation incident upon the star from out- 
side, the solution of this equation assumes the form 

00 

l(z) = f . 

J M 


t Bull. Amer. Soc. Math., June 1910, 473. 
t Phil. Trans. Roy. Soc. A, 212 (1912), 376. 

11 Sitz. d. preussischen Akad. d. Wi^s. 2 (1914), 1183. 
tt Cambridge Tracts, No. 31. 
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The integration is supposed to be carried backward from the point 
T — 2 ; to infinity. If it is a case of emergent radiation, so that is 
positive, the integral will extend right through the star, so that the 
hmits of the integral, expressed in terms of the optical thickness, 
will be 2 : and 00 . We shall denote the intensity of the emergent 
radiation by a dash, that is, 

00 

i'(z) -= f (0 < U < 1). 

J 


For radiation directed inwards into the star the integration may only 
involve a moderate optical thickness, that is, assuming as we want to 
do that we are in the neighbourhood of the stellar surface. Assuming 
the zero-point of the optical depth to be the top layer of the atmo- 
sphere, as we have done earher, the integration will only cover a 
range from 0 to Zj so that the intensity is given by the expression 


z 

l"{z) - - J 9^ 




dr 


{—I < ^ < 0 ). 


From these expressions we now form the total intensity J, We 
have obviously 


J= 277^1 I'dlZ + 


or using the above expressions of /' and /" 


J = 2m 


00 1 z 0 

j dr j j <l> dr j 

" 0 ^ 0-1 




This expression for J may be brought into a more compact form by 
introducing the notation 


K(^)^ 

J ^ 


For if we use x = — 

as an integration variable in the above integrals, we have 
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0 CO 

and J “ J "" -K(z-t). 

1 Z~T 

Hence, finally, 


.00 Z .00 

J = 27r| J ^K(t — z) dr ^ <f)\^{z — r) dr^ -- 27r J ^K(|t — z\) dr. 

This expression for J may now be introduced into the equation 
defining and we then obtain 


^(z) = •i(l-A) J <f>(r)K(\r-z\)dr +XB, 

0 

which is an ordinary linear, inhomogeneous integral equation for (f>(z). 

We shall not pursue this line of investigation any further, since 
we have already derived the most relevant results in other ways. 
Furthermore, the method of integral equations as far as it is of 
interest in radiation problems has been amply represented by L. Hopf 
in the book referred to before. 


45. Solutions by Numerical Methods 

It will be clear from the preceding discussion that analytical solu- 
tions of the equation of transfer will become very cumbersome when 
passing on to more complex cases, where the various coefficients 
depend more intricately on the optical depth. In order to obtain 
some information about conditions even in such cases it is necessary 
to have recourse to numerical solutions of the differential equations. 

An attempt in this direction was made by Pannekoek.| Expressing 
Pannekoek’s formulae in the language of the formalism used here, 
it may be said that he finds solutions of the equation of transfer when 
A is a function of optical depth, given by 

. Ax 

Bx+V 

where A and B are constants and where x is the optical depth 
measured by the combined action of selective absorption and 
scattering. The coefficient of general absorption is assumed propor- 
tional to the square of total pressure, as a consequence of which 
there will exist a quadratic relation between x and our t, and the 

t Monthly Not. 91 (1930), 139. A modification of Pannokoek’s solution was given 
by Minnaert, Zeits.f. Astrophys. 10 (1935), 40. 
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emissivity E will be a quadratic function of x without a linear term. 
Pannekoek’s equations differ, however, from those used above, in 
assuming the selective absorption to be due to collisions, while we 
have assumed it to be due to cyclical transitions. This limits the 
applicability of this solution seriously, since in actual atmospheres 
the effect of collisions is necessarily very small. For this reason we 
shall refrain from entering further on these calculations. 



X 

PROFILES OF ABSORPTION LINES 

46. Observations of Line Profiles and their Interpretation 

The first measurements of line profiles in the solar spectrum appear 
to be those made by Schwarzschild,! which were concerned with the 
H and K lines of ionized calcium. These lines arc fully twenty 



Fig. 4. The calchim H and K lines at the centre and tho limb of the sun accord- 
ing to Schwarzschild {Sitz. d. preussischen Akad. d, 14" ws. 2 (1914)). Ordinates are 
m ~ —0*4 log intensity. 

angstroms broad, so there is no trouble with the intrinsic width, 
although it is very difficult to obtain a correct estimate of the residual 
intensity in the centre of the lines. It appears, however, that later 
work has not led to serious divergences from the work of Schwarz- 
schild even in this respect. Schwarzschild was a pioneer in the field 
of the theory of radiative equilibrium of the solar atmosphere, and 
his measurements were intended as a test of his theoretical work, 
particularly as regards the darkening in the lines on approaching the 
solar limb. 

The work on line profiles was next taken up again in the late 
twenties, first by v. Kliiber and then by Unsold, Minnaert, H. H. 
Plaskett, and others. By now there is available much material on 
line profiles both in the spectrum of the sun and the stars. 

t Sitz, d. preussischen Akad, d. Wise, 2 (1914), 1183. 
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The amount of information hidden in observational material on 
line profiles is very large, and only part of it is as yet unearthed. We 
shall in the following try to show step by step what kind of informa- 
tion is to be expected, and the degree of reliability which may be 
placed on it. 

First of all it is important to find out the nature of the processes 
resxionsible for the most common line profiles. We have already 
quite formally classified these processes as scattering processes on 
one hand and absorption processes on the other, and have developed 
a theory in which the ratio between the corresponding coefficients is 
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Fig. 5. Profile.*^ of sodium D lines in the sun (Unsold). 



either independent of optical depth or a siinjile function of this depth. 
We shall now see that this theory goes far to render an account of the 
observed profiles of absorption lines in the sun and the stars. 

Let us therefore again consider the theory of a line profile when 
the ratio of the selective absorption coefficient k to the coefficient of 
scattering o is independent of optical depth, and write 

K ~ rju. 

It is to be expected that rj is independent of frequency too, as we 
have been using the terms 'absorption’ and 'scattering’ for intrinsic- 
ally the same process. 

The quantity A giving the ratio of absorption to extinction now 
assumes the form 

X = ^ 0 +^^ 

The new quantity 77 measures in some way the effect of cyclical 
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transition on the emissivity of the particular radiation in question. 
To give a theoretical deduction of the value to be ascribed to this 
quantity does not appear possible at present. An attempt at what 
virtually amounts to such a theory was made by Unsoldf and by 
Pannekoek.J A more rational way of approach, however, was 
indicated by Woolley,j| as we shall see later on. At present t) is con- 
sidered to be an adjustable constant for each line. Further we shall 
assume the ratio of selective to general absorption to be independent 
of optical depth, so that A itself is also independent of optical depth. 
Using the simplest solution for mixed scattering and absorption, in 
which B is assumed to be linear in r, we have the intensity formula 
(85). The coefficients a and h in this formula behave rather 
differently, in that a is practically constant inside a line, while b 
varies very much. In order to determine how b depends on the 
frequency we write ^ , , 

where tq denotes the optical depth in the adjacent continuous spec- 
trum, and is independent of frequency in the line. Since we 
have implicitly assumed all coefficients to have the same depend- 
ence on density and temperature we have 


and consequently 

b^K 


f<o+{l+^W 

b,{X-rj(l^X)}, 


^o+(^ + l)cr 

Approximate formulae for a and b^ may be derived as follows. Let 
Tq be the boundary temperature of the star as before. The considera- 
tions at the end of § 39 made it plausible to assume that the formula 

applies also in this case. Hence it follows that 


(-1 = 




We have further by definition 

2hv^ 


(^^hvIkTo^iy 


t Zeita.f, Physik, 44 (1927), 481. 
t Ibid. 46 (1928), 765. 


II Monthly Not, 94 (1934), 631. 
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and by Taylor’s theorem 




where 

Hence, finally, 


hv 


r _ 

S{\—e~y) 


{A~^(l-A)}. 


It should now be clear how tlie profiles are to be calculated on the 
hypothesis rj ~= const, for each line profile. 

However, this does not mean that the aj^proximation works well 
under all circumstances. The formation of a Jine profile is, in fact, an 
integral effect, in which the contributions from various levels in the 
solar atmosphere are summed up, and the result may look simple on 
account of mutual compensations of very complicated variations. 

But the variation with level is not out of control. It may, in fact, 
be controlled in different ways, and first of all by considering the 
variations of the profiles with the angle of emergence. The nearer 
to the limb, the higher the effective level of formation of the line. 
By deriving the average value of rj for the same line, but at successive 
values of the angle of emergence, it is possible to obtain a first idea 
of the functional dependence of rj on height in the solar atmo- 
sphere. 

A convenient material for testing the theoretical formula is at hand 
in observations of the so-called 6-lines of magnesium, which corre- 
spond to the transitions The lower state of the lines, 

1 ^S, should be metastable according to the transition rule for normal 
multiplets, since the next, and lowest, state of magnesium is a 1 ^Sq 
state (see Fig. 6). But the intercombination line 4571*15 is actually 
observed. However, it is so weak that the state is not far from 
being metastable. The 6-hnes should therefore be intermediate in 
character between resonance lines and subordinate lines. 

This is fortunate, since we should expect the theory to give most 
unambiguous results for resonance lines. In this case the chances 
for the setting up of uncompensated cycles are small, and may, in 
certain aspects Of the problem, be left out of consideration. In this 
way the main uncertainty involved in the theory is reduced to a 
minimum. 

Measurements of these magnesium lines have been carried out by 
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several astronomers. d’Azambuja,t working at Meudon, has made 
a special study of the line 5183*62 A. at the centre of the solar disk. 
Minnaert and Mulders J studied the components 5183*62 A. and 


3q 3p 3p 3r> 3(r 



5172*70 A., also at the centre of the disk. These same two lines were 
also the subject of study by Righini,|| both at the centre and at the 

t L. d’Azambuja, Ann. d. VOha. d. Paris, 8 (1930), 59, 65. 
t M. Minnaert and G. F. W. Mulders, Zeits.f. Astrophys. 1 (1930), 192. 

II G. Righini, Mem. d. Soc. Astron, Italia, 5 (1931), 283. 
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limb. But the most careful study of the whole triplet is due to 
H. H. Plaskett.f The results of his work on the two components 



Fju. 7. Prolilos of the magnesium 51G7’33 according to H. H. Plaskett, 

Ordinates are tlie I'atio of the intensities in the line to that of the adjacent con- 
tinuous spectrum. The angle 6 dmiotos heliocentric angular distance from the centre 
of the solar disk. The symbol of this line is 1 ^/*o~ 1 



Fig. 8. Profiles of the magnesium 6-line 5183-G2 according to H. H. Plaskett. The 
symbol of this line is 1 ^^ 2 “ 1 other particulars cf. Fig. 7. 

and are condensed in Figs. 7 and 8, which should 

be self-explanatory. The line 5183-62 shows the cleanest profile 
although even that is deformed by intruders. 

The analysis of these profiles on using the intensity formula with 

t Monthly Not, 91 (1931), 870. 
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constant t] shows that it is possible by a suitable choice of the 
constants to represent any one of the profiles fairly well. But far 
from being a constant for different angles of emergence, t] is found to 
increase very much with increasing angle. Adapting, for instance, 
this formula to Plaskett’s line profiles for the Mg line 5183 it is 
found that t] increases from about 0*05 when cos 0 — 1 to about 
unity when cos 6 = 0*238. 

A different way of using the equations for constant t] in the repre- 
sentation of these profiles was introduced by Plaskcttf and further 
refined by Wiles.J This method consists essentially in dropping our 
assumption that rj is independent of the wave-length, and using the 
latitude thus acquired to conserve the constancy of t] at different 
levels of the atmosphere. The improvement introduced by Wiles 
consisted in avoiding the use of physically doubtful values of the 
coefficients, which had occurred in PlasketPs investigation, such as 
negative values of the coefficients of absorption or scattering. The 
agreement between theory and observation achieved in this way may 
be judged from the curves in Fig. 9 which are reproduced from 
Wiles’s paper. 

The weakness of this method of analysis lies in the circumstance 
that it introduces a dependence of the coefficient r] on wave-length 
which is difficult to justify physically. Until a definite physical 
mechanism has been suggested for this dependence, this method 
remains essentially formal, and the proper procedure will be to study 
further cases of dependence of rj on optical depth. || 

47. Theory of Cycles 

Thus far the residual intensity in the line centres has been ac- 
counted for by introducing the empirical quantity rj. We shall now 
consider the theory of the central intensities a little closer by study- 
ing the various uncompensated cycles of transitions which are likely 
to occur in stellar atmospheres. 

In an exact theory it would be necessary to inquire in what manner 
an atom has been brought into a definite quantum state. There is 
reason to suspect that a complete theory of radiative equilibrium 
will make the intensity-distribution in a line depend on the route 

t Monthly Not. 91 (1931), 870. t Ibid. 92 (1932), 401. 

II An attempt in this direction was made by R. v. d. R. Woolley, ibid. 92 (1932), 
482; ibid. 93 (1933), 691. 
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of the atom before entering the initial state of the line. This side 
of the question will, however, be neglected in the following. We 
shall proceed as if the route is irrelevant, and assume that the 
width of the line is in all cases determined by the rule of Wciss- 
kopf and Wigner, obtained by assuming the energy levels to be 



5181 5182 5183 5184 5185 S186 SI87 


Fio. 9. Theoretical representation of Plaskott’s profiles of the magnesium line 
6184 by Wiles. The figure shows only the profiles at cos Q — 0*391 and 0-238. The 
third profile obtained at the centre of the solar disk has been used as a calibration 
curve for the derivation of the ratio of the coefficients of absorption and scattermg, 
which is used in the representation of the above curves {Monthly Not. 92 (1932), 401). 

distributed around their mean values according to the statistical 
law (54). 

In the theory of coherent scattering it was assumed that the number 
of transitions from the lower to the upper level of a line was exactly 
counterbalanced by the number of transitions going the opposite way. 
Denoting the two states by i and k and the corresponding numbers of 
atoms and transition probabilities as usual by and we 

have the condition 
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This is a special case of what is called the principle of detailed 
balancing, which is supposed always to hold in a state of thermo- 
dynamic equilibrium, but which may or may not hold in other 
cases. It will hold in all cases of a steady state of atoms having but 
two quantum states, but otherwise it will usually be limited to 
thermal equilibrium. Considering therefore a closed cycle of transi- 
tions of an atom througli a given chain of quantum states 
the probability that an atom will pass througli this cycle will be 
different for any two opposite directions. The difference between 
two such probabilities will, in fact, give a sort of measure of the 
deviation of the state in question from a state of thermal equili- 
brium. 

Let us first prove that if the principle of detailed balancing holds 
for any two pair of states, it will hold for any closed circuit of transi- 
tions. This follows simply by writing down the series of equations: 


Multiplying these equations as they stand, all the n^’s drop out, 
leaving as a result 

1, I’s* • • ^in it ~ in ^in In - 1 • ' • > 

which shows that the probabilities of an atom completing the circuit 
in opposite directions are equal. 

In the stellar atmospheres, and still more in the nebulae, the 
radiation does not correspond to any definite temperature, so that 
any two cycles will not have the same probability in the above sense. 
This means that the radiation absorbed in a given line will partly be 
re-emitted in other lines, a process which in usual terminology is 
called fluorescence. 

When the distribution of atoms over the different quantum states 
can no longer be calculated from the principle of detailed balancing, 
we must set up, for each state, an equation expressing the fact that 
the increase in the number of atoms in this state is the difference of 
the number of atoms entering the state and those leaving it, all per 
unit time. Considering the i-state, for example, the number of 
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atoms leaving it per second is, in the usual notation, 

i 

the sum being extended to all quantum states of the atom. The 
number of atoms entering the state per second is, similarly, 

i 

and the net increase in per second is, consequently, 

5 (niaik-nkaki)- 


The summation on the right-hand side of this equation does not 
involve a term of index k, since any such term would have to appear 
both in the negative and the positive sum, and to cancel out in the 
end. This ‘fact may be used to write the equation in a more sym- 
metrical form. We may, in fact, write 

= — 2 «« (^' -5 ^)> 


in consequence of which the above equation assumes the form 


dt 


1 




Under stationary conditions the left-hand member of this equation 
is zero, and the distribution is found by solving the following system 
of ordinary linear equations 

(fc =- 1,2,...). 

i 

According to the theory of linear equations the solution may be 
written in the form ^ — -x nim 

where is the minor corresponding to in the determinant of all 
(the algebraic complement of m is an arbitrary index, 

while is an arbitrary constant. This constant will be determined 
if the sum of all w/s is given, for then we have obviously 

% I i 

For the above solution to be possible the determinant must 
vanish. This is identically the case in virtue of the definition of 
This, namely, makes the determinant belong to the type in which 
the elements of a row are connected with the elements in parallel 
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rows by the same linear relation. Such a determinant may obviously 
be written as a sum of determinants with two identical rows, which 
arc known to vanish identically. While the formal solution is thus 
easily found, it is quite a different matter to find a desired numerical 
solution. To calculate a determinant, and its various minors, may be 
feasible as long as it is of low order, but the amount of work required 
increases enormously with increasing order of the determinant, and 
soon becomes prohibitive. But this is another side of the question — 
let us just assume the operations possible, and consider the form of 
the coefficients a^j^. 

As was shown by Einstein, and also shown earlier in this book, a 
coefficient a^j. leading from a higher to a lower state has, in the case 
of thermal equilibrium, the form 



where J is the total intensity of radiation per unit frequency range 
near the centre of the line, the frequency of the line, and the 
probability of spontaneous transitions i -> k. 
the form 

= °‘ik-r -6-}, 5 > 


The coefficient has 


where and denote the weights of the states i and k. The above 
relations also hold in other cases, provided only the intensity of the 
radiation field does not vary sensibly over the main region of the 
lines. 

When the intensity varies very rapidly in the line it may be 
necessary to express the transition probabihty as a function of the 
monochromatic absorption coefficient k. We have then to a sufficient 
approximation ^ 





kJ dv. 


For the sake of comparison it is advantageous to normalize the 
absorption coefficient by writing 






ik> 




kJ dv. 


and then to write 
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The transition probabilities then assume the form 






48. Cycles in Dilute Temperature Radiation 

When the radiation field corresponds to that of temperature radia- 
tion at a temperature T, except for a constant multiplier W less than 
unity, the field will be said to be one of dilute temperature radiation: 

j (88) 

This case corresponds in a general way to the radiation field to be 
found in the stellar atmospheres, and still more in the nebulae. The 
quantity W has then the physical significance of the solid angle sub- 
tended by the radiating star in units of 47r, and so is always a quantity 
less than unity. Since such a field is in a certain sense representative 
for the fields to be reckoned with in the analysis of stellar atmo- 
spheres and nebulae, it is of general interest to study the cycles it 
will generate. 

The simplest non-trivial case of a cycle is given by considering three 
states only, 1, 2, and 3 say, taken in the order of increasing energy. 
Selecting the minors in the first row {h ■— 1) of the determinant 
as expressions for the numbers we find easily, on leaving 

out the multiplier, 

= ®i2(®31~k^32)“f“^13^32> 

and ^3 = ai3(a2i+a23)+«i2«23- 

From these expressions we find 

^ 2^21 ^ 1^12 ~ ^ 3^32 ^ 2^23 ~ ^ 1^13 ^ 3^31 ^ 

where A = o^i 3 % 2 « 2 i— <^i 2 « 23 %i* 

Using the expressions for the transition coefficients which result from 
the combination of (88) with (86) and (87) we find 


^ 2 ^ 23^31 — 2 /% 3 ^ 32 ^ 21 > 

F 

where y = TT , 

-^32 -^21 

When W is less than unity, as always in problems of interest to 
astrophysics, y is positive and less than unity. Hence the quantity 

3695.15 rr 
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A is positive. It is then easier for the atom to perform a cycle 
1 -> 3 -> 2 -5^ 1 , involving one absorption act and two emissions, than 
it is to go the opposite way with two absorptions and one emission. 
The presence of the atoms in the radiation field will therefore tend 
to increase the intensity of the field in the fines corresponding to the 
long wave-length transitions 3 2 and 2— > 1, and to reduce by a 
corresponding amount the energy in the region of the short wave- 
length fine 3 -> 1 . 

This holds for the total field, independent of direction. It may be 
well to point out, as was emphasized by Woolley, that the result 
cannot be af)pfied indiscriminately to the intensity in a definite 
direction. It may well be that the effect on a jiarallel beam of fight 
will still be to create three absorption fines, since the emitted radia- 
tion is distributed over all directions. Only when the cycle has had 
the chance to deepen the absorption fines beyond a certain limit will 
the excess emission become great enough to counterbalance the direc- 
tional effect. 

The limitation to three states is a matter of pure convenience, 
and it is clear that cycles involving a larger number of states will 
show qualitatively the same result. In practical cases the limitation 
to three states is not so fortunate as it is not possible to find three 
ordinary quantum states between which all transitions are possible 
without violation of the selection principle for the inner quantum 
number Z. But this difficulty is lessened by the fact tliat ordinarily 
the ionized state will play an important part in the cycles, and since 
the ordinary selection principles do not apply in the same strict sense 
to this state, it may happen that a three-state cycle will be of service 
in the elucidation of some points. 

The effect of cycles, as far as stellar atmospheres are concerned, 
will be to fill out long wave-length fines and to darken those of 
short w'ave-lengths, or the continuous absorption beyond the series 
limits. It is probably this effect which accounts for the relatively 
high central intensity of the resonance fines for which the theory 
of coherent scattering would predict a zero central intensity. Most 
likely it plays a similar part in the case of many subordinate fines. 

49. Woolley’s Theory of the Hydrogen Lines 

Very little work has been done on the actual calculation of the 
effect of cycles on the intensities of the fines in the solar spectrum or 
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in the stars. Some preliminary work was done by Unsold! and by 
Pannekoek,! but the first paper of any real consequence in this field 
was that of Woolleyll on the fluorescence in and The objec- 
tion may at once be raised against the paper that Woolley combines 
the theory of cycles with the formulae of coherent scattering in his 
calculations, although and arc typically subordinate fines. 
This objection can scarcely be disregarded as unimportant, and it is 
to be expected that Woolley’s result will suffer considerable revision 
when subjected to a more critical theoretical analysis. The paper 
nevertheless embodies so many important points that it deserves to 
be reported in full hero as a valuable pioneering work, which brings 
to fight some of the complexities to be coped with in the analysis of 
stellar atmospheres. 

The smallest number of states which can be considered in a theory 
of and is four, that is, the three states involved in the pro- 
duction of the two fines ])lus the ground state. Woolley, however, 
discovered that transitions to the ionized state also affected the result 
considerably, so this had to be included as a fifth state. All other 
states were neglected. 
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Fig. 10. profile. Filled eircles are observations by Thackeray {Monthly Not. 95), 
a]id crosses by Minnaeri {Zeits. /. Pliysik, 45). 

In the case of hydrogen the transition coefficients are known from 
theory, ft fhe case of transitions from the continuum into one of 
the states considered some difficulty is encountered due to the fact 

t A. Unsold, Zeits. f, Astrophys. 2 (1931), 199. 
t Bull. Aatron. Inst. Netherlands, 7 (1933), 161. 

II Monthly Not. 94 (1934), 631. 
tt Ibid. 
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that the temperature of the free electrons is involved. But it so 
happens that in the range involved, that is, 6 , 000 - 7 , 000 °, the transi- 
tion probabilities are rather insensitive to changes in temperature. 
The temperature adopted by Woolley in his calculations was 6 , 500 °, 
which is the colour temperature of the sun as estimated by H. H. 
Plaskettf for integrated sunlight. The effective temperature as 
estimated from the total radiation is, on the other hand, nearer 
to 6,000°. The difference between these two temperature values 
should obviously be taken into account when the deviation of sun- 
light from that of thermal radiation is described by a coetFicient 
of dilution simply. Woolley does this by reducing the dilution 
coefficient in the ratio ( 60 / 65 )^. This coefficient should otherwise 
have the value I, since radiation in the solar atmosphere is pre- 
ferentially coming from directions within a solid angle 277. The 
final value adopted by Woolley was thus 



The correction in W due to the difference between effective tempera- 
ture and colour temperature is just such as to give the right values 
for these two quantities, but otherwise the schematic radiation 
field adopted may differ from the actual solar field, and the correction 
can at most be considered a first approximation. From these data 
the following tables were calculated. 


Table 1 

Continuous Absorption and Emission in Hydrogen 
T ^ 6 , 500 °; W = l 


State 

®n6 


la 

00378 

,113 

28 

1-45.10® 

17-9 

2P 

7-87.10* 

9-67 

Za 

7-06.10® 

6-04 

3p \ 

5-23.10® 

3-64 

Zd 

2-41.10® 

1-72 

4« i 

7-32.10® 

1-48 

4p 

6-32,10® 

1-39 

4d 

4-40.10® 

0-97 


t Puh, Dom. Astrophya. Oba, Victoria, 2 (1923), 213. 
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Table 2 

Line Transitions in Hydrogen. T — 6 , 500 °; W | {i > k) 


State 

^ik 


I 5 — 2p 

6-32.108 

8-59 

Is—Sp 

1-69.108 

0080 

Is— 4p 

6-8. 10^ 

0010 

2s — 3p 

2-28.107 

8-19.105 

2p — 38 

0-648.107 

2-64.10* 

2p-3d 

6-55.107 

1-30.108 

28— 4p 

0-978.107 j 

1-06.105 

2p — 4:a 

0-259.107 

3-14.108 

2p — 4td 1 

2-08.107 

1-26.105 


The ratio of downward to upward transitions in a line is denoted by 

oc= , 

% ^ki 

the i-state being as usual supposed to have the higher energy. In 
order to evaluate a: for the two lines and we must replace 
ni and by their equivalent minors in the determinant of all a^j^. 
This determinant is in the present case of the fifth order, and thus 
already rather difiiciilt to handle. But a short cut to the evalua- 
tion of the minors is afforded by the fact that some terms are 
zero and others negligible, although really finite. Working out the 
strongest transitions for VL^{2p-~> 3 d) we have ~ 0, and 

also Ugg ^ ^i34+%5, so that agg = —(^33 very nearly. Similarly, 
Ugi ~ ~g^ 22- Selecting the minors in the bottom row of the deter- 
minant as equivalents of the number of atoms in the different 
states, we need for the minors and 

These are == a32K2+«i5)K2+«53)+«i2%2^5n 

and = ^Ii 2 <^ 23 (^' 51 'i"^ 52 )“t“^ 15 (^ 21 ® 63 ~k^ 23 ^ 62 )> 

where the approximations indicated above have been introduced. We 
can further neglect in ^23^2 Ki«53+«23«^62)» ^iid ^53 

in (%i+« 52+%3)- This gives then 

^ ^12 ^23(^51 ~l~ ^52) + <^ 15^21 

^12%2(%l“f*%2) 

and finally a = = 1+ -- 

a ^23 ^12 ^23 (^51 ^52) 
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The corresponding expression for is 

^ _ j_| ^15^54 ^21 

«12«24Ki + «^52)’ 

Introducing numerical values for the transition probabilities Woolley 
for : a = 1-03; for : « = 1 -17. 

These values of ex differ so little from unity that it will be understood 
at once that the cycles will not a])preciably affect the exchange of 
radiation in the region of the two lines. Tiie form assumed for the 
radiation field can, how^ever, only be supposed to apply in the region 
of the lines at some depth below the surface, and on approaching the 
surface tlie absorption lines will begin to form as a result of ordinary 
selective absorption and scattering. This will serve to make a 
increase. It is important to note in this connexion that since the 
Lyman a-line has a much larger absor])tion coefficient than the otlier 
lines involved, its effect on the radiation field will be confined to a 
thinner surface layer than in the case of tlie other lines, a fact which 
was well brought out in the theory of coherent scattering, and which 
must hold generally. It is therefore largely permissible to assume 
the radiation field in the region of Lyman a to correspond to dilute 
radiation, while the lines and are well under way to become 
deep absorption lines. | We shall therefore neglect the formation of 
Lyman lines as absorption lines. The average intensity in the lines 
and in units of the adjacent continuous spectrum, will be 
denoted by and respectively. The process of averaging involved 
was defined earlier. We have then 

JJ . ^ 1 ™ ^54 ^21 ^15 

*^a^23 %2(^51“t'^^52) j'^a24«12Kl + ^52) 

These expressions bring out clearly how the formation of the absorp- 
tion lines tends to strengthen the cyclical transitions, and it is clear 
that for some value of oc the further deepening out of the absorption 
line will be prevented by the cycle itself. 

The value of a at which an absorption line ceases to grow further 
must be in the vicinity of 2. The argument leading to this result is 
the following. Considering the case of ordinary coherent scattering, 
the reason for the growth of an absorption line is to be found in the 

t The force of this argument is brought out in a more precise manner in the theory 
of nebulous envelopes. See § 121. 
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continuous transformation of radiation coming from directions within 
a solid angle 2??, approximately, into radiation distributed over 47 r of 
solid angle. The re-emitted radiation is therefore only half as intense 
as the radiation absorbed, and an absorption line is the inevitable 
result. Suppose, however, that the cycle brings in some extra radia- 
tion into the emitted flow. As long as this radiation does not make 
up for the whole lost half of the incident radiation, the absorption 
line will continue to grow. The limiting state of no further growth 
is obviously reached wlien the extra radiation makes up for the full 
half, which corresj)()nds to a value 2 of a. 

This argument holds approximately in an ordinary stellar atmo- 
sphere, where the absorbed radiation emerges from a solid angle 27t 
only. In the case of abnormal stars, say 0-stars or })lanetary nebulae 
or novae, conditions may be very different. 

Putting a — 2 in the above expressions and solving for and 
we find at once ^ 0.03 o- 1 7. 

These are minimum values for the average intensities in these lines. 
It will be r(uilized that the averaging process is such as to make the 
average intensity correspond very closely to the intensity near the 
centre of the lin(^ since the weight function used in the averaging 
process has an extronu4y sharp maximum at the centre. The above 
minimum values are well below' those actually found in the solar 
spectrum. The theory is therefore on the safe side so far. 

To push the aj)proximation a step farther it will first of all be 
necessary to correct for the gradual depletion of the radiation in the 
Lyman a-line. This correction will be in the direction of increasing 
the central intensities, since a weakening of the radiation in this 
line will provide fewer atoms in the second state, and consequently 
also fewer absorption transitions in the and lines. As these 
calculations are rather lengthy and do not bring in any essentially 
new points, we shall only give the result. It seems that the effect 
is to bring the central intensity of very nearly up to that of H^, 
or a little more, both being of the order 0*20, which again is not far 
away from the observational estimate, which varies from 0*25f to 
0-15.t 

A number of other points were discussed by WooUey in the same 
connexion, indicating that cycles were at work. He called attention 

t A. Unsold, Zcits.f. Astrophys. 2 (1931), 199. 
t A. D. Thackeray, Monthly Not. 95 (1935), 296. 
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to the fact that mottling of the solar surface in integrated light (in- 
tegrated over all frequencies) is accompanied by a corresponding 



Fig. 11. Profile of Ca+iC line. Filled circles observations by Thackeray {Monthly 
Not. 95 (1935), 297), and crosses by Minnaort {Zeits.f. Fhysiky 45 ). 

mottling of the surface when seen in the light of the Ho^-line by a 
spectrohelioscope, or photographed by a spectroheliograph. This 
means that a local increase in temperature of the surface tends to fill out 
the H^-line, This is, however, in conformity with Woolley’s calcula- 
tions of the correction to the intensity due to the formation of 
Lyman-a, which we have omitted. The same calculations indicated no 
corresponding effect for and none is observed. It is further sug- 
gested that the reason why hydrogen prominences usually show up as 
dark markings, instead of bright, is that they lie above the fluorescent 
level, so that the light reaching them has already been depleted in 
ultra-violet light. The peculiar form of the calcium lines may also be 
interpreted by considering a similar division of the solar atmosphere in 
successive layers of absorption and fluorescent emission. On the whole, 
the calculations may be taken to indicate that it is necessary to take the 
cycles into account in the theory of all solar absorption lines. This was 
already suggested explicitly by the present author some years ago.f 

In a recent paper StromgrenJ has shown how it is possible to 
formulate a general theory of central intensities, based on cycles 
involving electron captures, for the case of principal lines. 

The importance of the theory of cycles for the interpretation of 
bright Hne spectra will be considered later on. 

t Astrophyaik auf atomtheoretiacher Orundlage, by S. Rosseland, Berlin, 1930, 
p. 144. J Zeita.f. Aatrophya. 10 (1935), 237. 
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50. Subordinate Lines 

There is at present one essential feature missing, which must be 
supplied before a rigorous theory of subordinate lines can be formu- 
lated. This is the equivalent of Weisskopf’s theory of resonance 
radiation and dispersion. A first investigation in this field was made 
by Breit and Lowen.t We do not know at present in what pro- 
portion radiation scattered in a subordinate line is reflected without 
essential change in wave-length, or how much is diverted into essen- 
tially difTerent s[)ectral regions. Before this question is definitely 
settled, further ])rogress is difficult. An application of Weisskopf and 
Wigner’s probability law would indicate that conditions in a sub- 
ordinate line will differ radically from that of a resonance line in this 
respect, in the sense that the light scattered colierently will carry 
only a small ])art of the absorbed energy, and that this part of the 
radiation is re-emitted in the form of a rather broad line, witli a width 
at least as large as the width of the initial state of the line. There 
will then be no question of dispersion in the ordinary sense of the 
word, and a first aj)proximation might be had by proceeding as if it 
were a Cjuestion of s]:)ontaneous emissions and the reverse in the 
ordinary sense of tlu^ word, as in the case of radiation under electron 
impacts, for exam])lc. For the ])resent, however, this is little more 
than guesswork, which must be substantiated or disproved by exact 
calculations. But the arguments are sufficiently strong to inspire 
distrust in an indiscriminate application of the formula of coherent 
scattering to the formation of subordinate lines. 

51. The Equation of Ionization 

Disregarding for the moment the elements of uncertainty involved 
in the theory of line profiles, we turn to the question of what informa- 
tion may be obtained about the state of the solar and stellar atmo- 
spheres from the present state of the theory. 

The principal jjoints are best brought out by considering the ideal 
case of an atmosphere in which the line profiles may be analysed on 
the simple theory characterized by constant A and r; in our earlier 
notation. This means, furthermore, that g/kq is also independent of 
optical height. 

When each of these coefficients is proportional to density, the ratio 
u/kq is equal to the ratio of the corresponding optical depths t/tq. 


3595.15 


t Phys. Rev, 46 (1934), 590. 
X 
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The adaptation of the theoretical intensity formula to an observed 
line profile gives then a definite value of cr//Co or t/tq. Supposing tq to 
signify the optical depth of the atmosphere, r receives the signifi- 
cance of the optical depth of the atmosphere in the given frequency 
interval, for selective scattering only. Dividing this quantity by the 
coefficient of scattering of a single atom we obtain the number of 
atoms per square cm. above the photosphere. This number will be 
denoted by N in the following, and will be considered the most direct 
physical datum about the state of the atmosphere obtainable from 
line profiles. 

If a reliable theory of continuous absorption were also in existence, 
it would be possible to obtain more information from the simultaneous 
discussion of r and tq. We shall consider a case of this kind later on. 
But the origin of the continuous absorption in the atmosphere is 
still in a much more obscure state than is the case of the selective 
absorption. This fact need not surprise us. For the lines may be 
immediately identified from their wave-lengths and series relationship. 
But there is nothing, or only very little, about the continuous absorp- 
tion which indicates an identification with j)articular elements re- 
sponsible for the absorption processes. And when we do not know the 
absorbing element it is not possible to propose a definite theory for 
the general absorption. 

When it happens, as it does in the solar spectrum in the case of 
calcium and strontium, that resonance lines of the neutral and the 
ionized element are present, it is possible to determine the state of 
ionization of the particular element. A first indication of this state 
is, namely, immediately obtained from the ratio A+/A of the corre- 
sponding N values. In the case of calcium this ratio is, for instance, of 
the order 400, so that the ionized calcium atoms dominate completely 
over the un-ionized atoms. From this ratio it is possible from the 
theory of dissociation to calculate a mean density of free electrons 
in the reversing layer, or, by a further elaboration of the theory, the 
distribution of this density from level to level in the atmosphere. 
This result is of great importance for steUar theory. 

In order to show this clearly it is necessary to write the equations 
of dissociative equilibrium in a somewhat different form. We neglect 
molecular combinations and consider first the equation of dissociative 
equilibrium for two constituents, which may be taken as nuclei and 
electrons. Let Aq and denote the corresponding parameters 
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entering equations (11) of dissociative equilibrium. The numbers per 
unit volume of free electrons and of atoms with p bound electrons 




are then given by 




and rij, — 

fp and/g denoting the corresponding partition functions. Deviations 
from the ideal gaseous state are neglected. Eliminating the para- 
meters we obtain the equation 

'^e'^p fefp (89) 

^p+1 fp+1 

The partition function is defined as the integral 

/ = J da, 

where da is an element of volume in the ])hase space and E the energy 
of the system. The integra tion is to be extended to the total accessible 
part of the phase space. 

In the quantum theory this integration reduces to a summation 
over all quantized states, each state extending over a volume of 
f)hase space of s being the number of degrees of freedom of the 
system. That this is the correct procedure is evident from the quan- 
tization rules, particularly in the old form given by Sommerfeld, and 
this choice is amply confirmed by experiments. 

The partition function as defined above really involves an arbitrary 
scale factor, and in view of the requirements of quantum theory it is 
convenient to fix this factor by defining the partition function as 


follows 


f 


/ 


fi-EIkT 


which has the additional advantage of making / zero-dimensional. 
For a free particle of mass m, rectangular coordinates x, y, z, and 
corresponding velocity components u, v, w we have then 


f 


\ 


nr 


Since the translational motion of an atom is independent of its 
internal state, each of the functions and/^^i will contain { 27 TmJcT)^ 
as a factor. 

The partition function corresponding to the internal, quantized 
states of an atom assumes the simple form 
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where is called the weight of the ith state, and is simply equal to 
the number of intrinsically different quantum states which have the 
same energy (degenerate systems). It is frequently convenient to 
count quantum states in groups in this way even though their 
energies may be slightly different and the systems consequently 
non-degenerate . 

When introducing for the usual expression for the energy levels 
in the hydrogen atom, it will be found that the series diverges 
violently. This difficulty, lunvever, is purely formal, and is due to the 
fact that the usual Baliner ex])ression for the hydrogen terms will 
break down in an actual gas wdien sufficiently high Cjuantum states 
are considered. From a certain state onw^ards tlu' interaction between 
the moving electron and the surrounding gas atoms wall become so 
great that the electron cannot any longer be counted as bound to any 
particular atom, but must be considered as free. This argument may 
be put in a moix'. rigorous form by an a|)plication of Debye and 
Hiickel’s theory of the interaction between charged partiedes in a gas,f 
but the above general arguments should suffice for the present 
purpose. 

We may now^ wTite down tlie complete expressions of the ])artition 
functions and The ft'ee electron has no internal energy to be 
considered, but its weight is 2, owing to the two equivalent possible 
orientations of the spin. Its partition function is therefore 


simply. 

Let M denote the mass of an atom. Since M is in all cases much 
bigger than it is permissible to use the same value of M in all stages 
of ionization. Then 


{27rMkT)^ ^ 


It is convenient to take the exponential factor of the ground term 
in the series outside the summation sign, and to define the energies 
of the excited states relative to the ground state, by putting 

The partition function of the atom then assumes the form 

Jp i ^ ' 


t Fhysikal. Zeits, 24 (1923), 1. 
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We have added an index p to and so as to be able to handle 
different stages of ionization. We further introduce a special symbol 
for the series in the above expression: 


Using this notation the equation of ionization (89) becomes finally 
n„n, 2{2TTnkTY B„ 




is just the energy of ionization of the atom with 2 >+l electrons. 

In Fig. 12 there is given a graphic representation of the above 
ecjuation. The de])endence of on tem])eraturc is neglected, 

and the electron density is taken to be a constant and to have such 


a value at a t(unperature of about (),()00^' K. that an element of 
ionization potential of 8*5 volts is just 50 per cent, ionized. This 



Fi(3. 12. Graphical roprosontation of tho stato of ionization in an atmosphere. 
Ordinates are \’aluos of and abscissae are values of tho ionization energy 

in volts. Although the diagram involves several rough approximations, it forms a 
useful means of obtaining a rapid survey of tho state of ionization to be expected 
under given circumstances. 


should correspond nearly to conditions in the reversing layer of the 
sun, as will be apparent later. The diagram then brings out fairly 
well how rapidly the ionization diminishes in elements with higher 
ionization potentials, or increases for smaller ionization potentials. 
Calcium {x ^ 6*09 volts) is seen to be more than 99-5 per cent, 
ionized, while in hydrogen (y = 13-6 volts) there is scarcely one 
ionized atom per fifty thousand neutral atoms. These figures cannot 
claim any great accuracy, but they show well how, at a definite 
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temperature, the state of ionization is determined by the temperature 
and the relevant ionization potential. 

The equation of ionization as considered above corresponds to 
matter in thermal equilibrium. In a stellar atmosphere, however, 
and still more in a nebula, there are definite departures from a state 
of thermal equilibrium, which must affect the state of ionization 
as well. The case of dissociative equihbrium in the presence of a 
temperature gradient was considered by Dirac. f The deviations 
from thermal equilibrium in a stellar atmosphere are, however, of a 
slightly different kind. The ionizing processes are then likely to be 
due to a photoelectric effect, and the rate of these jirocesses will 
therefore depend primarily on the radiation field. The rate of the 
recombination processes, on the other hand, is determined by the 
velocity of the free electrons. Describing the state of the radiation 
field by a temperature T' while that of the free electrons is T, it is 
easy to show that to the first order the corresponding form of the 
equation of ionization is 


as was first shown by Pannekoek.J The dependence of on 

temperature is neglected. Since we are going to consider this question 
more in detail later (§ 115), we refrain from pursuing the matter 
further here. 


The ionization formula has thus far referred to the density of atoms 
and electrons. The quantities given by observation, however, are 
rather the amount of matter per square cm. above a given level (the 
photosphere). Let and n'^ denote the densities of neutral and 
singly ionized atoms, and let Nq, Bq and N+, B+ correspond to Uq 
and 7i+. The ratio N^/Nq then gives a kind of integrated mean value 
of n+luQ, and since the density diminishes very rapidly with height, it 
is to be expected that N+JNq will nearly correspond to w^jriQ at a 
low level. We are thus able to define a corresponding average of 
the electron density, which we denote by and which then is 


given by 


N+ Bq 


t Proc. Cambridge Phil. Soc, 22 , ii (1924), 132. 

j Bull. Aatron. Inst. Netherlands, 3 (1926), 207. Cf. also Woolley, Monthly Not. 
93 (1933), 696. 
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This result is interesting, as it enables us to obtain an estimate 
of the electron density in the photospheric >ayer of a star without 
postulating any definite theory of general opacity. 

On the other hand, if a satisfactory theory of general opacity is 
available, this will give a value for Ug, and the above equation of 
ionization may be used to obtain the effective temperature. Consider- 
ing the difficulties which up to this time have beset the problem of 
effective temperature, this may prove a useful check method. Thus 
Woolleyf has tried to obtain an independent determination of the 
effective temperature of the sun by postulating a definite theory of 
the continuous absorption coefficient. The result proved to be in 
good agreement with determinations of effective temperature by 
other methods. 

t Monthly Not. 93 (1933), 691. 
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THE TOTAL INTENSITY OF ABSORPTION LINES 

52. Theory of Total Intensities 

The observation of a clean profile in stellar absorption lines is a 
rather rare event. As regards the sun it is estimatedi that the 
equipment available at present cannot give true j)rofiles for lines 
weaker than 4 on the Rowland scale. The total intensity of a line, 
howeven*, is independent of the profile, and is not affected very much 
by the resolving power of the equij)ment in use. It is therefore very 
important to bring out the kind of information which is contained in 
observations of total absorption in the lines. 

This problem has already been discussed by several authors, both 
from the theoretical and the observational side, and it aj)pears that 
in principle the theory is much farther advanced than the tlieory of 
line jirofiles. Estimates of the intensities of solar lines were given by 
RowlandJ along with his measurement of tlu' wave-lengths of the 
lines. These estimates were used by Russell|| in an attempt pur])ort- 
ing to obtain a wholesale determination of relative abundance of thc^ 
elements in the solar atmosphere. Further refinement of tliis work 
is due to Minnaert and Mulders, and Minnaert and Slob,:j;J who 
also gave the first comprehensive discussion of the theoretical basis 
of the problem. 

While the problem is ah-eady important for solar work, it becomes 
much more so when turning to the stars. First of all, the interpre- 
tation of the spectral classes of the stars will rest upon the theory of 
total intensities, both as regards the run of the individual scries as 
well as the splitting of the classification into several parallel series 
and all spectral absolute magnitude effects. 

Since the problem thus has wide implications, it will be well to 
consider it from every angle. We begin by considering the total 
intensity of lines when the emergent intensity is sufficiently described 
by the simple theory repeatedly considered before, which is charac- 

t Cf. for instance A. Unsold, Aatrophys. J. 75 (1932), 1 1 1, or Minnaert and Mulders, 
Zeits.f. Aatrophys. 2 (1931), 173. 

I Aatrophys. J. 1 and 2 (1894). 

II Ibid. 68 (1928), 279. 

tt Zeita.f, Aatrophys. 1 (1930), 192, and 2 (1931), 165. 

Jt Proc. K. A had. v. Wetena. Amsterdam, 34 (1931), no. 4. 
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terized by A constant in space. In that case the emergent intensity in 
a line is essentially a function of A. For this reason it is convenient to 
change the variable from the frequency r to a linear function of A, 
the most convenient variable for this case being probably 

X - 1-A. 


It is further convenient to write 


and to express in the usual way a/K^ by the number N of atoms 
above the photosphere by the relationf 

o/kq = Na, 


a being the coefficient of scattering of a single atom. We then find 


X - 


Na 

i~\-7]'aN 


( 91 ) 


Whatever the detailed form of X as a function of d, it must, in 
general, fall from a sharp maximum at the centre of the line, v = Vq, 
to practically zero well outside the line. At the centre Nrj'a is usually 
so large in comparison with unity that the central value of X may be 
taken equal to I/?;', while the limiting value well outside the line is 
obviously zero. It is now convenient to assume the intensity normal- 
ized in such a way that it is always unity outside a line. The 
energy lost in the line at frequency v is then 1 — 7, and the total loss 
of energy in the line, that is, the intensity of the absorption line, is 
hence given by 

i2 = 2 j {l-l)^dX. 

0 

In order to be able to calculate dvjdX, the functional form of a must 
be specified. Consider first the limiting case when the line is so wide 
that the influence of the thermal Doppler effect is confined to an 
insignificant part of the width, and we may write a in the form 


Kfh 

a 

where the symbols have their usual meaning. Introducing this 
expression in (91) we find 

Vo-V = 


t A factor of order unity, due to the optical depth in the continuous spectrum, is 
left out. 
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and hence 


KNfh 


dx 

and the intensity R assumes the form 


v'(A-^/S) / 


(l-l^dX 


The integral is now a function of rj' only, so that R has the form 


where F{rj') is some function of 7 /'. For the sun, when the observa- 
tion is made at a definite point at tlie solar disk, F will also be a 
function of the heliocentric latitude. 


The above formulji states that for lines corresponding to the same 
value of 7j' the intensity will be proportional to Unfortunately, 

in order to be able to decide whether any two lines correspond to the 
same 77 ' or not, it is necessary to know the profile, since tj' is essen- 
tially a measure of tlu^ true central intensity in the line. If small 
variations in rj' would entail very large variations in F, the above 
result would therefore be more or less devoid of interest. From the 


cases in which the profile is known we know, however, that tlu^ 
variations in rj' to be expected are so small as to be negligible in 
a first survey of the field. Consider for instance an approximate 
representation of the profile by the formula : 


1 -A. 


This formula suggests itself as a fairly good approximation by a 
numerical discussion of the formtila in § 46. Using the same expres- 
sion of d as we did above, we find easily 



The residual intensity in solar lines to which the above formula may 
be applied will be of the order 10 to 20 per cent., which means that 
7]' will be confined to the interval 1 and 1*25, and hence only influence 
the total intensity of the line very little. For weak lines, this con- 
clusion must be accepted with some reserve. However, this does 
not mean very much, since the whole above calculation only holds 
for rather strong lines. 

Consider next what happens when the line shrinks in intensity 
because of diminishing N, so that the influence of the thermal Doppler 
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effec?t first becomes sensible and finally dominant. For an exact 
analysis it will then be rather important to use the complete expres- 
sion of the coefficient, in which radiation damping and Doppler effect 
are simultaneously taken into account. But in order to bring out the 
typical features of the problem it is sufficient to consider the limiting 
case when the Doppler effect is dominant. 

We thus consider the case when the coefficient of scattering is 
given by an expression of the form 

where K and q are constants which need not be further specified 
here. The quantity X then assumes the form 

In tlie present case it is not certain that KNf will be large in com- 
parison with unity, and it is therefore not possible to specify I/t^' as 
an upper limit for A". For this reason tJjere is no particular advan- 
tage to be drawn from a change of variable from i/ to X in the 
integral giving the total intensity. This has the effect that it is 
not possible to draw general conclusions about the total intensity 
as was done for broad lines. The only definite fiict of this kind 
which remains is the obvious conclusion that N and / wall enter 
the exj)ression for the intensity as a product Nf, and not occur 
separately, and further that the intensity will be independent of the 
damping constant. 

If one wants to go farther, it is necessary to consider special cases. 
A simple case of this sort, which is of considerable importance, is 
again the case when the absorbed radiation for a definite frequency 
is proportional to X, which holds fiiirly well for several solar lines. 
Then oo 

A’ = J Z dv, 

0 

or, writing x for Vg(v— Vg) and substituting for X, 

00 00 

„ 1 r KNfe~^^ dx ^ f dx 

“ ^ J l + rj'KNfe-^^ "" J l + rj'KNf^ 

-00 0 

The lower hmit of the first integral should strictly speaking have been 
— ^qvQy but in all practical cases this quantity will be so large in 
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comparison with unity that no perceptible error is made by assum- 
ing it infinitely large. 

For a very w^eak line rj'KNf will be small in comparison with unity, 
and the exponential term may be neglected in the denominator. The 
expression is then readily integrated, giving an intensity proportional 
to Nf. When 7]'KNf becomes comjiarable with unity this law begins 
to fail. The integrand will then be closely equal to unity, until x 
becomes of the order ^{log{KNf7]')}, and then it drops very rapidly 
to zero. The value of the integral is therefore approximately 

In this case the dependence of B on N is thus much less marked than 
for very weak or very strong lines. Plotting B as a function of N, 
we thus find proportionality with when N is sufficiently small. 
When a certain value of N is reached the curve bends over and tends 


towards proportionality of B with 


For still further 


increase in N the line widens out so that the line width is no longer 
determined by thermal Doppler effect, and the curve rises again 
and approaches asymptotically proportionality witli ,J{KNf8). It is 
important to notice how the dependence of B on the atomic con- 
stants changes from one end of the curve to the otlier. 

The preceding considerations serve to show the qualitative features 
of the intensity curve. On the other hand, Minnaert and Mulders! 
and Minnaert and Slobf have made extensive calculations of the 
curve connecting total absorption with the concentration of atoms 
and the oscillatory strengths. 

The physical assumptions underlying the two papers in question 
are somewhat different, and merit separate consideration. In both 
cases the selective extinction is supposed to be due to radiative 
damping, with the possible effect of colhsions or absorption on the 
damping term, and the coefficient to be affected by the thermal 
Doppler effect in the usual manner. The difference between the two 
papers consists essentially in the assumptions made concerning the 
coefficient of general absorption and the coefficient of selective 
absorption and emission in their dependence on density. 

In the paper of Minnaert and Mulders theoretical expressions are 


t Zeil8,f. Astrophys. 1 (1930), 192, and 2 (1931), 165. 

J Proc, K. Akad. v. Wetena. Amaterdam^ 34 (1931), no. 4. 
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worked out on the assumptions (1) of an exponential absorption 
of radiation in the chromosphere, (2) that the intensity is propor- 
tional to 1— A in our earlier notation, (3) of combined scatter- 
ing and absorption in the manner first given by Eddington.f The 
resulting curves brought out very clearly the three different parts 
discussed above, and qualitatively they did not show great intrinsic 
difference. 

The calculations of Minnaert and Slob, on the other hand, were 
based on the theoretical expression for the emergent monochromatic 
intensity derived earlier by Pannekoek, and which was discussed 
briefly above. The same qiiahtative course of the curves was estab- 
lished, altJiough some differences showed up in detail. 



Log N — > 


Fig. 13. Total intensity, as a function of the number N of absorbing atoms per cm.® 
of the sun’s photosphere, according to Minnaert and Mulders {Zeits.J. Astrophys. 2). 
A — exponential absorption ; B — combined absorption and scattering (Eddington) ; 
C = pure scattering. Crosses represent observations. 

t Monthly Not, 84 (1929), 620. 
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Fig. 14. Total intensity R of Fraunhofer lines as a funetion of the number of 
absorbing atoms a):»ovo the photosphere, aecordirig to Minnaert anrl Slob (/Vee. K. 
Afcad. V. Wclens. Anustvrdam, 34, no. 4). The j)aram(4er a of the curves is giv'en by 
a — 8Xsj'{2ni /kT), where IttS is the damj>ing constant as cleflnod in § 33, A is the wave- 
length, T temperature, ami the atomic mass. The theory on which the calculations 
were based is that of Panneko(*k (cf. § 4.5). 'fhe euiwes show well the t}ir(M> regions of 
the intensity, where R is proport ional to .Y, nearly independent of A', ami j)roportional 
to ^JN. 'fho importance of the dain})ing constant is also wull brought out. 

As an illustration to tliis work we reproduce two diagrams taken 
from the papers in question. 

53. Test by Observational Data 

In the paper of Minnaert and Mulders observational material on 
the intensities of lines in the sun were given and comjiared with 
the theoretical curves. It appeared that the observational material 
illustrated the whole run of the curve, from the square root law for 
strong lines to the direct linear relation for weak lines. This latter 
part of the curve is not accessible in ordinary laboratory experiments, 
and this discloses an interesting case of superiority of astrophysical 
methods. 

It was an interesting outcome of the work of Minnaert and Mulders 
that it yielded an observational value of the average damping con- 
stant of such lines as were strong enough for the square root law 
to hold. The value found by them was about nine times larger than 
that corresponding to the classical theory. There is no particular 
reason for expecting the damping constants to approximate very 
closely to the classical value corresponding to a harmonic oscillator, 
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and Minnaert and Mulders tried to show that the damping by tran- 
sitions from both states of the lines would be sufficient to exj)lain 
the observations. But some doubt was left over whether there might 
also be present some effect of collisions. 

Pannekoekf made careful observations of the intensities of absorp- 
tion lines in the spectrum of Dencb from spectrograms obtained at 
the Dominion Observatory at Victoria, B.C. Again the observations 
showed a good agreement with the tlieoretical curves. Tlie damping 
constant obtained from this analysis came out even larger than for 
the lines discussed by Minnaert and Mulders. This fact mihtates 
against the idea that collisions can play any part in the damping, as 
Deneb is a typical super-giant, with a correspondingly vastly more 
tenuous atmosphere. Furtlier progress in tliis problem would seem to 
be dependent upon actual calculations of the damping constants 
from the quantum theory. 

54. Analysis of Line Intensities by Adams and Russell 

It is clear that if it can be proved that the total intensity of a 
spectral line is a unique function of tht^ concentration of the ])articular 
atom in the atmosphere, and various atomic constants, the analysis 
of total intensities will provide a new high road to the analysis of 
stellar atmospheres. As we shall see later, conditions are somewhat 
more involved, but as a first approach to the ])roblem the assumption 
of a simple relation between the intensity and the relevant A,/, and 
S may be permissible. 

This idea was the starting-point of a well -conceived piece of work 
planned by Adams and Russell J before any thorough theoretical 
work on total intensities liad been done. These authors were not 
aware of the role played by the damping constant, and assumed the 
intensity to be a unique function of the product Nf. As we have seen 
above, this assumption holds good only for lines which are so weak 
that their profile is essentially determined by the thermal Doppler 
effect. Otherwise this work corresponds to a certain mean value of 
the damping constant for all lines in use. 

The work of Adams and Russell |i was based on the estimates of 
solar line intensities given by Rowland. These estimates are on an 
arbitrary scale, which must be calibrated in terms of the energy units 

t Proc, /i. Akad. v. Wetens. Amsterdam^ 34 (1931), no. 6. 

i Astrophya, J, 68 (1928), 279. 

li H. N. Russell, W. S. Adams, and G. E. Moore, ibid. 68 (1928), 271. 
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to be used before any conclusions can be based on them. This calibra- 
tion was made by means of the tlieory of intensities in multiplets. In 
the case of a multiplet where all lines have the same initial state, 
we know that the N'b are all ahke, and the variation in intensity 
must be due to the accompanying factor / since the variation in 
damping constant was ignored. If the multiplet is of the narrow 
type, it does not matter much whether the initial state is the same 
for all lines or not, since the variations in iV^-valucs must then neces- 
sarily be small. Since the solar spectrum contains at least 12,000 
lines, it is not difficult to find suitable multiplets in all parts of the 
spectrum. 

This calibration being effected, Adams and Russell went on to a 
comparative study of line intensities in the sun and in the stars. For 
this purpose spectra of the sun and the stars were secured by the 
same instrument and on the same scale, so the spectra could be 
compared directly in a stereo-comparator. By means of the cali- 
brated intensity scale of the solar lines it was then possible to find 
the relative abundance of the atomic states in question. Denoting 
the ratio of corresponding N's in the stars and in the sun by AJ., the 
excitation energy of the lower state of the line by X^, and the 
temperatures of the star and the sun by T' and T respectively, we 
have by Boltzmann's principle 

logiV; = const. + 

to a first approximation. In so far as it is permissible to assume the 
same value of T and T' for all lines in a spectrum this formula de- 
mands a linear variation of logX^ with X,.. This question has been 
discussed by Adams and Russell on the basis of an extensive material, 
and it appears that the requirement is in a fairly close correspondence 
with facts. In particular, since the coefficient of X^jk is positive or 
negative according as the temperature of the star is larger or smaller 
than the temperature of the sun, we should expect log AJ. to increase 
with increasing X^ in the first case and to decrease in the second. 
This requirement agrees with the observations. 

On the other hand, it is not to be expected that the discussion of 
Adams and Russell can be trusted when it comes to the finer points 
of the theory, both because of the assumed universal relation between 
intensity and the product Nf only, and also because the discussion 
makes no distinction between principal and subordinate lines. But 
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the attempt in question is nevertheless very interesting as an im- 
portant piece of pioneering work in this field. 

Russell t has also attempted to use the calibration of the Rowland 
scale for a large scale determination of abundance in the solar atmo- 
sphere. For this purpose it is obviously necessary to know the values 
of the oscillatory strengths of all lines in question. As this is far from 
being the case, Russell had to satisfy himself by tabulating the 
product Nf itself. But even so the results might claim some interest, 
as the abundance of different elements arrived at in this way showed 
a distinct parallelism to the abundance of the elements in the earth’s 
crust, apart from a few discordant cases. The main results will be 
apparent from the diagram given in Fig. 15. 



Fia. 15. Abundance of the elements in the solar atmosphere, according 
to Russell {Astrophys. J. 70). Ordinates are logarithms of the abundance, 
and abscissae atomic numbers. Reliable results are marked by black dots, 
and the less trustworthy ones by open rings. 

t Astrophys. J. 70 (1929), 11. Cf., however, also Nature, 135 (1935), 1047, where 
Russell expresses himself with reserve about conclusions based on the multiplet calibra- 
tion of Rowland’s intensity scale. 
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THERMAL EXCITATION OF STELLAR ATMOSPHERES 


55. Preliminary Considerations 

For the interpretation of the main features of stellar spectra it is 
sufficient to base the discussion on the tlieory of total intensities 
developed above. On following tlie variation of intensity of a single 
line through different spectral classes it is then sufficient to know 
that the intensity is some function of N whicli increases with in- 
creasing N. The fact that at low intensities the temperatuni of the 
atmosphere will enter the j)roblem also through the thermal Doppler 
effect can be considered as a second-order effect. 

The theory was admittedly applicable only to resonance lines. But 
in the present case little hesitation may be felt with regard to an 
extension of it to lines in general, since the main point in question is 
the fact that a functional dependence of intensity on N exists, and 
that an increase in N will entail an increase in intensity. In order 
to obtain a general impression of the intensity of a definite line on 
passing through the spectral classes, it suffices to derive a theoretical 
expression of the corresponding N in its dependence on density and 
temperature. 

Before proceeding farther with this problem it is necessary to 
consider some auxiliary hypotheses concerning the way in which 
different elements are kept mixed in the atmospheres. In the sun 
it has been found that the elements are partially separated out by 
gravity, although far from the extent to be expected from Dalton’s 
law, and also with some conspicuous exceptions, notably calcium 
and strontium. We have provisionally no corresponding knowledge 
of the stellar atmospheres, and must consider whether this will 
introduce marked uncertainties in the result. 

Assume first that all elements are evenly intermixed. Denote by 
the number of free particles of the ith kind per cm.^ above the 
photosphere, and by N the total number in the same volume. A 
particle of the ith kind has a mass and a relative abundance 
of r^. If Pq is the total pressure in the photospheric level and g the 
acceleration of gravity, we have 

Pq ^ Nmg, N = ^ 

i i 
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The relative abundance is a constant throughout the atmosphere, and 
we have 

N (93) 

m.g 

Consider next the case when each element is distributed inde- 
pendently of the other elements. This state is cliaracterized by the 
fact that each element obeys the hydi*ostatic law 

Pi = NiniiCj, 

where 2)i partial pressure of the ^th element. Hence follows 

N = ^ = (94) 

-Mig 


where r\ is the relative abundance of the element at the photospheric 
level. Comparing tlie formulae (93) and (94) we notice that the 
difference between the two cases consists in the fact that for an even 
intermixture of elements the average molecular weight m is sub- 
stituted for the individual molecular weight nii. Moreover, only the 
relative abundance in the atmosphere appears in the formulae, while 
in the case of gravitational separation of the elements the relative 
abundance in the photospheric level apjiears explicitly. In this 
latter case it is therefore possible, besides the average relative 
abundance given by the ratio of two iV^- values, also to determine the 
relative abundance in the photospheric level. 

In the following survey of the spectral classes we shall assume the 
elements to be evenly intermixed. How far it is possible to detect 
deviations from this state of things will be discussed on several 
occasions later. 

In the theory of solar lines the coefficient of continuous absorption 
was assumed proportional to density (constant mass absorption 
coefficient). This assumption was introduced for simplicity, mainly, 
and because it is known to hold under terrestrial conditions, and so 
forms some sort of transition to stellar cases. It has become clear, 
however, that the problem of continuous absorption is of far greater 
importance when it comes to the interpretation of stellar data, where 
minor changes in the assumed coefficient of general absorption may 
lead to very different results. The reason for this is clear. The 
coefficient of general absorption determines the depth of the stellar 
atmosphere which is accessible to observation from the earth. The 
smaller the general absorption, the farther we see into the star, and 
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the greater diversity the atmosphere may be expected to exhibit. 
The problem of the continuous absorption coefficient is therefore 
fundamental for stellar theory. To derive an expression for this 
coefficient on purely theoretical grounds is, however, such a difficult 
problem, that it is a better procedure to proceed in successive steps. 
We consider first the problem by assuming the simplest possible 
expression for the coefficient, and then afterwards try to find out from 
observations and theory in combination what may be said about 
the problem. We therefore proceed provisionally with the original 
formulae. 

56. Electrically Neutral Atoms 

With the limitations accepted the task of the theory consists only 
in the calculation of W- values for atoms of different atomic weights 
and in various stages of ionization and states of excitation. In order 
to be able to do this some further simplifications must be admitted. 
First of all, it is necessary to assume the temperature to be con- 
stant in the atmosphere. This approximation is the most serious 
one, since the temperature influences the ionization and the state 
of excitation through exponential factors. It will also be convenient 
to work with an average value for the electron density, and to assume 
the atmos])here to be in hydrostatic equilibrium. 

Consider first lines belonging to electrically neutral atoms. It is 
then usually sufficient to consider the first stage of ionization only, 
since higher stages of ionization will have a small probability as 
long as the neutral atoms persist in appreciable quantities. 

Let Uq and denote the number of neutral and singly ionized 
atoms per unit volume at a certain level of the atmosphere, and let 
denote the corresponding electron density. Using the simplified form 
of the partition function adopted in the corresponding applications 
to the sun we have 

_ 2{2niMkT)ilh^), 

71q 

where x denotes the first -stage ionization energy and m the ratio of 
the weights of the lowest energy stage of the ionized atom to the 
lowest stage of the neutral atoms. The total density of the atoms 
is now . r 

\ 
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Let Xi denote the energy of ionization of the ^th quantum state of 
the neutral atom and w.i the ratio of the weight of the ith to the 
lowest state. The number of atoms in this state is then approximately 

fii = noV7ie-<x-x,)lkT^ 


or eliminating tIq by the preceding equation 

rii =: . 


Let 2 denote the height of the level under consideration above the 
photospheric level. The iV'-value for the state in question is then 
expressed by the integral 


iv;- - 


nr 


dz. 


Let j) denote the total pressure at the given level, and r the relative 
abundance of the given element. The equation of hydrostatic equili- 
brium is then 

dp = — —gndz. (95) 


Assuming the temperature constant through the atmosphere, and 
denoting by a certain mean value of the electron density, the 
above expression of assumes the form 

iV = (96) 

mg \ n, / 

where as usual denotes the total pressure at the photospheric level. 

The last problem to solve is now to determine the depth of the 
photospheric level, so that p^ may be calculated. It is here that a 
knowledge of the coefficient of continuous absorption is essential. 
Adhering to the earlier simple hypothesis we assume this coefficient 
proportional to the density, which is the same as proportionality 
with n, since we have assumed all elements evenly intermixed. 

We therefore write ^ 
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where Kq is a certain constant. Using the equation of hydrostatic 
equihbrium (95) we find for the optical depth of the photosphere 

Tq — ^ K^dz 

which defines Let us pause for a moment at this relation. Since 
To is obviously the same for the photospheric levels of all stars, the 
above relation states that 2h is proportional to g. This result is a 
direct consequence of the assumed proportionality of Kq to 7i, In 
the case of actual stars, however, the coefficient Kq will be a more com- 
plicated function of density and temperature, and the expression for 
tq accordingly a complicated function of which also involves the 
temperature. Solving this equation for and introducing in (90), the 
dependence of N.^ on temperatm-e is affected, and, what may be of 
greater consequence, iV^; becomes a function of the surface gravity g. 
In the above simple case g drops out, since N.i depends only on the 
ratio PoJg, which also enters the expression of tq. Eliminating pQjg 
from (90) and (97) we find in fact 

K = ^ m, e--(x-x,)/w/ ] + 4^ (98) 

'^0 \ I 

which is independent oig. This then holds also for the intensity of the 
line starting from the ith level. This means that the intensity will 
be the same for giant and dwarf stars, provided they have the same 
temperature and relative abundance for the elements. The fact that 
many lines do exlubit marked differences on passing from dwarfs to 
giants indicates strongly that the dependence of the coefficient of 
general absorption on density is more complicated than assumed 
above. The fact that these differences are on the whole small 
indicates, on the other hand, that the simpler theory will suffice for 
a first survey of the spectral classes, when ignoring the splitting-up 
of the sequence into parallel series. 

We shall therefore consider the variation of wdien the tempera- 
ture increases from zero to a very large value. In very cold stars 
the matter is complicated by the fact that many atoms will enter 
into molecular combinations, so that before an clement can make 
itself felt by the presence of an atomic line, the temperature must 
have become sufficiently large for the dissociation of the molecular 
compounds. But for the moment we assume the element to remain 
in the atomic state throughout the range of temperature under 
consideration. 
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57. Intensity of Arc Lines 

Take first the case of subordinate lines of neutral elements, like 
the Balmer lines of hydrogen, for example. From the expression ( 98 ) 
for it follows that with increasing temperature the intensity will 
increase initially, but by and by more slowly, and finally reach a 
maximum, after which it will decrease uniformly for still higher 
temperatures. t The reason for this b(‘liaviour is clear enough. That 
the intensity will be zero in the beginning is due to the fact that 
there are not sufficient atoms in the excited state. By increasing 
temperature more and more atoms wander over into excited states, 
and an increasing intensity results. But finally ionization of the 
atoms sets in, and this tends to reduce the number of atoms in 
the right state for the absorption of the line to be possible. When this 
effect just balances the other, the maximum is reached. The final 
folling-oflf of the intensity is due to advancing ionization. 

58. Intensity Maxima of the Lines 

The preceding considerations were in principle first advanced by 
the Indian -jiliysicist Megh Nad Saha,| who in this way became the 
founder of a rational theory of the spectral classification of the stars. 
However, the theory of Saha was brought into a much more precise 
form by Fowler and Milne. || These authors contributed to the 
advance of the theory esjiecially by developing a theory for the 
determination of stellar temperature by finding out in which spectral 
class a given line attains its maximum intensity. Saha had earlier 
tried to find a method of temperature determination by considering 
the marginal disappearance of the lines. But the conditions making 
a line disappear are not determined by temperature alone but are also 
dependent on relative abundance. The determination of the maximum 
intensity of the line, however, is independent of abundance, provided 
only it remains the same in all stars under consideration. 

Before considering the maximum value of it is necessary to 
decide how the electron density is likely to vary with T. This 
brings another uncertainty into the calculations. It may be partially 
met by assuming to be proportional to where w is a constant. 
It will appear from the final formula that, provided a power law for 

is permissible, the exact value of m will matter but little. In the 

t One must remember the dependence of on T, 
t Proc. Roy. Soc. A, 99 (1921), 135. 

II Monthly Not. 83 (1923), 403; 85 (1924), 499. 
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work of Fowler and Milne the electron pressure was assumed to 
remain constant through the spectral classes, which corresponds 
to m — — 1 . 

Proceeding in the usual way we find as a condition for the maxi- 
mum value of 

. {xiMl -ni)kTy2(2^tJcnvr 
iX-XiW 

This equation gives the temperature at maximum intensity as a 
function of ionization energy of the atom and the excitation energy 
of the line. But the exponential factor dominates to such a degree 
that the most characteristic feature of the equation is a displacement 
of the temperature at maximum nearly proportional to the ioniza- 
tion energy. 

This is also in good agreement with the facts. At a temperature 
of about 3,000-4,000'^ the ionization potential of the elements 
dominating the spectra is of the order of 0 volts. At a temperature of 
about 10,000 degrees the ionization potential of the dominant elements 
is 14 volts (hydrogen), and at twice this temperature the spectrum is 
dominated by helium, which has an ionization potential of 24 volts. 

Table 3 


Resonance Lines in Stellar Spectra^ 


El A 

El. A 

El A 

Li 6707 

V 4333 

Zr 4496 ? 

Na 5896 

Mn 4034 

4392 

6890 

4033 

Mo 3903 

A1 3962 

4031 

3864 

3944 

Co 3454 

3798 

K 7699 

3405 

Ag 3383 

7665 

Ni 3415 

3281 

Ca 4227 

Cu 3274 

In 4511 

Sc 4247 

4348 

4102 

3652 

Ga 4172 

Sn 3262 

Ti 5065 

4035 

Ba 5536 

5040 

Rb 7948 

La 3949 

5014 

7800 

Pb 6068 

CO 

CO 

Sr 4607 

3684 


The simplest case is met with in resonance lines. In this case 
the excitation energy x^Xi vanishes, and there is no maximum 
for the lines, which will decrease uniformly in intensity with in- 
creasing temperature. This fact forms a simple test of the theory, 
which corresponds completely to facts. The only notable exceptions 
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to the rule are due to the fact that the elements in question enter 
into chemical combinations at low temperatures, so that conditions 
are intrinsically different from the assumptions underlying the above 
formulae. All resonance lines known to appear in stellar spectra are 
collected in Table 3. 

59. Intensity of Spark Lines 

The run of the intensity of lines due to ionized atoms resembles in 
a general way that of subordinate lines of neutral elements in that 
the intensity increases to a certain maximum, and then declines. 
This holds both for resonance lines and subordinate lines, but the 
maxima of the latter lines will differ from the other by being flat and 
ill defined. That this time even the resonance lines must show a 
maximum is obviously due to the fact that the atoms must first reach 
the stage wlum ionization sets in before the lines can appear. The 
decline in intensity at high temperature is due to second-stage 
ionization. The same consideration will reappear for lines due to 
higher stages of ionization, so little further insight is gained by 
considering such lines in detail. We shall therefore limit the con- 
sideration to first -stage ionization only. 

It is now necessary also to take into account the atoms having lost 
two electrons. Tlie number of such atoms per unit volume will be 
denoted by Wg, and the corresponding partition function by /g. This 
time there will be two equations for the equilibrium state, which may 
be taken to be 

_ fife and == . 

^0 /o % fi 

Since higher stages of ionization will be neglected, the total particle- 
density of these atoms will be 

n =- TiQ+nj^+n^. 

Eliminating tiq and Tig from these equations we find 

In exactly the same way as before it follows from this equation that 
the corresponding A- value for an excited state i of the ionized atom 
is given by 

Jl 

where denotes the energy of the state in question, and the 
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weight. The two averages of the electron density which figure in this 
equation are strictly speaking different from each other. But this 
difference will be ignored here, since the whole theory is only in- 
tended to give orders of magnitude. 

It would lead us too far afield to discuss a large number of different 
cases encountered in tlic theory of spark lines in stellar spectra. We 
shall here limit the consideration to the case of resonance lines which 
fall within the part of the spectrum accessible to observation in 
astronomy. The lines which belong to this class are 

Ca+ 3934, 3908; Sr+ 4216, 4078; Ba+ 4934, 5354. 

The fact that these fines are resonance fines in the accessible part 
of the spectrum entails a separate treatment, because for this to be 
possible the first excited state of the atom must be situated abnor- 
mally near to the ground state, so near in fact that its representative 
term must be preserved in the corresponding partition function. 
This fact, which was first clearly pointed out by Fowler, f has the 
consequence that the rise of these fines to a maximum and their 
subsequent falling off is not primarily due to second -stage ionization, 
but much more to excitation to the first excited state. In so far as it 
is only the question of the calculation of the maximum intensity it 
is therefore legitimate to neglect the second-stage ionization, that is 
neglect and/g in our formulae. But it is necessary to amplify the 
earlier approximate expression of by adding a second tenn : 

where the second term refers to the first excited state of the ionized 
atom. The expression of then assumes the form 
^ _ ttq 

^ ~ Xo ifl+nefolfe)’ 

and the corresponding maximum condition becomes 

on assuming as before that the electron-density varies proportionally 
to and using the usual approximate expression for/Q*. 

/o = 

Provided the denominator of this expression does not become excep- 
tionally small, this relation demands approximate proportionality 


t Monthly Not, 85 (1925), 970. 
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of T with as was to be expected. The numerical discussion 

of the formula shows, however, that using the value of derived 
from maxima of ordinary arc lines, the temperatures at maximum 
are found to be smaller than those actually observed. This fact has 
been interpreted by Fowlerf to mean that these lines originate in 
high strata of the atmosphere, where the temperature as well as the 
electron-density arc smaller than in the deeper strata involved in the 
production of the arc lines. This is a special case of a general pheno- 
menon, which manifests itself on several occasions in the analysis of 
stellar atmospheres, and particularly in the case of the solar chromo- 
sphere. This fact gives a first clue to the distribution of temperature 
and density in the stellar atmospheres. 

60. The Rate of Fading -out of the Lines 

The j)rcceding considerations have been limited to regions in the 
vicinity of the intensity maximum. This is the sole reason why it 
has been possible to take into account only two or three stages of 
ionization. When considering the falling-off of intensity past maxi- 
mum conditions are rather different, because then the intensity will 
depend intimately upon the ease with which the remaining electrons 
may be removed from the atom. This was first pointed out by 
Fowler. t The following simide example will serve to illustrate the 
point. 

Assume that the surface group of the atom consists of q electrons. 
The electrons of the succeeding group we assume to be so firmly 
bound that ionization of this group plays no part. Denote as usual 
the number of un-ionized atoms in unit volume by and the number 
of atoms having lost all q surface electrons by The equations of 
dissociative equilibrium then reduce to 


" %\fe} • 

When most of the atoms have lost all q electrons will be approxi- 
mately proportional to total density or pressure of the substance. 
To a sufficient approximation the ratio fjf^ has the form 

JQ 

where A is a certain constant and x l^he total ionization energy of 


t Monthly Not, 85 (1925), 977. 
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the electron group in question. Assuming as usual proportional 

const Mg 


to we have 


nn = 


Comparing this expression with the corresponding expression for 
atoms containing a single electron of ionization energy x will be 
reahzed that the falling-off of intensity after the passage of maximum 
intensity will become all the more rapid the more electrons there are 
in the group. This argument holds only as long as |— m is positive 
and does not become very small in comparison with unity. 


61. The Electron Density 7\ 

Thus far there has been no question of the absolute value of the 
electron density 7\. It is of great interest, liowever, perhaps the 
essential interest in the case, that the condition of maximum intensity 
permits a calculation of this quantity when the temperature of the 
stars in which maxima are found is determined. In Table 4 there is 
collected a series of such calculated values of ?T^. 

Table 4 


The ElectroTi Density 


Element 

Spectrum 

Te 

X 

X- 

Xi 

log Hg 

Mg-»- 

A 3 

9,000 

14-97 

8-84 volts 

12-90 

Ca 

Ma 

3,000 

6-09 

1-88 

>» 

11.02 

Ti 

K2 

3,500 

6-80 

0-85 

>> 

12-12 

Cr 

K5 

3,000 

8-24 

0-96 


10-14 

Mn 

KO 

3,500 

7-40 

2-31 


11-01 

Zn 

0 0 

5,600 

9-35 

4-04 

>> 

11-91 

Ca+ 

K 0 

4,000 

11-82 

0-00 

99 

11-67 

gr+ 

X2? 

3,500 

I 10-89 

0-00 

99 

10-62 

Ba+ 

MO? 

3,000 

9-96 

0-00 

99 

10-05 

Mg 

KOI 

4,000 

7-61 

2-69 


11-51 


The most impressive feature of this table is probably the fact that 
the electron -density is so small. Even the largest of the tabulated 
values is more than a million times smaller than the number of 
molecules in a cm.^ of air at ordinary temperature and pressure. 
This result was already derived for the case of the sun, but here it 
appears to be a general feature of all stars. There is some tendency 
towards a rise of the electron -density on passing towards hotter stars, 
which perhaps would justify a slightly positive value of m in our 
equations. But practically speaking the table suggests a constant 
average value of as the fluctuations may just as well be due to 
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differences lietween level of arc lines and spark lines, or similar 
individual properties of the lines. 

Tl)e order of magnitude derived above for the electron-density, 
by the method of Fowler and Milne, received independent confirma- 
tion from an investigation of Payne and PToggt on the profiles of 
the //- and X-lines in stellar sp(‘ctra. These lines are so wide that 
fairly trustworthy profiles may be obtained even from slitless spectra. 
From such profiles Payne and Hogg derived X-values for Ca and Ca'^’ 
indep(mdently, and from the ratio of these values they calculated 
the electron -density in the manner shown in §51. The result was 
in fair accord with the value derived from the H- and X-lines in 
the sun. 


62. Giants and Dwarfs. Difference in Effective Temperature 

The abov(^ expression of th(^ electron -density at maximum may be 
used to illustrate the diffenmce in effective tein])erature between 
giants and dwarls of the same spectral class. This difference is in 
fact essentially diu^ to the diffex’ence in atmospheric density. The 
sjiectral class of a star is essentially determined by the state of ioniza- 
tion in its atmosphere, and the ionization is again determined by 
temperature and density. If we pick out a ty])ical element and keep 
its degree of ionization constant wdiile lowering the tcmjierature, the 
density must lie reduced too. A simple w ay of bringing this idea to 
a quantitative form is to consider the relation betw^een electron- 
density and temperature at maximum intensity of an arc line 


w,, - 

X—Xi 


which was given earlier. Let the above relation hold for stars in the 
main sequence, and denote by T'' the electron -density and tempera- 
ture at maximum for the same line in the giant branch. Since the 
difference in temperature is relatively small, we may neglect the 
difference caused by a transition to the giant in the factor linear in 
T, and only take account of the exponential factor. We then find 


^ _ ^iT'-T)lkTT' 

As an example we may consider the neutral iron lines, which reach 


t Harvard Ohs. Circ. 334 (1928). Cf. also O. Struve and C. D. Higgs, Astrophys. J. 
70 (1929), 131. 
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their maximum in class K 2. The effective temperature T and 7" 
may then be taken to be about 5,000° and 4,000° respectively. The 
ionization energy of iron is 1-3. lO”^^ erg. With these data we find 

10 - 3 , 

which gives a good idea of i lie difference in density between giants 
and dwarfs. 

63. Determination of Temperature from Intensity Maxima 

When the run of the electron density through the spectral classes 
has been determined, it is j)ossible, as was first emphasized by Fowler 
and Milne, to reverse the procedure and to use tlie condition for 
maximum intensity as a means of determining stellar temperatures. 
This method is of special interest in the case of early type stars, where 
ordinary methods of temperature determination become largely 
illusory. We give in Table 5 as an illustration some such ‘ionization 
temperatures’ of O and B stars. 


Table 5 

Temperature from Intensity Maxima 


Element 

Xq 

Xo-Xi. 

Spectrum 

Temperature 

He 

24-48 

20*88 

R3 1 

16,000 


24*28 

18*0 


16,000 

He+ j 

54-2 

48*2 

0 

35,000 

Si^+ j 

31*7 

4*8 

in~B2 

18,000 


45*0 

24*0 

0 

25,000 


64. Abundance of Elements in the Stars 

The preceding considerations were on the whole independent of the 
relative abundance of the elements, provided the abundance is the 
same for all stars, and all elements well mixed at all levels. However, 
considering the fading out of the line past the intensity maximum, 
the relative abundance will obviously play a part, and it should be 
possible from the relative persistence of the lines to determine the 
relative abundance. This idea was first advanced by Milne, and 
Paynef made an attempt to determine the relative abundance of the 
elements on this basis. The result is given in Table 6, together with 
corresponding figures derived by Russell for the sun. 


t Harvard Ohs. Mono. 1 (1925), 184. 
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Table 6 

Relative Abundance of Elements in the Stars and in the Sun 


Element 

LogN 

Element 

LogN 

\ 

Star 

Sun 


1 Star 

Sun 

H 1 

12-9 

Jir> 

Oa 

6-7 

6-7 

He 

JO -2 


Ti 

6-0 

5-2 

Li 1 

1-9 

2-0 

V 

4-9 

5-0 

C 

6-4 

7-4 

Cr 

; 5-8 

6-7 

0 

8-0 

9-0 

Mn 

C’O 

5-9 

Na 

71 

7-2 

Fo 

6-7 

7-2 

Mg 

7-5 

7-8 

Zn 

! 0-1 

4-9 

A 1 

6-9 

6-4 

8r 

3-5 

3-3 

8i 

7-5 

7-3 

Ba : 

3-0 

3-3 

K 

5-3 

6-8 


I 



It appears from these figures that the relative abundance of 
elements in the different stars and in the sun show great similarities. 
This result does not preclude considerable differences in abundance 
between different stars. But the cases in point are rare, and are 
essentially found among exceptional stars of very high or very low 
temperatures. 

Taking the table on its face value, it brings out forcefully the fact 
that the most abundant element in the cosmos is hydrogen, with 
helium coming in a belated second. All otlier elements are from one 
hundred thousand to several hundred million times less abundant. 
Even if very great errors be admitted in tliese figures, there is no 
escape from the conclusion that the stellar atmospheres are primarily 
made from hydrogen, with a moderate admixture of helium, and 
an insignificant amount of other elements. We shall find several 
occasions by and by which will serve to bring this fact out in still 
greater relief. 



XIII 


THE OPACITY 

65. Various Causes of Opacity 

The low value of the electron-density obtained for the reversing 
layer raises the pertinent question as to tlie origin of the opacity of 
a stellar atmosphere. In many stars the number of free electrons in 
the atmosphere is of the same order of magnitude as the number of 
atoms, and a low electron -density means therefore a low density of 
matter. The opacity of a stellar atmosphere must tluTefore be much 
higher than that of the terrestrial atmosphere where the mass per 
cm.*^ exceeds by many millions the corresponding mass above the 
photosphere of a star. 

The answer to tins question is to be sought in dillerences of 
chemical constitution and of temperature. A short survey of tlie 
absorption of radiation in our own atmosphere will indicate the scope 
of the problem also foi* other cases. 

Beginning w^ith very long W’^aves in the broadcasting band we know 
that the main source of interference wdth the linear propagation of 
electromagnetic waves is due to the ionization in the Heaviside- 
Kennelly layer at about 100 km. height, and the successive layers at 
greater heights. The ionization in question is due to the ionizing 
action of ultra-violet solar radiation. The reflection of the waves at 
the lower boundary of the layer demands that the wave-length is 
large in comparison with the distance between neighbouring electrons. 
This condition is also necessary for a strong interference to take 
place, regardless of a reflection, because it conditions the addition of 
the amplitudes of the light scattered from all electrons in a volume of 
the order of the cube of the wave-length. When the wave-length is 
small in comparison with the distance between contiguous electrons, 
the squares of the amplitudes will be added, which demands a very 
great drop in the scattered intensity. The passage of waves through 
this layer is also strongly dependent on the density of the air, and the 
momentary height of the layer. In fact, the air-density determines 
whether the waves will be actually absorbed, or merely scattered 
without loss of total intensity. The magnetic field of the earth also 
plays a part here. 

The effect of free electrons on the passage of electromagnetic waves 
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in the atmosphere appears to cease when the wave-length is shorter 
than a few metres, which then means that this is the order of magni- 
tude of the distance of neighbouring free electrons in the ionized 
layer, and it so happens that in this region there will also be approxi- 
mate equality of the time spent by an electron on a free path, and 
the period of the wave, so that true absorption is certainly insignifi- 
cant for shorter wave-lengths. At any rate, there is no reason to 
suspect that the free electrons in the Heaviside layer will exert any 
jierceptible influence at all on the passage of ordinary light. In the 
visible region the continuous absorption is essentially due to Rayleigh 
scattering by the air molecules which necessarily accompanies the 
dispersion of light. Averaged for all wave-lengths this extinction 
amounts to about a quarter of a magnitude, f and is thus comparable 
with the general absorption in a stellar atmosphere. However, the 
mass of gas per cm.-^^ of the terrestrial surface exceeds by thousands 
of times the mass overlying the photospheres of most of the stars. 
It is therefore not possible to explain tJie o^jacity of the stellar 
atmospheres as Rayleigh scattering by molecules or atoms with 
the same dispersive ])ower as ordinary air, and it looks improbable 
that the substitution of other elements for air will change the 
order of magnitiidc of the result. But the possibility may be kept 
in mind. 

Finally, there is the strong absorj^tion to be considered which sets 
in at about 2,900 A., and after passing a strong minimum at about 
2,100 A. sets in with new force at about 1,800 A. This absorption is 
due to oxygen, first in the form of O3, which is responsible for the 
first band, and then to O.y, which absorbs from 1,800 A. and towards 
shorter wave-lengths. In both cases there is a mixture of line absorp- 
tion and continuous absorption, and a dissociation of the molecule is 
involved. For still shorter wave-lengths a new absorption sets in, 
which is accompanied by ionization of the molecules, and which is 
responsible for the maintenance of the Heaviside -Kennelly layer. 

Turning next to the analogous problem of the stellar atmospheres, 
we must expect the same agencies to be responsible for the opacity, 
due regard being paid to the effect of different chemical constitu- 
tion, temperature, and density, and the consequent different state 
of excitation and ionization. 

Beginning with the long wave-length end of the spectrum we must 
t Cf. Pertner-Exner, Meteor ologUche Optik, 2nd ed., p. 747. 

3696.15 -Q 
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expect that the passage of radiation will be effectively blocked up to 
a certain limiting wave-length, where the opacity will fall off rapidly. 
Due to the strong ionization of the stellar atmospheres we must 
expect this limit to be displaced towards shorter wave-lengths as 
compared with conditions in the atmosphere of the earth ; but it seems 
a priori clear that the difference cannot be large enough for this kind 
of absorption to dominate altogether. Provisionally we may there- 
fore feel certain that the principal part of the opacity will have a 
different origin. 

The effect of Rayleigh scattering has already been deemed im- 
probable. Since molecular combinations are rare in most stars, there 
is no reason to expect absorption bands like those due to O.y and 
to play any part in the majority of the stellar atmospheres. 

There remains as the only probable source of opacity the absorp- 
tion beyond the series limit of the atoms, which is usually termed the 
photoelectric effect. 

In our atmosphere this absorption is confined to the far ultra- 
violet, but this is essentially a temperature effect. Raising the 
temperature of the gas, more and more atoms will be found in excited 
states, the absorption of subordinate lines will show u]) and tlie 
continuous absorption at the limits of the subordinate series must 
become of importance. A single instance of this sort of absorption is 
directly shown in stellar spectra by the series-limit absorption of 
hydrogen, which is prominent in early A stars. 

The continuous absorption responsible for the opacity of the 
atmospheres in the visible region must be connected with series in 
the infra-red, like the Paschen series and the Brackett seiries of 
hydrogen. The strength of this absorption will depend very much 
on the abundance and the state of ionization of the elements, and 
will require separate consideration. 

We shall take it for granted that series-limit absorption is the main 
cause of general absorption, and follow up some consequences of 
this hypothesis. 

On following the intensity of a particular line through the spectral 
classes, the dependence of the absorption coefficient on frequency 
does not come in, as the frequency remains the same. The important 
thing is the dependence on density and temperature. This latter 
will turn out very different according to the state of ionization and 
excitation of the active constituent. 
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The following cases are of special interest; 

1. Absorption by the main constituent in its normal state. Degree 
of ionization very small. Then practically every atom present is 
able to absorb, and the mass absorption coefficient of the medium 
is practically constant. This is, for instance, the case of the oxygen 
absorption in our atmosphere in the ultra-violet. 

2. The ionization is so far advanced that the neutral atoms, which 

are responsible for the absorption, are in minority. Denote as usual 
by and the numbers of neutral and singly ionized atoms and 

free electrons per unit volume. The absorption coefficient per atom 
of the substance is then proportional to ^o/(^o+^i)' Writing the 
equation of dissociative equilibrium in (juestion in the form 


where K is a function of the temperature, it appears that the atomic 
absorption coefficient is proportional to 

If the ionization is so far advanced that Wj/(w,o+nj) does not differ 
much from unity, it appears further that the atomic absorption 
coefficient is proportional to the electron density. 

The fact that hydrogen is by far the most abundant element in the 
stellar atmospheres might suggest that this element is responsible 
for the general absorption. If that is the case, the above con- 
siderations must apply, and the mass absorption coefficient must 
be independent of density for stars of types later than A say, 
while in B, and 0 stars it must be proportional to the electron 
density. 

3. As in 2, the ionization is so far advanced that the neutral atoms, 
which are responsible for the absorption, are in a minority, but the 
absorbing element has the relative abundance r, where r is small in 
comparison with unity. If r is constant through the atmosphere and 
from star to star, there will be no difference from the preceding case: 
the mass absorption coefficient will be independent of density for low 
temperatures and proportional to electron density at high tempera- 
tures. 

4. The absorbing atoms are singly ionized, and the element has the 
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relative abundance r. The mass absorption coefficient is then propor- 

ja„ K 

^0 + % ^0 + %^/ 

For low temperatures, when the neutral state is the most abundant, 
the absorption coefficient is inversely proportional to the electron 
density. As the temperature increases, % becomes the most abundant 
constituent, and the coefficient tends to become independent of 
temperature. The conditions are thus reversed from the earlier case. 

According to this analysis we should expect to find absorption 
bands in the spectra of the stars, corresponding first of all to the head 
of the Balmer series, at 3643-39, at the head of the Paschen series at 
8205-82, as well as at the heads of numerous scries due to metallic 
atoms. The alkalis, in particular, have well-known series limits in 
the accessible spectral region. 

It has long been known that the absorjition at the head of the 
Balmer series is apparent in the spectra of ..4 stars, but this is about 
the only indication of series-limit absorption we know in astro- 
physics by direct observation. Several investigators have looked for 
absorption limits in the solar spectrum without success. It is a 
remarkable fact that an absorption coefficient independent of the 
wave-length appears to give a good representation of facts for the 
sun, and the inconsistencies present are at least not such as would 
be relieved by introducing absorption edges. Minnaertf has searched 
carefully for traces of absorption edges corresponding to alkali 
series in the solar spectrum, but without success. The question is 
not quite easy to decide, as no sharp discontinuity is to be expected 
but an increasing crowding of the series lines, which then finally 
merge into a continuum in the region of the theoretical position of 
the series limit. But still this does not explain the absence of any 
trace of the limits in the sun. 

In order to save the assumption that series -limit absorption plays 
the dominant role WoolleyJ has suggested that its effect in the 
continuous spectrum of the sun may be masked by cyclic processes, 
which in the outermost layers produce a continuous emission tending 
to fill out the expected drop in intensity. 

Although we have seen earlier that cycles of this kind are likely to 
play a considerable role in the formation of spectra, one may feel 

t jR)dl. Astron. Inst. Netherlands, 7 (1934), 234. 
t Monthly Not. 95 (1934), 101. 
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some hesitation in admitting this as a probable solution of the 
present difficulty. But Woolley’s case is not so weak as it seems. In 
the nebulae the emission beyond the head of the Balmer series is a 
prominent feature, and many investigators have called attention 
to hiltra-violet appendages’ of early type spectra, which indicate that 
in certain cases there is an emission at the Balmer series limit which 
more than counterbalances the absorption in the emergent flux.*|* 


66. Theory of the Photoelectric Effect 

Although the evidence is a little conflicting wc may thus still be 
entitled to expect that scries -limit absory^tion will prove to be the 
main cause of continuous absorption in the stars. It is therefore of 
interest here to consider the y)rincipal points of the theory of series- 
limit absorption, which, moreover, is of interest also in other con- 
nexions, esy^ecially in tlic tlieory of nebulae, where conditions are more 
easily analysed. It is necessary to limit the theory to hydrogen, or 
hydrogen-like atoms. But this is no grave limitation, as hydrogen 
is the most im])ortant element in the stellar atmosyiheres, and most 
atoms will behave rather similarly in respect to continuous absorption. 

Returning to the theory of the hydrogen atom developed earher, 
w^e recall that the wave function of a quantized state of principal 
(|uantum number n, subsidiary quantum number L and magnetic 
quantum number m ma^^ in y^olar coordinates, be written down in 
the form 

N ^’(-<.2?+2,2r/r„)Pp(cos0)e™^. 


Here F is defined by 

F(a,b,z) 


r(b)^r(a+v)z^ 
r(a) Z r{b+v) vV 


r denoting the gamma function. The quantities Nq, are con- 
stants of normalization, and deyxmds on the energy E by the relation 


|rV(-2A) = 


1 

an 


where 


i _ ^ 

4:77^ fie^ Zl Z ’ 


that is, is the radius of the electronic orbit in the normal state of 


t c. S. Yii, Lick Ohs. Bull. 12 (1926), 104, 155; P. B. Gorasimovic, Harvard Ohs. 
Circ. No. 339; H. Kienle, Monthly Not. 88 (1928), 700. 
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hydrogen in Bohr’s original theory. Further, is given by 

n' = n—l—l, 

and the nuclear charge is assumed to be Ze. 

In the present case, when we are considering transitions to and from 
the continuum, the solutions corresponding to })ositive values of the 
energy are also needed . These solutions are derived by exactly the same 
methods as for the quantized states, and we therefore give the result 
directly: 


NLNnN, 


F(—n^, 2/4-2, (cos 


where 


K = 




(iK 


For the discrete states the factors of normalization are given by 








(2/+l)!w2 
^2' ' * Icf 


/( \ 

(w+O! /■ 


For the continuous wave functions and N 0 are the same as for 
the discrete, but the radial part will differ. This is not only because 
of the slightly different expression of the radial wave function in this 
case, but is due to the process by which the normalization must be 
carried out when the characteristic functions no longer form a dis- 
crete set. The correct procedure for this case was found by Weyl,t 
and may be summarized as follows : 

Assume that a function ^ may be expanded as a series of character- 
istic functions of the form 

^ = 2 %'Afc+ f yi^)4>E 

k *' 

We have here assumed the characteristic functions to form a discrete 
sequence i/jf. and a continuous sequence 0^. The continuous parameter 
E plays the same part as the discrete indices k, and the function 
y(E) plays the part of the totality of the coefficients a^. The integral 
in the above formula may evidently be written as the limit of a sum 


f y{E)4>E dE = lim 2 yiK) f 'ks dE. 

AiS„ = 0 n 

The integrals A„ ^ dE 


( 99 ) 


t Math. Ann. 68 (1910), 220; OOtt. Nachr., 1910, Cf. also E. Fues, Ann. d. PhyHk, 
81 (1926), 281, and M. Stobbe, ibid. 7 (1930), 669. 



191 


Chap. XIII, §66 THE OPACITY 

are called characteristic differentials, and may be directly compared 
to the characteristic functions They will, in particular, be ortho- 
gonal to each other and to the so that the function y{E) is given by 


where 



dr, 



both integrals being taken over the given ranges of the variable 
involved. 

Since y{E)(jj^^ must be of the order ^E it is natural to normalize 
the characteristic differentials by putting == AiJ, or 


lim 


, AM- HE 


sil J 


^ ^ dr ^ 1 . 


It is an important fact that the characteristic differentials cannot 
be written in the form 




as one would be inclined to do. This expression is in fact not equiva- 
lent to (99), because A,, i/r is not a uniformly continuous function of 
AiJ. The case of hydrogen-like atoms, which we are considering, 
shows this clearly. For very large distances from the nucleus our 
continuous radial wave function assumes the approximate form 


4’e 


r 


where E is the energy of the electron. It is not necessary to identify 
the parameter called E above with the energy, but it must be a 
function of this quantity. The simplest procedure in this case, how- 
ever, is to use the energy itself. Carrying out the integration involved, 
it will be seen that Aj/f contains a term of the form 

g2TriV(2p/A)AAJr//j 

It is here evidently not permissible to expand the exponential in a 
power series, and to retain only the first power in !S.E, because 
however small Ai? is taken, it is always possible to find a value of 
r which is so large that the exponent becomes a finite quantity. This 
is a general phenomenon affecting all characteristic functions forming 
a continuous sequence. 



THE OPACITY 


192 THE OPACITY Chap. XIII, § 66 

The calculations leading up to the exphcit expressions of the transi- 
tion probabilities from discrete to continuous states — or from one 
continuous state to another — are so comjilex that we shall refrain 
from giving details, and only rc])roduce typical formulae and the 
necessary reference to the literature. 

The normalization factor for the radial wave function in the 
continuous region, when k ~ 27 T^J( 2 fjiE)lh is adopted as a continuous 
index, is given byf 

laK 


N: 


2/^/+lg7r/2«K- 


{2Z+1)! 




sinh(7T/aK) 




After very long calculations it is found that the intensity of the radia- 
tion emitted per unit time in spontaneous jum])s of an electron from 
a continuous to a discrete state, and corresponding to an interval Ak of' 
K, is given by 

(Ik 3c^ 

The transition is from a continuous state in the interval Ak to a 
discrete state with quantum numbers 7i' and Tiio transition takes 
place only if Z' --- Zihl? number denoted by in the abovT) 

formula is the larger of / or The quantities C are very complicated 
functions of k and the quantum numbers. But since they may be 
useful for reference we give them in full. For transitions / -> Z— 1 : 


a n,l 

n\l~l — 





^TT — 2arcfcaTi 


4:Kk^ 




X 


'+Z-l)!2n(«^+~)\ 
L«;-i 

{n'-~l)\ sinh(77/a/c) / 


X 


x{F{—nj., — 7i', 21, l — 

and for transition Z -> Z-f 1 : 

rmr.l _ (— ^^\{iiT~^2arctan^^|/ 4^f^' 


-2,w;,2/,l-l/w2)}; 


8,ci(2i+l)! 


1+2 


X 


N \ (ti'— Z— 2)!sinh(7r/a/c) / 


X 


x{F{—nj,, —nj., 2Z+2, \ — \jv?)—u^F{~ 


-n,-2,2l+2,\~-llu^)}, 


t Cf. W. Gordon, Ann. d. Physik, 2 (1929), 1031 ; M. Stobbe, ibid. 7 (1930), 669; H. 
Bethe, Handh, d, Phyaik, 24. ji (1933), 475; J. A. Gaunt, Phil. Trans. Roy. Soc. A, 229 
(1930), 163. 
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n, ™ «2iarctan(#f/fcn) 


and F(a, b, c, d) is the usual hypergeometric function. Proceeding in 
the usual way, and calculating the absorption coefficients from the 
emission coefficients via Einstein’s relations, t Stobbe finds for the 
atomic absorption coefficient for absorptions from the ground state 

2'^7re“V| 

where q~ 

and is the fj’equency of the absorption limit, whicli for hydrogen 
corresponds to a wave-length about 912 A. This absorption thus 
lies far outside the region of stellar spectra. 

The absor])tion coefficient for the first excited state is similarly 
found to be given by 


" SfJLCP^ 

for the two sharj") terms, and 


■V \ p- 87 'arocot(?' 

^ 1 + 3'? 


>^3+8::? 




for the principal terms. Multiplying these exj)ressions by the re- 
spective weiglits 2 and 6, adding and dividing by the total weight 
of the state, S, we find for the final absorption coefficient 

2^TrehiL , ^.V.> , y2\^_8a'arccotrz' 

~ “37;^ (i+fy+«+)Tz:e-^-+ • 

In the above expressions Vo stands for the absorption limit of the 
first excited state, and u \ 


The dependence of the absorption coefficient on frequency is rather 
com])licated. In the vicinity of the absorption limit it is nearly 
proportional to but for increasing values of the frequency it will 
decrease faster, and finally be proportional to v”t. 

The above series -limit absorption makes itself felt for wave- 
lengths shorter than 3646 A. and is, as mentioned before, directly 
observed in A and B stars. But there is no direct evidence that this 
absorption is of importance in colder stars. 


3595.15 


t Cf. § 8, 
o c 
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The next series-limit absorption in hydrogen is that beyond the 
Paschen series. The formulae for tliis case have not been worked out 
explicitly, however. But it is clear that the absorption coefficient will 
also in that case fall off nearly pro})ortionally to some negative power 
of the frequency, which is of the same order as in the two previous 
cases. 

In approximate calculations it is frequently convenient to assume 
the continuous absorption coefficient to be proportional to whicli 
gives a sort of average value of the theoretical prediction for hydro- 
gen. The very approximate character of tliis assumption sliould be 
kex^t in mind, however, especially when applied to at/oms other than 
hydrogen. 

An approximate formula for the series -limit absorption in any 
hydrogen scries had been given by Kramersf before the discovery 
of the now quantum mechanics. Kramers gave the equivalent of the 
formula ^ 

where n is the principal quantum number of the state, the fre- 
quency of the corresponding series limit, and g a factor of the order 
unity. This formula has been employed extensively in astropliysical 
work both in the optical region dealt with in spectroscopic theory, as 
well as in the X-ray region which is of interest for the theory of the 
stellar interior. One sometimes has the feeling that the applicability 
of this formula has been stressed beyond the breaking limit. 

67. Differential Effects of Opacity 

It was Milne J who first showed how the dependence of opacity on 
density will reflect itself in the intensities of stellar absorption lines. 
The number of effects to which this test might be applied is legion, 
as is abundantly clear from RiisselTs paper on the subject. J But it 
is doubtful whether it pays in the present state of knowledge to go 
beyond the main effects, since we do not even know definitely which 
elements are responsible for the general opacity. In this section we 
shall therefore only discuss the main points of the problem. 

From several concurrent sources we know that hydrogen is so 

t Phil Mag. 46 (1923), 836. 

t Monthly Not. 89 (1928), 17, 157. See further W. H. McCrea, ibid. 91 (1931). 
836; E. A. Milne and S. Chandrasekhar, ibid. 92 (1932), 150; H. N. Russell, Astrophya. 
J. 78 (1933), 239. 




Fia. 16. Intensities in some of the common elements in giants and dwarfs (Morgan, 
Astro'phys. J. 77). Ordinat es are intensities on the Rowland solar scale. Open circles 
giants, closed circles dwarfs. Tho diagram illustrates how lines are affected by 
cliango in atmospheric density. Note the change of vertical scale in the case of the 
largest intensities of the lines (except Cr II, 4558), the highest points corresponding 
to Rowland intensities 20. These lines, which are absorbed by ionized atoms, behave 
in a ‘normal’ way, in that they are strengtliened in giants. 


abundant that it dominates completely stellar atmospheres. This 
fact makes it possible to formulate a few simple problems which are 
likely to show some similarity to actual facts. The closer analysis of 
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such problems may reveal something about the finer details in the 
constitution of the atmospheres. But it is scarcely worth while to 
be very confident in the matter, as it may well be that the observa- 



Ao Fo Go Ko 


Fig. 17. Line intensities in giants and dwarfs (Morgan, Aatrophys. J , 

77). The intensities are here seen to behave rather differently from 
those in Fig. 16, which is due to the fact that their excitation potential 
{EP) is very low. 

tional details are due to quite different causes, being connected with 
the formation of extensive chromospheres, for example, as was 
mentioned on an earlier occasion. 

It is natural to limit the consideration to the following simple 
problem: An atmosphere consisting essentially of an inert gas (that 
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is, one showing no x)crcex)tible ionization in the range to be contern- 
Xilated) is mixed up with small fractions of other gases which are 
more easily ionizable and which have lines in the accessible stellar 
region. 

In most stellar atmospheres there will be a large number of such 
elements to consider. But since we are mostly interested in the maxi- 
mum intensities of the lines, and these maxima occur in different 
temperature ranges for different groups of elements, it is permissible 
to make some simx)lifying assumptions. Elements of nearly the same 
ionization potential may be grouped together, fairly inert elements 
may be included in the hydrogen content, strongly ionized elements 
may be collected into a single groux^. In this way we understand that 
a tolerable represemtation of facts may be had by considering only a 
small number of active elements to be embedded in the inert hydrogen 
atmosx)here. 

Wo assume the atmos])here to be in hydrostatic equilibrium and the 
elements to be evenly intermixed, so that the hydrostatic equation 

nmgdz ~ cdp 

holds for an element of relative abundance e and particle density n. 
Further,^ is the total pressure, g the acceleration of gravity, and m 
the average atomic mass. 

Consider a certain element for which the density of neutral atoms 
is Uq, of singly ionized atoms etc., and the corresponding numbers 
of atoms per cm.^ of the x>hotosphere are We have then 

directly . . 

JVo == \ nodz = — \ — dp, 

J mg j n 

K = — {'^dp, etc., 
mg J n 

and the total sum for all stages of ionization becomes 

N -- €^7o/m<7, 

where is the pressure at the photospheric level. The optical depth 
of the photosx)heric level is 



and the x>roblem consists in finding appropriate solutions of these 
equations, together with the equations of dissociative Qquihbrium for 
certain typical mixtures of elements and states of ionization of the 
atmosphere. 
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Let e and e' be the abundances of the two active elements X and 
X' and consider first-stage ionization only. We denote the electron 
pressure by P and WTite ttie equation of ionization in the form 

n^KlP, 

where X is a known function of temperature. There may be more 
elements contributing to the total pressure than the two we are 
considering, so that e+f' need not be unity. But these elements 
are supposed not to be ionized, so as not to produce free electrons 
for the electron pressure P. For each of the constituents we have 
its equation of state: 

{n^-\-n^)hT == e(p~P), {n'^-\~n[)kT -- e(p-P). 


Owing to our assumption that only X and X' can produce free 
electrons contributing to the electron pressure, we have 

P - kT(n^+n[). 

Finally we have the two equations of dissociative equilibrium 
Uq Pn^jK, -- Pii'JK'. 


Ehminating the four quantities tiq, Uq, from these five equations, 
we find the following equation between the total pressure and the 
electron pressure 


P = ip-P) 


-J. 

l + PIK^l+PjK'i 


By a simple rearrangement of the terms this equation may be written 
in the form 


where 


p _ (P+K)(P+K') 

P Q{P+B) ’ 

Q == €K+e'K\ QR - {^+€)KK'. 


Having thus expressed p by the electron pressure P, we may proceed 
to perform the integrations giving the N's. The integrations all 
involve elementary functions only, and we find 


mg\ = e j ^ 


dp 


^PiP{P+K') 


Q-K^ 


+ 


■^Kjp g I p+R 

+ {l-.)K log(l + ^log(l + Ij, 

and similarly 

= ^<^(. + -^±5:)-(l-.)iriog(l + g+47 f l°g(l+|). 
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In both these formulae the P occurring in the right-hand side ex- 
pression means the electron pressure at the photospheric level; 
moreover the temperature has been assumed to be constant in the 
atmosphere. 



5040/T-> 1-8 1-6 1-4 1-2 1-0 0-8 0-6 0-4 0 2 

T —> 28 00 3150 3600 4200 5040 6300 8400 12600 25200 

Fig. 18. This (iiagram gives theoretical line intoiLsities in main sequence stars for 
some common metals and hydrogen, according to Russell’s theory {Astrophys, J. 78). 
The details in the curves are influenced by the particular assumptions regarding 
general absorption underlying Russell’s work, but the main features would come out 
similarly on any reasonable thermodynamic theory. 


The values of Nq and N[ are obtained from the above formulae by 
interchanging primed and unprimed letters. The extension of the 
calculations to liigher stages of ionization is obvious. 

There are here two essentially different possibihties. First we may 
imagine the inert gas to be responsible for the absorption. The 
number of inert atoms above the photosphere being 
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the optical depth will then be given by 

Tq k{\— €—€)—, 

rng 

where /c is the atomic absorption coefficient. 

The other extreme is met with wlien the inert gas is an inefficient 
absorber, and the active gases X and X' are responsible for the 
absorption. 

Denoting tiie absorption coefficient per atom by for tlu^ neutral 
and /cj for the ionized element, we have, on neglecting second -stage 
ionization 

To = KqNo+KiA\ + KqN'-,+ k[N{. 

TJie above five equations are sufficient for the determination of 
the five quantities N^y Nq, N{, and P, the other quantities being 
given functions of the temperature. The above case is really the 
most fundamental in this theory, and all other oases may be con- 
sidered as mere variants of it. 

Much work lias been done by Milne, Chandrasekliar, Payne, and 
especially Russell in order to analyse the spectroscopic data on 
the basis of the above equations, or nearly equivalent equations. 
It appears to be certain that observation favours an absorption 
coefficient increasing faster with increasing pressure than in the case 
when the inert constituent is responsible for the absor})tion. It looks, 
therefore, as though hydrogen cannot be responsible for the general 
absorption, at least not in the later types of the spectral sequence. 
This looks fairly reasonable too, as the energy of excitation of the 
states in which absorption of the Paschen series and higher series is 
possible, is so large that a high temperature is necessary to make 
that type of absorption become effective. 

It looks, therefore, as though we are led to assume that the absorp- 
tion is due to the scarcer constituents, especially the metals. To carry 
the analysis farther and to say definitely which elements are in each 
case responsible for the absorption appears to surj^ass the realm of 
possibilities at present. Those interested in the subject may consult 
Russell’s voluminous memoir. An attempt by Milne and Chandra- 
sekharj* to test a particular hypothesis about the temperature 
dependence of the absorption coefficient appears not to be conclusive, 
because the formula used was smoothed over all wave-lengths. It 


t Monthly Not. 92 (1932), 150. 
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is an essential feature of the problem in hand, however, that the 
intensity of a definite line, of given wave-length, is studied, and this 



T -> 2520 2800 3150 3600 4200 5040 6300 8400 12600 25200 

Fio. 19. Same as Fig. 18 oxcopt that tlio calculations are carried out for typical 
giants, so that the two figures should be studied together. In both cases there is 
general agreement with observations except in case of hydrogen. Tho predicted low 
intensity of By will be apparent in both figures, and also tliat tho maximum intensity 
falls at a too low temperature. This anomalous behaviour of hydrogen remains unex- 
plained so far. 

wave-length is kept constant in all spectral classes. To replace this 
wave-length by a mean value depending on temperature is therefore 
not permissible. 
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ROTATING STARS 

68. Widening of Line Profiles by Rotation 

The rotation period of the sun has been measured by spectroscopic 
methods, particularly by Adams, f from the displacement of absorp- 
tion lines in the spectrum of the limb. This is the most sensitive 
method in existence for the measurement of solar rotation. 

When applying this same method to the stars J conditions become 
somewhat more complicated, since a stellar spectrum is integrated over 
the whole disk. In consequence of this all the various displacements 
of one and the same line appear in a certain sense in juxtaposition. 
The line profile nevertheless affords some valuable information about 
the state of rotation of the star, if it rotates sufficiently fast. In the 
following we shall develop a theory of rotationally broadened line 
profiles W'hich is suitable for this ])urpose. 

Consider an isolated star in a state of steady rotation, so that the 
angular velocity W is independent of latitude. If the vector W is 
inclined at an angle i with the line of sight, we may decompose it into 
a component IF cos z, parallel to the line of sight, and a second compo- 
nent W sini, perpendicular to the line of sight. It is only this latter 
component which manifests itself in the spectrum. We may therefore 
limit the consideration to stars with axes of rotation perpendicular 
to the line of sight. 

The linear velocity of rotation is the vector j^roduct of W and the 
radius vector R. The component of the velocity in the line of sight 
is consequently given by the product of W and the component of the 
radius vector which is perpendicular to W and to the line of sight. If 
we determine position on the stellar disk by rectangular coordinates 
X and y, oriented as in Fig. 20, wdth W along the positive y-axis, the 
radial velocity at the point x, y is Wx. 

Consider a surface element dxdy on the disk, and the intensity of 
radiation in the frequency interval v to v-^-dv received from this 
element. In order to find out how this radiation is distributed in 

t Astrophys. J. 29 (1909), 110. 

i Tho first to call attention to iho fact that the axial rotation of the stars can 
be determined from lino widths was Captain W. do W. Abney, Monthly Not. 37 
(1877), 278. 
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frequencies relative to an observer at rest on the coiTesponding point 
of the star, we must transform the spectrum from v to v' = ]/(! + Wxjc) 
as an argument. Denoting the intensity of frequency v' at the point 
obtain the observed^ intensity of frequency v 



Fig. 20. Diagram showing orientation of coordinates used in the theory of 
the rotational broadening of spectral linos. 

represented by the integral 

0(v) = jj l{x,y,v) dxdy, 

the integral being extended to the whole disk of the star. 

69, Intrinsically Narrow Lines 

It is of interest to consider first the case of pronounced rotation, in 
which case the intrinsic width of the line is small compared with that 
due to Doppler broadening. To bring out the rotation effect we may 
further neglect the darkening towards the limb, and assume the 
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angular velocity to be constant and the star to be spherical. Since 
the intensity I is now independent of y, the integration with respect 
to y may be performed. We denote the ordinate of the limb corre- 
sponding to abscissa x by rj, and the intensity 0(v) assumes the form 


0(v) ^ 2 



— a 



7] d x, 


a being the radius of the star. 

If the line is sufficiently narrow, the intensity I will vanish except 
when v-\-vWxjc is in the close vicinity of the proper frequency of the 
line vq. It is then permissible to take r] outside the integral sign and 
integrate, on the express assumption that t] will correspond to an 
abscissa given by 


v-{~v 


c 


or 





We have written vq in the denominator in the last expression, since 
Vq—v is always very small in comparison with vq, and this practice 
will be followed generally. The ordinate t] is now given by 


1 == 



l-c 


2 (>'0 — 
aVoW^)' 


Denoting the intensity of the line by 

00 

7o = J / dv, 

0 

the integral being extended over the line with centre at Vq, we find 

The line profile will thus have the form of a half ellipse, and the 
relative half-width of the line 


vq — V aW 

Vo c 

gives the equatorial velocity of the star in units of the velocity of 
light. The result is the same for emission lines and absorption 
lines. 

Let us now assume the star to be darkened towards the Hmb by the 
usual factor l—u+ucos9, where u is the coefficient of darkening, 
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and 9 the angular distance from the centre of the disk, as viewed from 
the stellar centre. In our rectangular coordinates we have 


cosfl 



In an exact treatment of this case it would be necessary to take 
account of the fact that the spectral lines also change in character 
from the centre to the limb. But this may be neglected in the first 
approximation, and the intensity assumed to be darkened by cutting 
down the intensity by a factor common to all wave-lengtlis. Then 






1 —u+u 




/(/) 


Just as in the previous case /(v') will remain constant during the 
integration with respect to y. We find 


a 

0{v) = = 2 J 

-- a 

7j denoting as before the ordinate at the limb with x as abscissa. 

If the line is sufficiently narrow we may again assume the integrand 
to vanish except in the close vicinity of x = ^ and we find 




r+r dx, 


( 100 ) 


0 (^)- 


Vo W 


-u + -u~ 
^4 a 




where , = 

With the usual value of | for u, the correction may cut down the 
intensity near the edges of the line by as much as 60 per cent., so 
that it must always be taken into account in accurate work. 


70. Incipient Rotation Effect, and the Determination of the 
Intrinsic Line Width 

Very large rotational velocities arc necessarily rare, and it is 
necessary to consider more closely the case when the rotational 
broadening is of the same order as the intrinsic width. On the other 
hand, this intrinsic width cannot be considered as a datum given in 
all details, and it is of interest to consider also the converse problem 
of determining the intrinsic line profile from the observed profile 
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on assuming the shape to be affected by rotation. It is an interesting 
fact that a formal solution of this problem can be found, which is of 
great generality, and which has also been put to a practical test. 
This theory is due to Carroll. | 

The problem of finding the intrinsic profile is identical with the 
])roblem of solving (100) for I{v). In order to bring tliis integral 
equation to a more convenient form we write 

X = at, ^ Vq Wa/c, 

and g{t) ^ 2a-{{l--u)yl(l—t-) + l7TNi\~-i‘^)], 

The equation for 0{v) tlien assumes the form 

0{v) j liv+^t)cj(f) dt. (101) 

-1 

It will be noticed that this equation bears a certain resemblance to 
the integral equation of Abel (cf. § 90). Tlie tlieory of a generalized 
form of AbeCs equation was developed by Mellin,J and it happens 
that the above equation may be transformed to Mellin’s form. 

Mellin proved that the solution of the integral equation 

O+ix) 

— . r e-‘=^u{z) dz = v(x) (102) 

2771 J 

00 

is given by u{z) = J e~-^v{x) dx. (103) 

0 

The path of integration in (102) is a straight line parallel to the 
imaginary axis at a distance C from this axis, and C is chosen in such 
a way that all poles of the functions u and v are situated to the left 
of the line. The functions u and v are, moreover, supposed to vanish 
sufficiently fast on approaching infinity. 

The transformation of equation (101) into one of the type (102) 
may be effected as follows: First multiply (101) by and integrate 
with respect to v over the contour C. This gives 



I{v+pt)g{t) dt 


dv. 


(104) 


t Monthly Not. 93 (1933), 478. 

X Acta Math. 25 (1902), 139. Cf. particularly § 7. 
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We here write 

-h j dv = 

2m J 

V 


(105) 

and 

r C-t'Xj/jA fjly ^ 

2m} 


(106) 


From this latter expression it follows that 

f e -"/( v +^0 dv = 

2-771 J 
c 

IntcrchaDging the order of integrations in (104) we then have 

1 

^(x) - ^(x) J eP^g(t) dt = ./.(x)(?(/3a ), 

-1 

1 

^(/Sx) = [ dt. 


(107) 


(108) 


where 


Equation (108) defines i/f(^) as a known function of a:. It is therefore 
now possible to employ in (100) the known solution of (102) which, 
according to (103), is 

IM- fe— 

^ ^ “ J g{m ■ 


The right-hand side of this expression contains only known terms, 
and represents thus tlie desired solution. 

In order to use this solution for the practical analysis of line profiles 
it is necessary to fit the observed profile on to an analytical expression 
so as to be able to carry out the integration in the complex plane. 
Carroll has worked out several ways of doing this in practice. 


71. Harmonic Analysis of Observed Profiles 

Another way of analysing the observed profile, which also was 
suggested by Carroll, is to represent l{x) and 0{x) by Fourier 
integrals : 

^’(x) 

0 

For the case in hand it is sufficient to assume both l{x) and 0(x) to 
be symmetric, so that coHv{t~x) may be replaced by cosvtcosvx in 
the above expression. 

Consider for an illustration the case when 0(x) is given by equation 


J F{t)cosv{t—x) dt. 
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(101). We then find for the harmonic amplitude of frequency v of 
the observed profile : 

00 

J 0 {i)eoi^vtdt 

~ 00 

00 1 

-‘qo -*1 

Here we may first write 

00 'Ti 

1 l{l-\-Px)GOiivt (It — J l{f)c 0 ^v(t — px) (It, 

— 00 - Cfj 

CIO 

~ cosi'jS.r I* I{t)cos^vt dt, 

- 00 

since I(t) is symmetric. The integral over 0 (t) is therefore split up 
into a product of an integral over t and another over x\ 

00 

I* 0(/)cos vt dt 

— oo 

CO 1 

2a^ j I(i)cosvtdt j cosv^x[(l—v\l(l--xr)~\-lTru{l—x^)]dx. 

- 00 - 1 

The latter integral may be evaluated in terms of trigonometric and 
Bessel functions as follows: 
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since the Bessel function of order unity is defined by 
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-1 

as is easily seen by a simple transformation of the expression 

in 

= V^r(n+r)(l)" J 

0 

of the Bessel function of the ?ith order. f 


t Gray and Matthew, A Treatise on Bessel Functions, 2nd ed., 1922, p. 46, 
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We have therefore finally 
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Fig. 21. Tho original line? profile and its distorted form corrosponding to rotational 
speeds of 100 and 300 km./sec. (CarroU, Monthly Not. 93). 


The point is here that it has been possible to separate out the part of 
the right-hand side depending on j8, i.e. on the rotational speed of the 
star. Putting u-=^l this part has a series of zeros, the first four of which 
are, according to Carroll, _ 4-147 

7*303 

10*437 

13*569. 


E e 


3595.15 
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The left-hand side of the equation must have the same series of zeros. 
These may }>e found from the observed xirofile, and the value of ^ 
characteristic of the jirofile, and therefore also the equatorial speed 
of the star, follows directly. Solving (109) for the harmonic amjilitude 
of the intrinsic profile, a single integration gives the expression of the 
intrinsic profile itself. The same method is obviously apjdicable to 
other laws of darkening than the one assumed here. 

In Fig, 21 we reproduce a diagram of jirofiles computed by Carroll 
for different rotational speeds. It will be seen that the effect of rota- 
tion is to fill out the centre of tlie line and to widen the wings, the 
total intensity remaining unchanged. 

In the given case the undisturbed central residual intensity was 
zero. In order to hav^e the same case Avith a finite initial central 
residual intensity, one has only to displace the curves vertically by the 
desired amount. 

72. Eclipsing Binaries 

The stars in which the rotation effect is to be expected to be most 
pronounced are the short -period sx)ectroscoj)ic binaries. Among these, 
again, the eclipsing binaries are the most interesting, because it 
is then possible to study various of the stellar disk during 

the jirogression of the eclipse. The configuration of the stars at a 
given moment of the eclipse is, as a matter of fact, reflected in the 
form of the sj^ectral lines of the partially eclipsed star. The theory 
of such lines is slightly different from that given above, the diffe- 
rence consisting in a change in the limits of integration. Little 
progress has been made by analytic methods in this problem as 
yet. In Fig. 22 we reproduce a series of theoretical line profiles 
corresponding to different phases of Y Cygni, which were com- 
jDuted by Shajn and Struve. f In Fig. 24 we give further the ob- 
served profile of Mg+ 4,481 in the spectrum of Algol during partial 
eclij)se, as observed by Struve and Elvey, J and also the corresponding 
theoretical profiles. 

Further work in this field may lead to interesting results. Thus 
Shajn|| has pointed out that short-period spectroscopic variables may 
be exjiected to show a periodic widening of the lines, as a consequence 
of the eliipticity of the component stars in the direction of the central 
lines. A theoretical profile for the case of RR Cen given by Shajn is 

t Monthly Not. 89 (1929), 222, J Monthly Not. 91 (1930), 663. 

11 Poulkovo Oba. Circ. 7 (1933). 
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Fio. 22. Lino contours at different phases during eclipse, for Y Cygni, computed by 
Shajn and Struve {Monthly Not. 89, 222). This diagram has not bejen, and cannot 
well be, tesb^i obaervatiorially, since the spectrum of tlie fainter component of Y 
Cygni is not sufficiently weak. But- the diagram illustrates well the progressive 
asymmetry of the lines in the spectrum of a partially eclipsed star. 



Fig. 23. Profile of the magnesium line Mg+ 4,481 in Algol. Open circles represent 
observed intensities by Struve and Elvey {Monthly Not. 91). Dotted lines represent 
the intrinsic profile assumed by Struve and Elvey, and the corresponding profile 
when distorted by a rotation with equatorial veloc'ity F = 60 km. /sec. Full lines 
represent an independent analysis by Carroll and Ingram {Monthly Not. 93). First 
a rotational velocity of V ~ 51 km. /sec. of the star was derived by haiTnonic analysis 
of the observed profile, and then the original intrinsic jjrofile is calculated from the 
Fourier integi*als. Darkening towards the limb is neglected in this work. 

reproduced in Fig. 25. But thus far this effect does not seem to have 
been established with certainty by observations. 

73. Observational Results 

The first observations indicating a rotation of a star were made by 
Schle8inger,t who also measured the displacement of the lines in the 
t Puh. Allegheny Ohs. 1 (1909), 134; Monthly Not. 71 (1911), 719. 
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eclipsing variable 8 Lib and ATau during the partial eclipse. This 
so-called hmb-effect has been studied by a number of observers. f 
The first extensive study of rotationally broadened lines in general 
is that of Shajn and Struve, which has been mentioned on several 
occasions above. 
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Fig. 24. Profiles of Mg' 4,481 in Algol during eclipse. Filled circles are 
observations, full linos tlieoretical contours (Struve and Elvey, Monthly 
Not. 91 ). 

In 1930 ElveyJ published an extensive study of the Mg II hue 4,481 
with the view to detection of rotation. The theoretical profiles for 
different rotational speeds were determined graphically, and the 
result compared with observed profiles in 59 stars of spectral classes 
0, B, A, F. Elvey derived for these stars an average equatorial 
speed of 60 km. /sec. In this figure account is taken of a random 

f J. Hellorich, Aslron. Nach. 216 (1922), 277. Rotational oflocts in j3 Lyr and 
Algol were studied by R. A. Rossiter, Astrophys. J. 60 (1924), 15, and by Dean 
B. McLaughlin, ibid. 60 (1924), 22. See further J. S. Plaskott, on the rotation of 
21 Cas, Pub. Dom. Astrophys. Ohs. Victoria, 3 (1926), 247, and Dean B. McLaughlin, 
on A Tau, Pop. Astron. 34 (1926), 624. 
t Astrophys. J.l\ (1926), 221. 
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inclination of the axes of rotation, but no account is taken of darken- 
ing towards the limb. Taking this into account, the result would 
probably have been higher speed. 

Observed and computed profiles agreed generally well, especially 
when the rotation was rapid, so that all profiles assumed the elliptical 
('dish-shaped’) form demanded by the theory. In most stars it is to 
be expected that all lines of an element will be widened, and the 
width proportional to wave-length. 



Fic!. 25. Hypothetical change in lino profiles of KR Cen, as a con- 
soquonce of the ellij)tieity of tho primary component (Shajn, Poulkovo 
Ohs. (.'ire. 7). Profile B corre^sponha to an ond-on view of the star, 
while A corresj)orids to a broadside view. 


A certain amount of latitude must be allowed when comparing 
lines of different elements. Narrow lines may occur in rotationally 
widened spectra, as a result of absorption in a surrounding nebulosity, 
or in interstellar gas. 

The theory of Carroll was a])phed to some of Elvey’s profiles by 
Carroll and Miss Ingram. f The stars studied were 44 i Ori, 44 f Per, 
39 A Ori, and Algol. Their study of Algol is interesting, as it may be 
checked by the value for the rotational speed which follows from the 
orbit and the dimensions of the stars, or from the measurement of 
the limb -effect, or from the detailed study of the rotation effect by 
Struve and Elvey.J There is in all cases a fairly close agreement, 
which fixes the rotational speed of the bright component of Algol at 
about 55 km. /sec. An inspection of Fig. 23 will show the broadened 
and intrinsic profiles as given by Struve and Elvey on one hand, and 
Carroll and Miss Ingram on the other. 

A general survey of stellar spectra shows, according to Struve]] 


t Monthly Not. 93 (1933), 608. 
|j Aatrophys. J. 72 (1930), 1. 


t Ibid. 91 (1931), 663. 
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and Miss Westgate,t that the A stars have the greatest velocities 
of rotation. The B and F stars show rotation ({uite frequently, but 
appreciably less than A stars. There is, according to Miss Westgate, 
no definite correlation between absolute magnitude and rotation, and 



Fig. 26. Profiles of the Mg+ line 4,481 in various stars, showing broadening by 
rotation. The equatorial veloeity given for each lino is not corrected for the mclina> 
lion of the axis of rotation to the plane of the sky (Elvey, Astrojihys. 


the average rotational speed appears to be independent of galactic 
latitude, which indicates a random distribution of the direction of 
the axes. 

For the later classes, G, K, and M, no case of rapid rotation appears 
to have been observed in single stars. 

Some cases of very high rotational velocities may be noted. Thus 
in a Vir the brighter component rotates with an equatorial velocity 
of 200 km. /sec. The fainter component appears to have an equatorial 
velocity of but 50 km. /sec. Since in a close pair like this there is 
t Astrophys. J. 77 (1933), 141; 79 (1934), 355, 
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every reason to believe that both comx)onents rotate with about 
the same angular velocity, we must conclude that the brighter com- 
ponent is four times larger than the fainter one. 

The lines in the spectrum of Benetnasch ( t ] U Ma) are wide and 
dish-shaped, typical of the kind to be expected for rapidly rotating 
stars. They indicate according to Struve an equatorial velocity of 
200 km ./see. 

Although these velocities are a hundred times larger than those of 
the sun, the stars are still within the limits of stability for a homo- 
geneous mass rotating with a constant angular velocity. How much 
this means is difficult to say at jiresent, as there is reason to believe 
that stars in general will rotate faster in the interior than on the 
outside, wliieh indicates less stabihty than tins for actual stars. On 
the other hand, the increase of density inwards in tlie star must tend 
to make the stars more stable. 



XV 


THE EFFECT OF MAGNETIC AND ELECTRIC FIELDS ON 
ABSORPTION LINES 

74. The Zeeman Effect 

In the course of the dcveloj)ment of solar physics the influence of 
a magnetic field on spectral lines, the Zeeman effect, lias become 
of importance. In 1 89() Zeeman discovered that lines in scTies spectra 
are affected when the light source is situated in a magnetic field, or, in 
the case of absorption lines, when th(^ absorbing substance is placed 
in a magnetic field. By longitudinal observations, i.e. by looking in 
a direction parallel to the magnetic field, the lines appear in the 
simplest case resolved into a doublet. By transverse observations 
the lines appear triple, the middle comjionent apjieariiig in the posi- 
tion of the original line, and the two satellites coinciding with the 
longitudinal doublet, and at a (hstance from the middle component of 

Av = = 4-70.10--5//cni.-i, 

[X 4:7TC 

where e and fx are charge and mass of the electron, and H the magnetic 
field-strength. This is the so-callcd normal Zeeman effect. In most 
cases, however, a much more compheated type of magnetic multi- 
pheity appears, which then is termed the ‘anomalous’ Zeeman effect. 
The terminology is exactly the opposite of what it ought to have been, 
but has now gathered too much historical momentum to be discarded 
lightly. 

The magnetic components of a line have a definite type of polariza- 
tion. The undisplaced component is linearly polarized in the direction 
of the magnetic field, and the satellites are circularly polarized in 
opposite directions perpendicularly to the field. It is thus sufficient 
to observe the Zeeman pattern of a line in one direction, and it is 
then possible to predict the pattern for any other direction. 

Inspired by Zeeman’s discovery Lorentz gave a theoretical inter- 
pretation of the normal Zeeman effect, on the basis of his electron 
theory. A formal quantitative theory of the anomalous Zeeman 
effect was first possible after the discovery of wave mechanics, and 
the introduction of the electronic spin. 

Consider a single electron moving in a field of axial symmetry. 
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on which is superposed a magnetic field parallel to the axis of 
symmetry and of strength H, Introduce cylindrical coordinates 
2, r, where 2: is parallel to the axis of symmetry and r perpendicular 
to this axis, while 0 determines the position of a plane through r and 2. 
The vector potential of this field is simply 


A IHr 

in the direction of (i.e. perpendicularly to 2; and r), so that the 
operator AV reduces to lH(dld(f>), The wave equation of the problem 
becomes consequently 





Sixc- 



\ 2 jjiC d<f> dt j 


0 . 


Neglecting the square of H in this equation, it is possible to prove 
that the problem with magnetic field is equivalent to the correspond- 
ing problem without a field by the following transformation of 
coordinates! 

(f)' — ™ /; r' r; z' — z. 


This transformation means simply that <f>' is substituted for cj) in the 
Laplacean operator, that r and z are left unaltered, and that the last 
parenthesis in the equation reduces to — difjjdt' . If the term FP may 
be neglected, the equation has been reduced to the case of no field 
by the transformation. 

Now, since the Laplacean operator in cylindrical coordinates has 
the form ^ 


V2 


dz^ 


+ 


Ilf, 

r dr \ 


dr) ‘ r- def)^ 


and the potential function V is independent of (f> (because the field 
has axial symmetry), it is clear that the solution of the field-free 
equation will have the form 

where m is a positive or negative integer, the magnetic quantum 
number encountered earlier, and E the energy of the system. Trans- 
forming back to our original coordinates we find 


ijj = u{r, z)e 




S5d5.15 


t O. Klein, Zeits.f. Physik, 41 (1927), 407. 
Ff 
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The magnetic contribution to the energy is thus 

^E = mh . 

4:7rijLC 

The appearance of m in this place justifies the appellation ‘magnetic’ 
(|uantuin number. the selection principle for m proved earlier 
(m' ~ 77i±^l,7n) it follows that each line splits up into three com- 
})onents, one in the place of the undisturbed line, with a satellite on 
each side, displaced a distance Av ^^eHj^Trixc from the middle 
component, in agreement with Lorentz’ theory. That the intensities 
of the components also come out in agreement with the observed 
polarization rules is easily verified from tlie expressions of the 
harmonic amplitudes given earlier. 

In the theory of the anomalous Zeeman effect the electronic spin 
plays a principal part. The formula for the additional magnetic 
energy was given earlier (p. 57). Its derivation involves calculations 
too lengthy to be reproduced here. 

75. Zeeman Effect in the Sun 

The discovery of magnetic fields in the sun was made by Hale,t 
on June 25th 1908 at the Mount Wilson Observatory. It had already 
been noted by Young in 1892 that absorj)tion lines in sun-spots are 
widened and sometimes distinctly double. Hale succeeded in show- 
ing that the comjionents of such doublets showed the right sort of 
polarization in order to be due to the Zeeman effect. Tliis effect then 
provides a means of measuring the intensity of the magnetic field on 
the sun. In large sun-spots the intensity runs up to 4,000 gauss. 
The proper interpretation of these fields, which is still an open 
question, must be sought in the interior motion of the spot. 

The discovery of magnetic fields in sun-spots naturally led to a 
search for a general magnetic field on the sun, analogous to the 
magnetic field on earth. This search was crowned with success in 
191 3, J when it was announced from the Mount Wilson Observatory 
that the sun had been found to have a general magnetic field, with an 
axis inclined about 5° to the axis of rotation, and with the poles 
oriented in the same sense as those of the earth’s magnetic field, 
the magnetic field intensity being directed from north to south. 
The field strength appeared to decrease rapidly with height. 


t Aatrophys, J. 28 (1908), 315. 


t G. E. Hale, ibid. 38 (1913), 27. 
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This latter fact showsf conclusively that the solar magnetic field 
should not be compared to the field of an elementary magnet in all 
respects, as is freely done in the literature. It is inadmissible to 
calculate the magnetic field strength parallel to the axis from the 
observed component perpendicular to this axis by using the formulae 
for an elementary magnet. In this way it has been stated that the 
general magnetic field strength in the lower solar strata is of the order 
50 gauss. This, however, is not the observed value, but only one 
calculated from observations on using erroneous formulae. The cor- 
rect field strength must be about three times larger, as we shall see. 

The observations are all concerned with the component of the 
magnetic field intensity in the line of sight, J which in the case of the 
sun means practically the component perpendicular to the magnetic 
axis. Assume then that the observations arc right about the com- 
ponent perpcmdicular to the axis, so that wc may write for the rectan- 
gular components of //parallel to the plane of the magnetic equator: 

Hj. = zzA{r)\ Hy = yzA{r); ^ 

We have further the equation 

divH = 0, 

from which IL may be calculated: 



or introducing for and //^, 

IL - -{xn>f)A{r)-\-2 J A(r)z dz. 

Z 

The last term is negligible. For assuming an exponential drop of field 
strength with height, say ^ 

A(r) = 

a being the radius of the sun and h a constant of the order of the 
height of the solar atmosphere, say h = a. we find 
if. - ~(^^+2/^)^(r) + 2(Ar+/t2)A(r)^ 

The last term is clearly negligible, except in the close vicinity of the 
poles. Comparing this expression with that of an elementary magnet, 

t S. Rosseland, Aairophys. J. 62 (1925), 387. 

X C£. for instance F. H. Scares, The Observatory 43 (1920), 311, equation (3). 
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it follows that, as regards order of magnitude, the true 2 ;-component 
must be about three times larger than that corresponding to an 
elementary magnet, the and Hy components of which are given 
the observed values. The value given at Mount Wilson for the 
horizontal component of the field in tlie equatorial regions, about 
50 gauss, should therefore be increased three times to 150 gauss. 
Moreover, the resultant field strength is given by 

n - r2cos(9^(r), 


where d is the heliocentric latitude. 

A field of this f.y])e requires a steady current system in order to 
be maintained. From Maxwell’s first equation we find the current 
density to be ^ V c 


4:7T 


- curl H 


~ — (r^A ] 
oj dr 


where V and co are the linear and angular velocities of the atmo- 
sphere at the point in question. The conditions are thus as though 
the current were produced by a uniform rotation of a spherically 
symmetrical distribution of electricity. The dominant term in the 
expression of the current is negative, and it follows that the electron 
current flows in the direction of rotation of the sun. 


76. The Stark Effect 

In 1913 the German physicist Stark found that spectral lines 
emitted in a homogeneous electric field arc resolved into a system 
of components. Hydrogen, and atoms like He II which are hydrogen- 
like, are much more sensitive to the Stark effect than most other 
atoms. The separation of the Stark components of a line is in this 
case proportional to the applied electric field. The separation increases 
rapidly with increasing principal number of the line. 

The quantum theory of the Stark effect was first given by Schwarz - 
schild and Epstein in 1 0 1 G . The refinements in this theory introduced 
by wave mechanics concern only second-order effects so far as hydro- 
gen-like atoms are concerned. The expression for the additional 
energy of a state of principal quantum number n is, according to these 
theories, 07,2 jp 



where n' is a new quantum number, which distinguishes the different 
sub-levels of the state, F the electric field intensity, and Ze the 
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charge of the nucleus. The Stark components are polarized according 
to definite rules, which all come out correctly from theory. 

While the magnetic splitting of the spectral lines in sun-spot 
spectra is quite plain, the corresponding splitting of the lines by 
electric fields has thus far not been observed in the sun or the stars. 
The reason for this lies probably in the strong ionization of stellar 
material. A static electric field cannot well exist without the presence 
of insulating material. A rapidly changing magnetic field would, on 
the other hand, produce an electric field by induction. But thus far 
no such field has been discovered. 

The strong ionization of stellar material introduces another kind 
of electric field — tlie interatomic field ])roduced by ions and free 
electrons. This field may attain quite large values. But as it clianges 
rajiidly in time and space it cannot produce the same effects as a 
static field. It is perhaps ])ermissible to think of this field as pro- 
ducing a Rtaik effect of the atomic lines in any given very short time 
interval. But owing to the rapid variation of‘ the field the observed 
lines will be a suy)eip()sition of a continuous set of Stark effect 
patterns, the net result being a line broadened in a definite manner. 
This type of broadening has been studied in the laboratory, and its 
theory has been considered by various authors, notably Holtsmark.f 
According to Holtsrnark’s tJieory the half- width of an originally very 
narrow line broadened widely out by ionic forces is given by 

Ar 3-20.467^^ 

where n is the density of broadening ions or electrons of charge c, 
and A is tlie lialf-width of the ordinary Stark effect in a field of unit 
intensity. 

It has become customary in astrophysical literature to reserve the 
name ‘Stark effect’ for this type of line broadening, which is not 
unreasonable since there is little chance that a true Stark effect will 
ever be observed in tlie stars. 

It is clear that the effect, if at all observable, must be looked for 
first of all in the hydrogen lines, and much work has been spent on 
this problem, first of all by Struve and Elvey,J and by Unsold. || It 
seems to be a settled matter that an interionic broadening of the 
higher members of the Balmer series is definitely present in the sun 
and the stars. || Struveff ^^Iso believes that he has found the Stark 

t d. Physik, 58 (1919), 577. % Astrophys. J. 72 (1930), 277. 

11 Zeits.f. Asirophys. 2 (1931), 199. tt Astrophys. J. 70 (1929), 85. 
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effect for the diffuse series in helium. Tliis was done by selecting a 
series of spectra in which lines of CII and Si III, which are known 
to be insensitive to Stark effect, were })erfectly sharp. Struve found 
then that in several of these spectra the diffuse helium lines were 
perceptibly broader and more diffuse than the other helium lines, 
and also that the forbidden helium line 4,470 A. appeared in these 
spectra. There was a definite correlation between the width of the 
diffuse helium lines, and the intensity of 4,470 A. and the width of 
the Balmer lines, indicating that the same cause was at work. 

Since dwarfs have denser atmospheres than giants, it is clear that 
Stark effect broadening must show up first in dwarfs, and thus form 
a criterion of absolute magnitude. The white dwarfs are particularly 
interesting in this connexion, as was recently emphasized by Panne- 
koek and Vcrwey.f A single instance mentioned by these authors 
may serve to show the importance of this point. Some years ago 
OhmanJ published observations of the spectrum of the white dwarf 
star Van Maanen 1166' in the h Persei region. On Ohman’s tracings 
the hydrogen lines have widths of the order of 100 to 200 A. for Hy 
For 40 Eridani B, another recognized white dwarf, the widths are less, 
but still of the order of 100 A. These widths alone are sufficient to 
establish the white-dwarf character of these stars. It is to be expected 
that this criterion will find interesting applications in the search for 
white dwarfs in the future. 

t Proc. K. Akad. v. WeUiis. Amsterdnw, 38 (1935), No. 5. 

t MontMy NoL 92 (1922), 71. 
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MOLECULAR COMBINATIONS IN STARS 

77. Spectra of Molecular Compounds 

The tendency to form molecules is only met with in the atmo- 
spheres of the cooler stars, especially in the late-type spectral classes. 
The difficulty with which molecular compounds are formed is evi- 
denced by the fact that in all recognized cases it is only a question 
of diatomic molecules. The identification of more complex com- 
pounds has been announced from time to time, but such identifica- 
tions have in all cases later been recognized as erroneous. 

There are several interesting problems associated with the occur- 
rence of molecular compounds in stellar atmospheres, which are of 
genera] importance in astronomy. First of all the bands offer an 
alternative method of determining the temperature of the reversing 
layers of the stars, and by two independent methods, since we may 
cither study the distribution of intensity within a single band, or the 
relative intensity of different bands belonging to the same sequence. 
These two alternatives will then involve different Boltzmann factors, 
but refer to the same temperature. Next there is the problem of the 
chemical equilibrium of a mixture of elements capable of forming 
chemical compounds in stellar atmospheres. Since this j)roblem 
involves temperature and density, it gives another clue to these 
quantities. Thirdly it may be mentioned that the opinion has been 
advanced from time to time that the band absorj)tion exerts a marked 
influence on the variation in luminosity of long -period variables. f 
How far this is so still remains to be decided, but it adds, at any rate, 
additional interest to tlie problem of chemical combinations in stars. 

In the following we shall give a brief account of the theory of 
the sj)ectra of diatomic molecules in so far as this is of interest for 
astrophysics. Next we shall consider in due course the various 
astrophysical problems in which the theory of molecules plays a 
definite part. 

The motion of a molecule may usually wdth a fair approximation be 
split up into three parts, which are only slightly interdependent. 
Thus the motion of the electrons in the molecule will in the main be 

t A. Joy, Astrophys. J. 63 (1926), 281; The Internal Constitution of the Stars, by 
Sir Arthur Eddington, p. 207. 
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tiie same as if the miclci were held rigidly apart and at rest. Super- 
posed on this electronic motion, as a kind of perturbation, comes the 
oscillations of the nuclei with respect to one another. Finally, there 
is the rotation of the molecule as a whole to be considered. This 
takes place like that of a rigid body, very nearly, the axis of rotation 
being either fixed in space or performing a slow precession about an 
invariable axis. 

Each of these component motions has a definite counterpart in 
the structure of molecular spectra. Rotation alone jiroduces narrow 
bands which in the case of absence of vibrational or electronic excita- 
tion are situated in the far infra-red end of tlie sj)ectrimi, one for 
each substance. Setting a rotating molecule into vibrations has the 
effect of shifting the bands a good way towards the visible region of 
the spectrum, and sometimes also oi* splitting a single band into a 
sequence of bands. Thirdly, excitation also of electronic motions 
produces a shift of bands into the visible or ultra-violet ])art of tlio 
spectrum, and the sj)litting up of the bands into long sequences, due 
to the interference of the electronic motion with the oscillations 
and the rotation. At the same time tlie band structui’e is definitely 
deformed by the formation of band heads. These arc due to the 
change of moment of inertia during an electronic transition. 

78. Rotatory Oscillation Band 

Adopting a simple rotator of moment of inertia A as a model of 
the molecule, the energy in different rotational states is given 
(p. 43) by ,2 

while the wave functions will be associated Legendre functions of 
order m and degree j, m being the magnetic quantum number, which 
is always smaller than j and larger than — or equal to these limits. 

The possible transitions are limited by the selection principle that 
j can only change by ±1 in a jump, while m may change by ±1 
or zero. The characteristic frequencies of the radiation emitted or 
absorbed by the molecule will therefore be given by the formula 

The spectrum will thus consist of a series of equidistant lines, the 
separation of adjacent lines in frequency units being By 
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measuring this separation the moment of inertia of the molecule may 
be found, and hence, for diatomic molecules, the distance between 
the two atoms. Spectra of this kind have been found in water vapour 
(Rubens, Eva v. Bahr) and hydrogen chloride (Czerny), both in the 
infra-red part of the spectrum. 

The next simplest case is met with when the molecule besides a 
rotation also performs oscillations, while the electrons still remain in 
their normal state. For small vibrations the motion may be con- 
sidered purely harmonic and independent of the rotation, so that the 
characteristic frecjuencies of the radiation emitted or absorbed during 
a simultaneous jump in rotational as well as vibrational energy is 
given by , 

^ - ro(/-r)± ' (i+J) {l,V 0, 1,2,...), (110) 

47r->4 

where vq is the characteristic frequency of vibration. This is always 
found to be large in comparison with the term hjATT^A . For this reason 
a spontaneous jump of a molecule must always take i^lacc from a 
higher to a lower state of vibrational energy, while the rotational 
energy may either increase or decrease in the jump according to 
circumstances. Hence the double sign in (110). This duplicity has 
the effect that a spectrum of the rotatory-vibrational type will 
consist of two wings of lines with nearly constant frequency^ differ- 
ences, and symmetrical with respect to the frequency vq. For a 
strictly harmonic vibrator all jumps go to adjacent states, so that 
I — V should always equal unity. The intra-molecular oscillations, 
however, arc never strictly harmonic, so that jumps in several units 
of the vibrational quantum number are not excluded. Mostly only 
a single vibratory band is observed for each substance, but this means 
only that under ordinary conditions of excitation of these spectra 
the molecules are practically all in the lowest vibrational state. 

79. Electronic Bands 

As a last step we consider simultaneous jumps in rotational, 
vibratory, and electronic excitation energy of the molecule. For this 
case the simple formulae used above are markedly inadequate, and 
it becomes essential to take account of the fact that the moment 
of inertia of the molecule and the frequencies of vibration vary 
systematically from one state to another. This must not be con- 
founded with the change in A with varying state of vibration and 
rotation which turns up in vibratory -rotation bands. While this 

3595.15 Q g 



226 MOLECULAR COMBINATIONS IN STARS Chap.XVI,§79 

latter effect may be present even for a molecule containing an excited 
electron, it is masked by the much bigger effect of the excited 
electrons themselves. In fact, the conditions are such that a molecule 
containing an excited electron has a bigger or smaller moment of 
inertia than the same molecule with the electron unexcited, no matter 
which are the states of rotation or vibration involved, at least within very 
wide limits. We shall therefore distinguish between the moment 
of inertia of the molecule in the initial state, and the moment of 
inertia in the final state, the state being assumed to correspond to 
different electronic excitations. 

The change in rotational energy in a jump will now be 




rot 


h 




1 ± 2 ' 


i±n 

i 




it being assumed that j changes by -f 1 or ~ 1 in the jump. The coeffi- 
cient of preserves the same sign for all lines of the band, while the 
coefficient of j may either be positive or negative, giving rise to the 
two branches of a band. 

Let us introduce two new quantities A and S instead of A^ and A^, 


defined by 


A ~~ ^{A^Af), and S 




The coefficient of j- in the above formula then assumes the form 

1 1 8 


A 


'A, A’ 


and the coefficient of j becomes, correct to the first order of 8, 

'2 

u' 

_2 

u 


JL 1±2 

A 


-( 8 - 1 ) 


Finally, we have for the additional term: 


1±1 


1 


__( 2 - 


-S)+.. 


0 

The quantity S measures the relative increase of nuclear distance 
during the electronic transition in question, and is to a first approxi- 
mation just twice this value. In the linear and constant terms of 
8 only plays the part of a small correction, and may be left 
out of consideration. In the quadratic term, on the other hand, it 
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is of predominant importance. We therefore write in the 

simx)Iified form 

= g^^{¥T2j-(l±l)} (i 

Due to the term proportional to in this expression, the two wings 
of the band will no longer be symmetrical with respect to a given 
frequency, as was the case with the infra-red bands of oscillatory- 
rotatory character. According as S is positive or negative, the negative 
or positive wing of the band will double back ujDon itself and run in 
the direction of the other wing. This is the physical interpretation 
of the band head, which is the most characteristic feature of visible 
bands. Assume, for instance, that 8 is positive. The frequencies of 
the negative brand i will then be given by the formula 

where summarizes the terms which are independent of j. The fre- 
quency difference between consecutive lines will be 

( 112 ) 


wliich show^s that the head is reached when j is of the order S~^. It 
is important to realize that the head thus marks nothing but the 
region of maximum proximity of adjacent lines in the branch which 
doubles back upon itself, and its exact position gives no definite 
clue to the structure of the band. For the theoretical disentangling 
of observed bands the important question is the determination of 
the frequency since this gives the zero point for the reckoning of 
the ^‘-numbers, which further enables us to determine the moment 
of inertia of the molecule. 

In addition to the positive and negative branches of a band, there 
occurs also, in the case of visible bands, a so-called zero branch, 
corresponding to no change in j during the transition, the change 
in rotational energy being solely due to the change in moment of 
inertia. Hence for this case 


A^rot = 


8^2 


iO'+i)- 


Zero branches might also be expected in the case of pure rotation 
or vibratory rotation spectra, but they seem to be absent, although 
methane (CH4) possibly provides an exception. 
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A decrease in the moment of inertia means evidently a tightening- 
up of the molecule and an increased strength of the chemical bond 
between the atoms. This means again greater stability, and the 
vibrational frequencies should increase in the process. This inference 
is confirmed by the empirical rule that for electronic bands the 
oscillatory frequencies depend to a marked degree upon the vibra- 
tional quantum numbers, and in such a way that the sequence of 
bands is degraded in the same direction as tlie individual bands of 
the sequence. 

80. Multiplet Structure of Bands 

In the preceding section we have assumed the molecule to behave 
rotationally like a spinning top without precession of its axis of 
rotation. This amounts to the assumption tliat there is no appreci- 
able coupling between the motion of the eh^ctrons of the molecule 
and the rotation of the nuclei, which will hold, approximately, if the 
electrons have no resultant spin or orbital angular momentum, 
particularly in tlie direction of tlie line joining the two nuclei. In 
the consideration of cases when this condition no longer holds it is 
advantageous to distinguish between two ty])ical cases, and to con- 
sider other cases as belonging to either of these types. 

Case {a) The first type we define as follows: The influence of the 
resultant spin of the molecule on the spectral terms is large in com- 
parison with the influence of the rotation. This means that the coupling 
between the spin and the orbital angular momentum of the electrons 
is so strong that it is not appreciably influenced by the rotation. 
The component of the total angular momentum of the electrons 
(orbital + spin) along the central line of the nuclei will now be a 
constant of motion and assume the quantized values /^^D/ 27 ^, where 
Q may assume the integral values 0 , 1 , 2 ,.... The total angular 
momentum will be similarly quantized, its square assuming the value 
/i--J(J-fl)/47r2, where J may assume the values tl, . 

The angular momentum of the rotation appears as the vectorial 
difference between these quantities, and the wave-mechanical theory j* 
gives for the square the expression 

t Cf. R. de L. Kronig, Band Spectra and Molecular Structure^ Cambridge 1930. 
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Different values of Q. will distinguish between different fine-structure 
components of the band. The rotational energy becomes 


E, 


rot. 


A2 




Ca>^e {Ij) It may ha])pen, on the other hand, that the influence of 
the spill is small in comparison with that of the rotation, but that 
the motion of the electrons is still not very much influenced by the 
rotation. Neglecting the spin provisionally, it will be the component 
of the orbital motion of the electrons alone along the central line of 
the nuclei which will assume quantized values, which we this time 
denote by hAl'In. This component will c;ombine vectorially with the 
angular momentum of rotation to a resultant K, the square of which 
has the value /rA"(if + l)/47r‘^, and the rotational energy becomes 

Stt^A 

the allowed values of K being A, A+1, Ad~2... . Denote the spin 
component of the molecule by S, and the total angular momentum by 
J as before. The vectors K and S will then combine vectorially to 
form J. 

The quantum number A plays a similar })art for molecules as the 
subsidiary quantum number for atoms, and in order to bring out 
this parallelism farther it is customary to denote the s])ectral terms 
corresponding to the values 0, 1 , 2,..., etc., of A by the Greek capital 
letters X, n,A,..., corresponding to the aS\P, />,... terms of atomic 
spectra. For transitions X -> X the selection rule -> K' holds. 
The consideration of the spin gives finally a splitting-up of the rota- 
tional terms according to the scheme 

J = \K+Sl \K+S-~ll |A + >S^-21,..., \K-^S\, 

the total multiplicity being 2 aS'+I, which usually is written as a 
superscript on the upper left side of the Greek letter in question. 
Thus ^X means that aS — i and ^X that >S 1. 

Inasmuch as all relevant molecular bands in stellar spectra are 
resonance bands, the fine structure due to the angular momen- 
tum of the electrons is not of much importance in astrophysical 


cases. 
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81. Occurrence of Bands in the Spectral Sequence 

So far the following compounds have been identified with certainty 
in stellar spectra: 


BO* 

AlO* 

TiO 

ZrO 



NH** 

OH** 

CaH* 

MgH* 


CH 

ON 



LiF. 






The molecules marked with one asterisk have been found only in sun- 
spots, while those marked with two asterisks have also been found in 
the solar atmosphere outside spots. The other molecules have been 
found in stars. They are all resonance bands — that is, they are due 
to absorption from the lowest tmergy level. No stellar bands have 
been found corresi)onding to ionized molecules. A few such bands 
are known (CO ’ , N^, Oj, MgH+, and some others), but their absence 
from stellar spectra is a feature demanded by theory, since they 
cannot be excited thermall}^ at all, their ionization energies being 
much greater than their energies of dissociation. 

Titanium Oxide Bands. Most prominent among stellar bands 
are those due to TiO, which arc so characteristic of stars of the 
Jf-class. They also occur, though more faintly, in stars of class 
K 2-~K 8. They were first attributed to TiOg, but later on Birge and 
Christyl gave the correct identification. These bands belong to two 
different electronic transitions, '^11 ->*^11 and ^17 respectively, the 
former being situated in the green and the latter in the red part of 
the spectrum. These bands have been studied most thoroughly in 
the spectrum of Mira. 

Zirconium Oxide Bands. The zirconium oxide bands are charac- 
teristic of class S spectra, which were separated out as a class by 
MerrillJ for this reason. Merrill was also the first to identify the 
bands. The star x Cygni is remarkable in being the only star known 
to exhibit bands of TiO and of ZrO at the same time. 

Certain bands in the spectrum of Mira remained long unidentified 
until Baxandall recognized them as being due to AlO. 

The hydrides NH, OH, CaH, and MgH have only been found in 
the sun, and the two latter only in the spots. Joy|| reported that he 

t Phya, Rev. 33 (1919), 701. { Aatrophya. J. 56 (1922), 457. 

II Cf. P. Swings, ActualiUs sci. et indmt. 50 (1932), 14. 
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had found MgH in the spectrum of Mira and claimed further also to 
have found a faint band of AlH in the spectrum of this star. These 
observations have not thus far been confirmed. On the other hand, 
Richardson! reports that AlH may exist in sun-spots. 

The Swan Bands. The bands dominating the spectral classes R 
and A, the so-called Swan bands, are due to Cg. These bands belong 
to an electronic transition ->^11. It apj^ears tliat the Swan bands 
and the TiO bands arc mutually exclusive, a fact which may be inter- 
preted on the dissociation theory, as will be shown later. 

The G Band. The bands due to CH are also of considerable 
astrophysical significance. Two band systems due to CH occur in 
the stars, one situated near 4314 A. and the other near 3900 A. 
The first constitutes the so-called G band of Fraunhofer, and is 
particularly prominent in the sun. This band belongs to the elec- 
tronic transition being probably the ground-level of 

the molecule. The identification of the CH bands in the stars was 
made by Newall, Baxandall, and Butler,! They are observed in both 
branches of the spectral sequence. Passing along the sequence from 
0, B, A downwards, the G band is first definitely seen in some 
spectra of class F. It increases steadily in intensity until it reaches 
a maximum somewhere in the K class in the M branch, and in the 
R class in the N branch. Thus Rufus|| places the maximum of the 
G band in R 0 and K 0 respectively, while Shancf f places the maxi- 
mum in the G-R-N branch at R 3. There is also some uncertainty 
with regard to the spectral class in which the bands first become 
visible. 

It is difficult to obtain a clear estimate of the intensity of this 
band group, because there is a troublesome overlapping of lines due 
to calcium, titanium, and other metalhc elements. The number of 
bands in the 4314 group is very large, and they are distributed with 
increasing mutual distance from 4314 to about 4270 A. The bands 
turn their heads towards longer wave-lengths, in conformity with 
the general rule that the bands within a sequence degrade in the 
direction of the sequence itself. 

The Cyanogen Bands. These bands, which are due to CN, form 
two groups extending from about 4215 and 3885 A. towards shorter 
wave-lengths. They are resonance bands, and their intensity in- 

t Astrophys, J. 73 (1931), 216. t Monthly Not. 76 (1916), 640. 

II Publ Obs. Univ. Mich., 3 (1923), 258. ft Lick Ohs. Bull. 10 (1914), 79. 
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creases from their begiiming in the latest F classes {F S) to a 
maximum in late R classes. From then on through the N classes the 
intensity shows a steady decline. But there is a considerable uncer- 
tainty with regard to this maximum, and also the class in which the 
bands first become visible. 

82. Isotope Effects in Band Spectra 

Since tl\e vibrational as well as the rotational energy of a molecule 
depends directly on its moment of inertia, it is clear that bands from 
molecules made from different isotopes will not coincide. The })ands 
originating in the heavier molecules will be displaced towards the 
red with respt^ct to bands belonging to the lighter molecule. 

This feet provides a method for the detection of isotopes, which 
was first introduced by Kratzerf and Loomis. J The method is par- 
ticularly well suited for astrophysical purposes, where XR’^ictically all 
other methods an^ out of the question. 

Til ere are two cases of astrox)hysical interest, the discovery of 
isotopes of atmospheric oxygen by W. F. (dauque andH. L. Johnston, || 
and of the carbon isotox)es in N stars by Sanford, ff both in 1929. Tlie 
new oxygen isotopes have atomic masses 17 and 18 respectively, the 
heavier component being the most abundant of the two. Various 
determinations of the relative abundances give tlie result that 0^^ 
is ten thousand times more abundant than 0^^, and about a thousand 
times more abundant than Jt is interesting that this discovery 
was first made from the terrestrial bands in the solar spectrum, being 
thus a strictly astrox3hysical discovery. 

Conditions were a little different in the case of the carbon isotopes. 
Here the discovery was first made by King and Birge from laboratory 
spectra obtained by King. Shortly afterwards Sanford then pointed 
out that the existence of these isotopes would serve to explain the 
presence of three absorption bands in the vicinity of 4270 A. which 
have been known to exist in N type spectra for many years. 

The table given on p. 233 will make the matter clear. Sanford 
suggested that the third band head might indicate the existence 
of a third isotope of mass 14 and ascribed the band accordingly to 
the molecule — suggestion that this band is due to 

(;i3__ci3 was made by Menzel.JJ 

t Zeits.f. Physik, 3 (1920), 460. % Astrophys. J. 52 (1920). 248. 

11 Nature, 123 (1929), 318, 831. tt Astron, Soc, Pacific, 41 (1929), 291. 

tt Ibid. 42 (1930), 34. 
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Table 7 


Wave-lengths of Band Heads 


Hale .... 

4737-5 

4745-3 

4752-8 

Shane .... 

4737-8 

4745-2 

4752-8 

Sanford 

4737-G 

4745-2 

4752-4 

Moan (obs.) . 

4737-6 

4745-2 

4752-7 

Computed 

4737-9 

4744-5 

4751-0 

Furnace 

4736-9 

i 4744-5 

47... 

Isotopes 



C13_.C13 


While the isotopes of oxygen are rather an isolated fact of no 
particular interest to astrophysics, the isotopes of carbon seem to 
play a much more important part. It has, for example, been suggested 
by Wurmf that the close overlapping of hues due to different isotopes 
may be responsible for the very strong intensity of the Swan bands in 
latc-tyj)e N stars. 

t Zcits.f. Asfrophys. 5 (1932), 268. 
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XVII 


APPLICATION OF THE THEORY OF MOLECULES TO THE 
DETERMINATION OF EFFECTIVE TEMPERATURE 


83. Intensity in Bands and the Determination of Temperature 

After this short survey of the main observational data we turn to 
the theoretical analysis of the ])robleni exhibited by molecular com- 
pounds in stellar spectra. We shall proceed in successive steps 
corresponding to the real complexity of tlie problem, beginning with 
the intensity distribution in bands, then in band se(|uences, and 
finally the intensity of all bands considered as a whole, and the 
relative intensity of bands belonging to different molecules. This 
may not be the usual procedure, but it seems to be most natural from 
the theoretical point of view. As was shown earlier the total intensity 
of a line in a band considered as being generated by a simple rotator 
will be ])roportional to the a 'priori probability of the rotational state 
in question, that is, to d i fhe rotational quantum number 

of the state. If the gas is in thermal equilibrium, the number of atoms 
in thej'-state will be affected by a Boltzmann factor 

^~1{j+\)hH%TT-AkT ^ 


where T is the temperature. We may thus put the intensity of a 
single component line of the band equal to 




it being assumed that j corresponds to the initial state of the line in 
question. This expression shows that the intensity will rise to a 
maximum for a certain value of which may be determined with a 
sufficient approximation by considering j as a continuous variable. 
By differentiation of 1^ with respect to j we then find 


Ij dj Uir^AkT' 


(114) 


For the maximum intensity the differential quotient vanishes. 
Denoting the corresponding j-value by and solving (114) for the 
temperature, we find 


_ hH2^+ll 

i^Ak ' 


( 115 ) 
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This method of temperature determination was first i)roi)Osed by 
Heurlinger.f 

These considerations are only directly applicable to emission bands, 
the total intensity of the source being so small that reabsorption is 
negligible. It is not a priori clear that the maximum intensity in an 
absorption band should be found in the same ])osition as in the case of 
emission bands, and the direct apj)lication of formula (113) to stellar 
spectra is therefore somewhat conjectural, especially as we must take 
into account the merging of the lines into a continuous band. ]3ut 
these conditions have not thus far been discussed in detail, all a])pli- 
cations being based directly on (113). 

84. Temperature of the Sun from Bands 

BirgeJ and later Bichardson|| tried to apply this method to the 
sun. Birge studied the intensity distribution in one of the solar 
cyanogen l)ands (3883 A.), as well as in the same band photographed 
by King for- different temperatures in tlie electric furnace. Birge 
arrived at a temperature for the reversing layer of 
T 4,300 ± 500° K. 

This value is considerably lower than the temperatures derived by 
other methods, and it is likely that it has been affected ])y some 
systematic errors. 

More recently llichardson attacked the same ])roblem, but this 
time not only for the reversing layer at the imdimnied solar surface, 
but also in sun-s})ots. Richardson did not use the cyanogen bands, 
but the Swan bands of carbon at 5105 A. A direct comparison of 
the observed and theoretical intensities of lines in the 5105 band 
yielded a temperature of 4, 900 J:: 000° K. for the sun-spot umbra and 
6,000it:700° K. for the reversing layer. From the i^osition of the 
maximum intensity in the band he derived a temperature of 4,950^ 
750° K. for the sun-spot umbra and 5, 700 1,600° K. for the reversing 
layer. A third variation of the method yielded similar results. 

It will be noticed that the temperatxires derived by Richardson are, 
on the whole, higher than those found by Birge, and they accord on 
the whole with the temperatures derived from the distribution of 
energy in the continuous spectrum of the sun. The probable errors 
of the determinations, however, are so large that it is difficult to say 

t Dissertation, Lund, 1918, p. 65. % Astrophys. J, 55 (1922), 273. 

il Ibid. 73 (1931), 216. 



236 APPLICATION OF THEORY OF MOLECULES TO Chap. XVII, § 84 
whether Richardson’s temperatures are inlierently better than those 
found by Birge. 

The essential difficulty of this method in its application to the sun 
and similar stars consists in the blending of lines of the bands with 
foreign lines of the spectrum. Although the metliod affords an 
interesting alternative for the determination of solar temperatures, 
it seems still to be less reliable than the methods depending upon the 
distribution of radiation in the continuous spectrum. 

85. Temperature of the Ionosphere 

A corresponding application of the theory of band spectra was 
made by Vegardf in an attempt to determine the temperature of the 
upper terrestrial atmosphere. As is well known the aurora borealis 
originates in high atmospheric layers extending from a lower limit of 
about 80 km. to about 1000 km., the average being about 100 km. 
The spectra of aurorae show mostty narrow bands, which correspond 
so closely to the position of negative and positive bands of nitrogen 
that the identification with these bands is certain. A large number 
of these bands are found in the ultra-violet part of the spectrum, 
extending right down to the limit of atmospheric absorption ; there 
are also numerous bands in the red part of the spectrum, which also 
seem mostly to belong to nitrogen, although some of the bands may 
have a different origin. 

The intensity of auroral radiation is so weak that it has been 
impossible so far to photograph the si)ectrum with anything but very 
low dispersion, so that the bands are never resolved into individual 
lines. For this reason the formula (113) for the intensity distribution 
among the lines cannot be applied directly to the intensity in blended 
bands without a correction. For this formula only takes account of 
the intensity of the individual lines, and does not take account of 
the variation in the number of lines which fall within the slit-width, 
and which are thus blended together. This number will differ from 
place to place in the spectrum, and would produce a variation of 
intensity even if all individual lines had the same intensity. 

Let Avj be the frequency difference between adjacent lines at the 
place of the line with initial quantum state j. The number of lines 
blended by the slit may then be put proportional to which 

must be introduced as an additional factor to before it will give the 

t Oeojys, Pub, Oslo, 9 (1932), No. 11. 
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intensity in the blended band. As a sufficiently accurate expression 
of Avj we may write for a positive branch 

SO that the final expression of becomes 
L = const. 

Sj+1 

Proceeding in the usual way wo find the following condition for the 
maximum of this expression 

^ h:^2j+msj+i) 

Sn^AkT(2~-h) ' 

Introducing into this formula the data given by Vegard for the nega- 
tive nitrogen band 4278, the auroral temperature comes out of the 
order 70^ C. 

Just how much this means is not easy to say, because the difficulties 
of obtaining auroral sj)ectra may introduce systematic errors which 
are very difficult to control. But it is interesting in so far as it shows 
that tJicre exists at present no direct evidence of any low temperature 
of the upper atmosphere. 

It must be remembered, however, that since the phenomena of 
auroral display certainly are produced by agencies very far from 
thermal equilibrium, such as very fast electrical particles, the 
temperatures derived from band spectra in the above way may well 
differ from the temperature determining the pressure of the gas at 
the place in question. We shall sec an interesting case of this sort, 
when we turn to tlie temperatures derived from the distribution of 
molecules among different vibrational states. 

86. Temperatures from the Relative Intensities of Bands in 
a Sequence 

In stellar spectra it will perhaps never be possible to resolve the 
bands into individual fines, so that any application of the above- 
mentioned method will have to adopt the correction due to varying 
spacing of the fines. Thus far no one has made any attempt at tem- 
perature determinations of this sort. Probably the theory would need 
further amplification before being applicable to absorption bands. 
However, there is another possibility, which is likely to have a wider 
range of application, namely, to derive the relative number of mole- 
cules in different vibrational states, and then to apply Boltzmann’s 
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principle to these numbers. Differential measurements of intensities 
within a single band would then be superfluous, as all that is needed 
is the total intensity of each band. This method was applied in a 
preliminary way by Wurm to the spectra of eomets as well as to the 
spectra of late-type stars, where his results were in qualitative 
agreement with other temperature determinations. 

One of the difficulties encountered here is the fact that a fairly 
accurate knowledge of the probabilities of transition between 
different vibrational levels is a necessary corollary for the method. 
It is therefore to be regretted that the theory of these transition 
probabilities has only been develoj)ed in a few simple cases, and even 
there further amplifications are greatly to be desired. All the mole- 
cules in question arc of the non polar kind, which have no electric 
moment in their normal state with no electronic states excited. For 
this reason the theory of the harmonic oscillator, which gives a good 
approximation when it is a question of calculating the lowest vibra- 
tional energy levels, cannot be used directly even for these lowest 
levels. It was showed by Hutchisson, however, that the theory of the 
harmonic oscillator M'hen properly interpreted, will serve as a starting- 
point even for the theory of vibrational transition j)robabiIities of 
non-polar molecules. We shall therefore consider the essential points 
of the Hutchisson theory. 

87. Hutchisson’s Theory of Vibrational Transition Proba- 
bilities 

We assume that the coupling between the electronic motion and 
the rotation of the molecule is so slight that we may write the wave 
function of a molecular state in the form 

where includes all terms pertaining to the rotation of the molecule 
and the electronic motion, while is the wave function of the vibra- 
tional motion. We divide the electrical moment of the molecule in a 
given configuration into two parts: Mj^ which is associated with 
rotation and electronic configuration, and My which is associated with 
the vibrations. The harmonic amplitude of the molecule associated 
with a transition from the given state to one distinguished by a 
double prime will be given by the formula 

j(My+M^)f r* dr, 
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where an asterisk denotes the complex conjugate, and dr is the elemen- 
tary volume of the configuration space of the molecule, the integra- 
tion extending over all configuration space. This formula is so far 
quite general. For non-polar molecules, however, the vibrational 
electrical momentum vanishes, so that My may be droj)ped from the 
above formula. Next My will be sensibly independent of the states 
of vibration, that is, it will depend on the electronic and rotational 
coordinates only. Tlu^ above multiple integral will therefore split up 
into a product of two integrals 

j ^ .4. j,., 

where J Jy ^ j* YyYydry. 

Now Jy must be expected to be indej)endent of the states of vibration, 
at l(^ast in a region of low vibrational quantum numbers, as a conse- 
quence of which the relative ])robability of difTerent vibrational transi- 
tions (50iTes|)onding to the same electronic transition will be given by 
Jy alone. These are the fundamental assumptions of Hutchisson’s 
theory.f 

It is easily proved that to a first a])proximation the vibrations 
may be considered similar to those of a linear harmonic vibrator. 
However, if we were to use un])erturbed wave functions for a har- 
monic vibrator in calculating Jy, all vibrational transition proba- 
bilities would vanish. We know, however, that in an electronic 
transition the molecule suffers a perce];)tible deformation, resulting 
in a change of moment of inertia, which again means a change in the 
relative separation of the atoms as well as a change in the proper 
frequency of vibration. In virtue of these changes the Hermitian 
wave functions will no longer be necessarily orthogonal, and so will 
allow of a non- vanishing value for the integral Jy. Since this result 
is due expressly to the excited electron, it is in harmony with the 
fact that homopolar molecules rarely show pure rotation bands or 
bands of the vibration-rotation type. 

The wave function of a harmonic oscillator was earlier found to be 
given by (see p. 34) 

I> = (N, = 42^5! 

where is a Hermitian polynomial, while the independent variable 


t Phys. Rev. 36 (1930), 410. 
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rj is related to the radial separation r of the atoms by the formula 





-ro) 277 



In this formula Tq is the equilibrium value of the separation of the two 
nuclei, m is the reduced mass of the molecule, and A the moment of 
inertia. The change in frequency vq and average nuclear separation 
of the atoms in other states may be brought into the formulae by 
assuming the independent variable tj to be changed into ocrj-\-8, where 
a and 8 are constants characteristic for each state. We have then 





since A is proportional to rl, which makes Ajrl independent of the 
change of state. It follows therefore simply from the above equation 
that 

oc 



and 8 = 27J- O -- 0-122lV(roi)f)(ro— r^). 


Here is expressed in cm.-^i. M is the atomic weight of the atoms, 
which here are supposed identical. It is assumed that (rQ— is 
measured in Angstrom’s units. In order to carry out the integrations 
involved it is most convenient to use the generating function of the 
Hermitian polynomials 

sl 

s==0 

Similarly for the varied state 

<X) 

e~y‘+2v«xv+S) ^ 2 H,ia7]+S)^. 
r^O 


Multiplying these expressions together, multiplying the product by 
the proper exponentials, and integrating over all values of rj we 
find 

2 I dr) 

s^o r^O 




8 ^ {l-—a^){x^--y^)—2(x8x+28y+4:0(xy\ 

' 2( i+a^ ) l+ofi ) ‘ 

By expanding the last exponential factor in powers of x and y, and 
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then equating coefficients of the same powers on both sides, we 
obtain just those integrals which are needed for the calculation of 
the harmonic amplitudes. The result is 


00 


1 ) Hr^l) 

28 +r| ^ ^ 

' / ^ ft ; n / n 


( 116 ) 

The various letters introduced here have the following meanings: 



Table 8 


Values of JJK, equation ( 116 ) 


r 




0 0 I 
0 1 

0 2 

1 1 

0 3 

1 2 

0 4 

1 3 

2 2 

0 5 

1 4 

2 3 

1 5 

2 4 

3 3 


2 5 

3 4 

4 4 


I 

WiC^-\ <L^) 

^V 3 (f::, f TjCa) 

Wh <^2 + ^2 c?i 4 -« 2 ^i) 

^V 6 (e 4 4 -C 2 C 2 + ^4) 

I Vr)(r/4 C3 -f <2 <’1 + «a ^2 + ^2 <^2) 

^(f'ia ^’a“l"C2 ^-^2 4 ” ^2 ^2 4 " ^2 ^i 4 '®i) 

^■^15(654-02^3 + 04 Cl) 

W 3((7 1 C4 + Cg ^'2 ■ ^ <^4 + ^2 ^3 4 - (^ 2 . ^2 ) 

^ V6((/2 C3 + Ca r/a + ^2 ^3 + ^2 ^2 <’1 + «2 ^2 4 - «a ^2 + «4 ^1) 

^ V 3 ()(r 7 i c 5 + Ca (h ^3 4 - C4 f/i Cj + -f aa ^2 eg + «2 ^4) 

4 V3(o? 3 C4 -f Cg cfo ^2 ^ ''*4 4 - &2 ^^2 ^2 <"2 4 - ^2 ^4 4 “ «2 ^3 4 - ^2 ^2 + ^4 ^2 + ®4 *^2) 

i (<^3 <^’3 + ^2 ^3 Ci 44>2 ^ 3 + 5.2 Cg Ci + crg f/g Cg + ag Cg f/g + ttg 63 ^2 4 “ 2 ^>2 ^2 4 * 

+ O4 r/j Ci+ffg) 

I V 30 (t/a Cft + Cg rig ^3 f Cj dg 4 - 6a 4 - &2 <^2 ^3 h ^4 f Cfa C4 + Cg o^i Cg + 

+«2 C4 ^^4- €3+04 Ca 64) 

i VC(rf3 C4 + C3 dg Cg + C4 (^3 + 63 ril C4+ 6a Cg di Cg + 63 C4 di + ag dg 63 + ag Cg dg C4 + 

+ <^a 63 *^8 4~®2 63 ^a ^ 14*^4 dj 63 + 0^4 Cg dj^ + ff^ c^) 

1(^4 C4 + Cg d4 Co + 6 b dg 64 + 63 Cg dg Cg + 64 C4 + C4 d4 + 64 C4 + Og dg 63 + 

+ (Ig 6g dj^ C3 + Ctg Cg dg C4 + dg Cg 63 d j 64 + ©4 dg Cg + ©4 Cg dg + 

+ CT4 63 Cg+a^ 6a Cg + dg di C4 + a8) 


8505.15 


II 
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Moreover, the double limits of the sums in (116) are to be understood 
in the manner that the smaller value of 5 or r in the first sum is the 
upper hmit, while the upper limits in the second and third sums are 
either the upper or lower figure depending upon whether s—l ox r—l 
is even or odd. The table on p. 241 for the integral (116) will be found 
useful. 

In a later paperf Hutchisson extended this theory so as to take 
account of the tendency towards anharmonic vibrations which soon 
becomes perceptible for higher vibrational quantum numbers. The 
calculations then soon become very compheated. The above expres- 
sions will suffice for a survey of stellar spectra. 

88. iV^-type Spectra 

The above theory was ap])lied by WurmJ to the intensity of the 
Swan bands and the cyanogen bands in the stars. In the case of 
cyanogen the molecule is not quite symmetrical, as assumed in the 
theory, but the difference in atomic weight between carbon (12) and 
nitrogen (14) is so small that there is no reason to anticipate any 
difficulties on this account. A practical difiiculty of the theory is 
the fact that the change in nuclear separation during an electronic 
transition is not known with sufficient accuracy in the present case. 
This change is usually of the order a few per cent, of the separation 
itself. For Cg the analysis of the bands yields the values 

^0 ~ 1*265 A.; Vq ~ 1*311 A.; ^o”^o “ —0*046 A. 

In order to bring out the influence of any uncertainty in Ar^ — Vq—Vq 
Wurm carried through the calculations for various values of Avq. 
Having derived the necessary constants, all there is to do is to 
calculate the square of the harmonic amphtudes and multii)ly them 
by the fourth power of the corresponding frequencies. This latter 
factor was omitted in the analysis of individual bands, because the 
width of a band is always very small in comparison with the frequency 
of its zero line. But when comparing different bands in a sequence 
the difference is no longer small, as will be realized by an inspection of 
the corresponding tables. 

Although the theory is only developed for emission bands of small 
intensity, Wurm apphed it directly to the absorption bands in late- 
type stars. It is clear then that the results of a comparison between 
theory and observations must be interpreted cum grano salis, and that 

t Phys. Rev. 37 (1931), 45. t Zeits. f. Astrophys. 5 (1932), 260. 
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it will have no meaning to stress details very much. Since the 
intensity of a band cannot well be expressed by a simple formula, 
we cannot determine the temperature by a simple determination of 
maximum intensities. It becomes necessary to compare the empirical 
intensities of a whole sequence of bands with theory for different 
assumed temperatures, in order to single out the temperature which 
best fits the facts. Anotlier difficulty which prevents an accurate 
temperature-determination for the moment is the fact that there 
are no accurate photometric measurements of the intensities of the 
bands in late-type spectra. Wurm tlierefore liad to be content with 
tentative estimates of intensities from the spectra published round 
the beginning of tlie century by Hale, Kllerman, and Parkhurst.f 
This is, of course, only a temporary difficulty, which will probably 
soon be overcome by some one interested in late -type star problems. 

Wurm found that the group 6,191 A. and 5,635 A. of Co were most 
suited for the purpose, because they appear with moderate intensities 
in the spectra, while the other bands very soon grow so strong that 
estimates of intensities have very little meaning in this respect, 
Wurm studied the spectrum of the star 152 Schjellerup, which is of 
s])ectral class N 3, and of 10 Piscium of type N 0 . The fact that the 
first band of the group 6,191 A. is slightly stronger than the second 
band indicates at once that the temperature of these stars is lower 
than 2,000° K. This estimate is not so arbitrary as might be imagined, 
because a drop in temperature in this region will affect the intensities 
very seriously. It is more sensitive to a lowering of the temperature 
than to an increase. This result was further confirmed by reference 
to the group at 5,635 A., so that a ‘band’ temperature of stars in the 
range N 0-N 3 of about 1,700° K. should not be far from the truth. 

The comparison between theory and observation for the cyanogen 
bands was not carried out by Wurm on account of lack of suitable 
material. 

89. Bands in the Spectra of Comets 

The spectra of comets have been carefully studied during the whole 
reign of stellar spectroscopy, valuable observations being made as far 
back as seventy-five years ago. 

The comet which has been studied most thoroughly spectroscopic- 
ally is that of Halley. In particular, the observational facts as regards 


t Pub. Yerkes Obs. 2 (1904). 
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spectrograms obtained of this comet during its appearance in 1910 
were discussed by Bobrovnikoff.t Most typical for molecular bands 
in cometary spectra are the cyanogen bands of the type 
The relative intensities of these bands are peculiar in that bands 
starting from excited vibrational states decrease very rapidly in 
intensity with increasing quantum number. According to WurmJ 
this indicates a temperature of the order of 300'' K. for the radiating 
gases in the comets. But this estimate does not moan very much 
apart from emphasizing that the temperature (‘\’idenced by the 
spectrograms is mucli lower than that of the sun. 

90. Intensity of Auroral Bands 

A similar application of the band-spectrum tlieory was made by 
Rosseland and Steensholt|| to tlu' spectrum of polar aur’orae. From 
the Hutchisson theory they calculated the tlicoretical intensities of tlu^ 
ultra-violet negative and positive nitrogen bands, and com])ared 
the results with Vegard’s estimate of relativ^e intensities of these 
bands on auroral spectrograms. The temperature which would 
correspond to the observed data came out to be very large, something 
between 2,000" and 3,000" K. The fact that this result diflferKS very 
much from the result obtained from the width of the band 4,276 A. 
discussed earlier indicates that the conditions mider which the bands 
are emitted must differ radically from those of thermal ociuilibrium. 
That band spectra arc sensitive to such deviations has been demon- 
strated experimentally, fl so that this result is not smprising. When 
the density is so low that ordinary collisions may be neglected, excita- 
tion by electron impacts will not change the distribution of the 
molecules very much as regards the rotations, while the electronic 
transitions suffered by the molecule will profoundly alter the oscilla- 
tions. The liigh oscillation temperature sliown by auroral bands is 
therefore restricted to the oscillations, and indicates that aurorae 
are excited by the impact of swift particles. 

t Lick Obs. Bull. 17 (1931), 204. See also W. H. Wriglit, ibid. 209 (1912-13), 13 
(comet Brooks). W. W. Campbell, ibid. 5 (1908), 31 (comet Daniel) ; V. Sliphor, Lowell 
Ohs. Bull. 52 (1911). 

X Zeits.f. Astropfiys. 5 (1932), 10. Cf. also H. Zaiistra, Monthly Not. 89 (1928), 178, 
and Baldet, Actualitcs .sci. el. iudust. 16 (1930). 

|( Pub. Oslo Univ, Obs. 7 (1933). 

tt Cf. for example 0. Oldenborg, Phys. Rev. 46 (1934), 210. 
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DISSOCIATIVE EQUILIBRIUM OF STELLAR (COMPOUNDS 

91, The Reaction Isochore 

Having discussed various problems related to the intensities of 
bands due to a given molecule, we shall now approach the more 
difficult problem of the relative intensities of bands belonging to 
different molecules. Only so can we hope to develop a theory of the 
role of molecular spectra in the stellar sequence, or in the cliange of 
type of a long -period star during its course of variation. 

The first quantitative study of tliis problem was due to Atkinson. f 
Later improvements were given by Piccardi,;]: Christy, ]| Wildt,ff 
Swings, Yvonne Cambresier and Rosenfe]d,||j| and Russell. fft 
The general problem of discussing all possible chemical reactions 
which may take place in a stellar atmosphere is, of course, too com- 
plicated to be attacked in full generality. We must therefore proceed 
in successive a])proximations, taking the observed facts as a guide. 
As a first apj)roach to the problem we therefore study the equilibrium 
between different molecular combinations in an atmosphere under the 
same simplifying assumptions as were used for the ionization problem. 
We thus assume the state to correspond to local thermodynamic 
equilibrium, so that the state of dissociation is governed by the 
equations derived earlier (Chap. II): 

nk=fb^‘ 

being the relative number of molecules of the Mh type, fj^ its 
partition function, the number of atoms of the ffh kind in the 
molecule, while Uj. gives the deviation from the ideal gas laws. In 
the following we shall assume the ideal gas laws to hold, so that % 
may be neglected. We shall further, for the most part, only be con- 
cerned with diatomic compounds, which are the only ones directly 
observed in stellar spectra. In some cases we know, however, that 
more complex compounds will be present and }day an important 

t Monthhj Not. 82 (1922), 396. 

t Mem,, d. Soc. Astron. Italia, 4 (1929), 379. 

11 Astrophys. J. 70 (1929), 1. 

tt ZeiUi.f. Physik, 54 (1929), 856: Zeits.f. Astrophys. 9 (1934), 176. 

Monthly Not. 92 (1931), 140; Actualites sci. et indust. 50 (1932). 

1111 Monthly Not. 93 (1933), 710. 

ttt Astrophys. J. 79 (1934), 317. 
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part. This is, for instance, likely to be the case with carbon dioxide 
in the carbon stars, as we shall see later. We further also know that 
the atmospheres of the outer planets contain large amounts of 
ammonia (NHg) and methane (CH4), so that the study of more 
complex molecular compounds cannot be avoided altogether in 
astrophysics. 

Consider then a mixture of two elements A and B and the forma- 
tion of a compound AB, while disregarding for the moment the 
possibility of the formation of compounds A A and BB. Let 
and denote the number of free atoms A and B per unit volume, 
and the corresponding number of molecules AB. The above 
system of equations of dissociativ’^e equilibrium then reduces to the 
following three : 

■^A = /a == fu ^AB = /aB 

Eliminating A ^ and A^ we find the well-known equation 


^4 _ /j/b 

'^^AB /ab 

For the range of temperatures met with in cool stars it is per- 
missible to neglect the electronic excitation of the atoms, so that 
the atomic partition function reduces to that of translational motion 
multiplied by the statistical weight of the normal quantum state, 
which may be denoted by G. That is, 

= (27rM^ IcTfG^ h-^; kTfG^ 1r\ 

where and Mj^ are the masses of the atoms in question. 

The partition function of the molecule is a more complicated 
affair. For the present purpose it is sufficient to consider the mole- 
cular rotations and vibrations as independent, and quantized as 
simple rotators and harmonic oscillators. The partition function 
then splits up into a quadruple product 


fAB = GABfrr- 

Here /' may be taken to represent the translational motion of the 
molecule, so that ^ {2TT{M^+Ms)kT}ih-^. 

Next /" may represent the rotations, so that 


j'fb 
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We have here used the expression for the energy of 

a rotator, which was derived earlier (p. 43), assuming the moment 
of inertia constant. Under stellar conditions the rotations will be so 
strongly excited that it is permissible to treat j as a continuous 
variable and change the sum into an integral. We then have 
00 

0 

Denoting the dissociation energy of the molecule by x we have thirdly, 
for the vibrational partition function, 

Here w is tlie fundamental vibration frequency of the molecule. 
The zero energy of the vibrations, Ihw, has been included in. y. The 
summation of the geometrical series involved in this formula is 
easily performed, giving 

exlkT 

/ m 


Finally is the statistical weight of the ground state of the 
eieetronic configuration of the molecule, the nuclei being regarded 
as fixed. 

We are now in the position to write down the final expressions of 
'^A ^ B I'^AB • We find 

njn ' Gab ^Tr^^kThA ^ 

where we have introduced the reduced mass of tlie molecule 


M 


AB 


M^Mj, 


which also is the molecular mass to be used in the calculation of the 
moment of inertia. If we prefer doing so we may therefore achieve 
some further simplification by introducing the equilibrium distance 
between the atoms Vq by the formula 

A ~ 

The dissociation formula may then be written in the equivalent form 

i^As kT ^A ^^xlkT( l „ c~hwlkT\ 

'^AB J 
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We have here assumed that the two atoms A and B are intrin- 
sically different. If the two atoms are identical, the above formula 
suffers a minor change, as it is necessary to multiply the right-hand 
side by 2. This point was discussed by Gibson and Heitler.f The 
above equation is usually called the reaction isochore. 


92. Expressions for the Relative Abundance of Molecules in an 
Atmosphere 

The next problem is to find out how varying dissociation at differ- 
ent levels will influence the resulting band intensity. This problem, 
which is completely analogous to the consideration of varying ioniza- 
tion with change of level in case of atoms, was first considered by 
(^ambresier and Rosenfeld.J 

We suppose tliat the intensity of a definite component line of a 
band is essentially determined by the number of relevant niolcculos 
in the right quantum state, overlying the photosphere, just as for 
atomic lines. Denoting this number by A", and assuming it to refer 
to molecules AB, we have 

JV == j dz^ 


the integral being extended from the top of tlie atmosphere and down 
to the photospheric level; z denotes the depth below a chosen outer 
limit of the atmosphere. 

Further progress will now depend essentially on the functional 
form adopted for the coefficient of continuous absorption. The study 
of atomic lines has indicated that the mass absorption coefficient 
probably increases with pressure, so we may adopt as a rough ex - 
pression 

1 K = KqPp, 


p being the total pressure, and kq a quantity depending on tempera- 
ture and the wave-length of light. We have discussed earlier the 
limitations involved in such a procedure, so that it need not detain 
us here. The optical depth of the photospheric level is thus 

^0= j xoPP dz = ^ j pdp = ^ 

where F is the total pressure in the photosphere. The atmospheric 
temperature is then assumed constant during the integration. 


t Zeits.f. Physik, 49 (1928), 465. 
i Monthly Not. 93 (1933), 710. 
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A case of wide applicability is met with when we assume that 
the element A is so excessively abundant that the fraction of it 
bound in molecules AB is negligibly small compared to the unbound 
fraction. The second element B may be present with a small 
absolute abundance, and an appreciable fraction of it may be in 
the form of molecules A B, We are then entitled to put propor- 
tional to the total pressure. For the sake of generality we may 
assume that there exist a whole series of elements of type A and 
a series of elements of type B without introducing much more 
complication, provided only that we can neglect intercombinations of 
the type - j T'his case is general enough to be 

of interest for the stellar problem. 

Denote the relative abundance of the elements by and 
respectively, it being assumed that 

H-a > as well as 2 > 2 

A U 

the sum being extended to all elements of the respective groups. Let 
further yj^ denote the total number of B atoms in unit volume, and 
k Boltzmann's constant, so that 




Vb 


The numbers and will now satisfy the equations 

and 

Eliminating from these equations we find the following expression 

On the right-hand side we shall introduce the total pressure instead 
of rij^ and on using the above expressions (117). We then find 


kTp+KIcT^ ' ' 

The equation of hydrostatic equilibrium is, E denoting the gas 
constant of the material, 


3595.15 
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SO that the expression for N may be brought to the form 

p 

N zz=: ^ 

g k J p+KJcT/^y 

0 

P being the pressure at the photospheric level. 

Carrying out the integration wc find 

^ \oAl + - 

We have finally to express P in terms of the optical thickness of 
the atmosphere: 

P = 



The final expression of N is therefore 


^TS 


R 


'2to\ 


'“ei' + A-ty 


f^A 


-0 ir 


(120) 


9 

It is not difficult to see that an increase in g corresponds to a decrease 
ill N and vice versa. Hence the bands in question are all strengthened 
by an increase in the giant characteristics, i.e. decreasing density. 

It goes without saying that the above considerations do not apply 
to molecules like B 2 where both atoms of the molecule are tlie same, 
and of small absolute abundance. However, limiting the considera- 
tion to the case when the number of molecules of the type is small 
in comparison with the number of molecular types like AB, it is not 
difficult to find the proper formulae. Writing the corresponding 
equation of dissociative equilibrium in the form 

n% = K'n^B, 

we may assume to be given by equations (118) and (119), since 
we have assumed the earlier equilibrium to be practically undis- 
turbed. Then 

} p 

l + iK/nj) p+(KkTliA2’ 

K' {p+(KkTjf;i^)r 

Hence it follows by integration that 

p~p 

RTi 


n. 




and 


n. 


2B 


feF 


N’ 


J 


'^2B 


p — 0 


9 


'mn 


^ KkTl 


1 

\ + (Kkflp^^P)\ 

( 121 ) 
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Apart from minor differences of notation the formulae (120) and (121) 
are the same as those given by Cambresier and Roscnfeld. It will be 
noticed that assuming PjKhT to be a small quantity in these 
formulae, and cxj3anding the expressions in the bracket to the second 
power of P, N and N' become proportional to so that g drops 
out when P is expressed as a function of the optical thickness of the 
atmosphere. 

The formulae we have been developing contain a mixture of quanti- 
ties which either may be determined from laboratory experiments 
(ir are tyjhcal stellar data. The former quantities are included in the 
dissociation coefficient K, and arc given in general in Table 14 in 
the Ap])endix, in so far as tlie molecular compound has an astro - 
physical interest. We may therefore consider K known when the 
temperature is given. The absorption coefficient is essentially a 
stellar datum, along with tlie quantities /xyj, P, and g. In order 
to take the dependence of the absorption coefficient on temperature 
roughly into account, we write 


where n may be assumed to be known from the study of atomic lines. 
The stellar quantities then occur in tlie above formulae in the com- 
binations 


0C = 


-I and 


13 — fj.j^ R 


“)• 

9 ^) 


Both OL and jS are determinable in principle for an individual star, on 
assuming that the number N may be found from the intensity of the 
bands. If a, R, and g were known beforehand, and /xj^ could 
be determined. Conversely, knowing the /a’s, R^jgo and ga can be 
found. So much information about these quantities has been ac- 
cumulating lately, that the day may not be far off when the theory 
may yield accurate values of the relative abundance of the elements 
forming chemical compounds in the stars, when further theoretical 
refinements may become desirable. 


93. Abundance of H and N in Late -type Stars 

The preceding theory may be used to determine the relative abun- 
dance of hydrogen and nitrogen in late-type stars, since hydrogen is 
known to be sufficiently abundant to play the part of the element 
A. It was pointed out by Swings and Struvef that it is possible to 
t Phys. Rev, 40 (1932), U2. 
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estimate the relative abundance of two elements when they occur 
in combination with one and the same third element — for example, 
hydrogen and nitrogen both in combination with carbon in cyanogen 
and carbohydrogen (CH). This can, of course, only be done when 
CN and CH bands are found in the same spectrum. Swings and 
Struve’s considerations were based on the equations of dissociative 
equilibrium directly, no account being taken of the effect of level 
considered above. The situation is the same in principle in the more 
refined theory, however, since expression (120) has the form of a pro- 
duct of /x^ into a factor depending on only, say 

N = 

Hence it follows that for the ratio of the N's which correspond to the 
same B but two different ^’s, and 






'A, n ^(h-a) 


'A,B 


(122) 


If it is possible to measure the ratio of the N's occurring on the left- 
hand side, this equation gives for any selected value a definite 
value of . Expanding the /^^-expressions to the first power of 
which is permissible for small band intensities, the ratio of the N^b 
becomes directly proportional to the relative abundance /xj . 

If a trustworthy theory connecting the N's with the band inten- 
sities were at hand, the above relation would afford a good way of 
attacking the problem of abundance. Neglecting the difference in 
absorption coefficient in the region of the two bands, some approach 
to the problem may be made even if this functional relation is not 
known. It is then sufficient in fact to look out for spectra in which 
the intensities of the two different band systems are equal. The 
corresponding N’b must then be equal too, and relation (122) re- 
dU0«8 to ^ 


After a careful survey of the material Swings and Struve found that 
the CH and CN bands both fade out in the same spectral class, F8, 
The diverging opinion entertained by several earlier authors on this 
point is probably due to an erroneous interpretation of a batch of 
blended lines of atomic origin in the region of the 0 band. Assuming 
jP 8 to correspond to a temperature of 6,500° K., it follows from the 
above formula in its simplified form that the abundance ratio of 
H and N is of the order 10^. This is in general agreement with the 
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analysis of atomic line intensities. But Swings and Struve pointed 
out at the same time that the absorption coefficient in the region of 



5040/T-> 2-2 20 1-8 1-6 14 12 10 0-8 

Fia. 27. Abundance of molecules and atoms in giant stars of the branch 
K-M (Russell, Astrophys. J. 79). The heavy lines refer to molecular com- 
pounds actually observed. Thin lines give theoretical intensities of com- 
pounds which do not have observable bands in the accessible spectral region, 
and which hence camiot be observed directly. But their existence may 
be inferred from the presence of the related compounds. 
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the 0 band is likely to be higher than in the case of the ON bands, 
and that the result is affected by some uncertainty on this account. 



5040/T->2-0 18 1-6 14 V2 vO 0-8 

Fig. 28. Same as Fig. 27 except that the calculations refer to maiii 
sequence stars. 

94. Carbon Compounds in Late-type Stars 

Due to the large dissociation energy of CO, this compound 
dominates over all other carbon combinations, provided a sufficient 
supply of oxygen is available and the temperature is sufficiently low. 
This gives the clue to the understanding of the fact that Co 
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are mutually exclusive at low temperatures in the stars. It is of 
course possible that at temperatures of about 3,000"^, where the 
TiO concentration begins to increase and the concentration of Cg is 



5040/T 2-2 2-0 t*8 VO ^’4 1*2 1-0 Q-Q 


Fig. 29. Abundance of molecules in giant stars of the R-N branch 
(Russell, Astro'phys. J. 79). 

falling sharply off, a star may show TiO as well as Cg. This seems 
actually to be the case of a Herculis.f 

While thus CO must be present in large quantities in the atmo- 
spheres of some stars, it is a peculiar fact that in no case does it 
betray its presence in the spectra. In fact, by our formulae we should 
t J. Stebbins, Lick Ohs. Bull. 47 (1933). 
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expect CO to be about a million times more abundant than 
CN in low temperature dwarfs (cf. Fig. 28). The reason for this 
non-appearance of CO is the fact that the resonance bands all fall 



Fig. 30. Abundance of molecules in dwarf stars of the branch R-N. 

Cf. the preceding figure. (Russell, Astrophya. J. 79.) 

outside the visible region. The visible CO bands are primarily the 
Angstrom bands, which have an excitation energy of about 8 volts. 
In the present temperature range this means, however, that only one 
molecule in every million will possess an excitation energy large 
enough for the absorption of these bands to be possible, so that they 
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should be several hundred times fainter than the CN bands, and this 
is sufficient to account for their absence. 

95. Stellar Compounds in General 

Russell| has carried out very extensive calculations on the state of 
dissociation of stellar compounds, based on his own determinations 
of the relative abundance of elements in stars. It would lead us 
too far here to enter into the detailed assumptions underlying his 
calculations, but it may be stated that in general they are similar to 
those used in this outline. Russell finds a fair agreement between 
theory and observation. In particular the excessive abundance of 
hydrogen is definitely confirmed. 

96. Molecular Compounds in Planetary Atmospheres 

1. The Earth. The terrestrial atmosphere is essentially made 
up of oxygen and nitrogen with some admixture of water vapour 
in the lower strata, and with traces of carbon dioxide, argon, and 
helium. Near the ground the constitution of the atmosphere may be 
found by direct chemical analysis, but for higher levels inferences 
must be drawn from spectroscopic observations. First of all there 
are the terrestrial lines and bands in the solar spectrum, which are 
recognized as such by increasing intensity with increasing optical 
path in our atmosphere, by the absence of a Doppler effect due to the 
sun’s rotation, and, in the case of ozone, by the otherwise inexplicable 
petering-out of the solar spectrum near 2,900 A., and the var^ung 
intensity in this region with latitude and with meteorological condi- 
tions which point to a terrestrial origin. There is further the evidence 
from spectroscopic observation of the aurora borealis to be mentioned, 
and possibly also the observation of the zodiacal light. 

The terrestrial bands of Og in the solar spectrum are represented 
by a strong band at 7,594, a weaker band near 6,867, and a still 
weaker band at 6,277 A. These bands are due to forbidden transi- 
tions, which explains why their intensities are so low in spite 
of the fact that the whole air mass of the atmosphere takes part 
in their formation. The principal bands of oxygen are situated in 
the ultra-violet beyond 1,800 A. and prevent any study of the solar 
or stellar spectra in this region. The intensity-distribution in the 
oxygen bands is such as to indicate a low average temperature of the 


3595.15 


t Aatrophys, J, 79 (1934), 317. 

Ll 
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atmosphere, in accordance with the meteorological observations of 
the upper air. 

The ozone absorption consists of some weak bands in the red and 
the orange, a series of stronger bands extending from 3,300 and 
towards shorter wave-lengths, the Huggins bands, and finally a strong 
absorption setting in at about 2,900 A. and screening off nearly every- 
thing beyond. This last absorption is connected with the breaking 
up of the ozone molecule into O 2 +O, while the earlier isolated bands 
are of the ordinary rotational type. 

This ozone is probably formed in the higher strata of the atmo- 
sphere, from 20 km. and up, by the ionizing influence of ultra-violet 
sunlight. The total amount of ozone corresponds to a layer of 
0*2 to 0-4 cm. thickness at standard temperature and pressure. The 
detailed theory of this formation of ozone is as yet only in its infancy, 
and for this reason it; will be passed over here. 

Atomic oxygen does not exist in mcasural)le quantities in the lower 
strata of the atmospher(\ From 80 km. above the ground and up 
its existence is indicated by the green auroral lines 5,577 in the 
spectrum of the night sky and the polar aurorae. The identification 
of this line as belonging to atomic oxygen is due to McLennan.f It 
is due to a transition, which is forbidden by the ordinary selection 
rules. The closer details of its excitation in the u])per atmosphere 
does not seem to be cleared up as yet. Recent work of Kaplan J on 
the production of this line in arbitrary sources shows that a trace of 
oxygen in an atmosphere of nitrogen, say 1 per cent. Og to 99 per cent. 
Ng, exiiosed to intermittent electrical discharges, will reproduce the 
general features of the auroral spectrum. This may be taken to 
indicate that nitrogen jmeponderates much more in the high strata 
of the atmosphere than near the ground where the 02 :N 2 ratio is 
nearly as 1:4. 

Nitrogen does not reveal itself by any terrestrial lines and bands 
in the solar spectrum, but it shows up very strongly in the spectrum of 
the aurora borealis, the most conspicuous bands being those belong- 
ing to the so-called negative series which are due to N^', while the 
positive bands, due to the neutral Ng molecule, are generally weaker. 
The detailed condition of excitation of these bands in the auroral 
spectrum is still a matter of debate. 


t Proc. Roy, Soc. A, 120 (1928), 327. 
t J. Kaplan, Natme^ 135 (1935), 229. 
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Water vapour absorption is confined to the long wave-length part 
of the spectrum, extending from about 7,200 A. to 1 8,000 A., causing 
very great trouble in the study of solar and planetary spectra in this 
region. 

2. Venus and Mars. That these planets have atmospheres is 
evident from the presence of twilight on Venus, and the y>resencc of 
clouds and the waxing and waning of the ])olar caps on Mars. The 
spectra of tliese planets are remarkably similar to the solar spectrum, 
and very great efforts have been made in order to discov(T individual 
features giving a clue to the chemical constitution of their atmo- 
s]>heres. This has thus far only succeeded for Venus, where Adams 
and Dunhamf in 1932 discovered three bands due to carbon dioxide 
in the infra-red. These bands have their heads at about 7,820, 7,883, 
and 8,089 A. and had not up to that time been fliscovered in terrestrial 
sources. The identification was, therefore, first done from the 
identity of the moment of inertia given by the bands with that of 
the (JOo molecule, and next Dunham succeeded in reproducing the 
bands by passing light through a pi|)e 40 m. long, containing CX )2 
at a pressure of 10 atmospheres. Fui’ther experiments indicated that 
the layer of carbon dioxide above the visible surface of Venus is at 
least equivalent to a layer 3 kin. thick at standard temperature and 
pressure, which is about twice as much as the amount of oxygen in 
the atmosy)here of the earth. The weak intensity of these bands is 
due to the fact that they involve high harmonics of the fundamental 
vibration frequencies. 

Very careful measurements by Adams and Dunham J in 1934 
indicate that the atmosphere of Mars does not contain oxygen to a 
measurable extent. They estimate that an amount of oxygen equal 
to a thousandth part of that above an equal area on earth could have 
been detected. This applies also to Venus. The test was made by 
looking for the Doppler effect due to the relative motion of the planet 
and the earth. 

3. The Major Planets. The atmospheres of the major planets 
form a problem of their own which gave no promise of a solution 
until a few years ago. Jupiter shows a conspicuous band in the 
orange, which was discovered visually by Huggins. There are fainter 
bands in the green region of the spectrum. These bands recur 

t Pub^ Astron, Soc. Pacific, 45 (1932), 243. f AstToj>}iys, J . 79 (1934), 308. 
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with increasing intensity in the spectra of Saturn, Uranus, and 
Neptune. 

The identification of these bands remained obscure until 1932, 
when the puzzle was solved by Wildt,t who proved that they were 
due to ammonia and methane. Later work of DunhamJ and Adel 
and Slipherll confirmed this result. Again, we find that the reason 
why the bands have not been identified before is due to the fact that 
they correspond to high harmonics of the fundamental vibration 
frequencies of tlie molecules, and as such show up with a very small 
intensity under ordinary conditions. By far tlie greater part of this 
absorption is due to methane, which Dunham estimated to be 
equivalent to a layer of 1-5 km. thickness for Jupiter, while the corre- 
sponding amount of ammonia does not amount to more than 10 m. 
(standard temperature and pressure). 

f Gotiinger Vcroff. 22 (1932). 

t Pub. Astron. Soe. Pacific, 45 (1933), 42; 46 (1934), 231. 

II Phijs. Rev. 46 (1934), 902; 47 (1935), 681. 



XIX 


THE SOLAR ENVELOPE 

97. Extended Atmospheres 

Thus far it has been assumed that the atmospheres are in equilibrium 
under the opposing influences of gas pressure and gravity. These 
assumptions seem to work well in the lower atmospheric strata, but 
in the highest atmospheric layers conditions seem to become rather 
different. For the sun this inference may be drawn from the complex 
phenomena exhibited by the chromosphere and the corona. For the 
stars, bright lines, which appear especially in early type spectra, 
indicate that the outer atmospheric envelope has assumed very much 
larger proportions than for the sun. Finally, for novae, planetary 
nebulae, and diffuse nebulae the nebulous envelope has outgrown the 
star or the stars involved in them completely, although there is still 
every reason to believe that the luminosity of the envelope is derived 
directly from the stars. 

The study of this gradual growth of an envelope is of peculiar 
interest. From the j)oint of view of physics it illustrates a transition 
from a state of local thermal equilibrium into a state in which the 
application of temperature considerations has become entirely ambi- 
guous, and must be administered with the greatest care. At the same 
time the atoms forming the envelope get a better and better chance 
to display individual properties, which otherwise remain hidden 
behind the veil of thermod3niamic equilibrium. From the point of 
view of the astronomer the transition from star to nebula is interest- 
ing because of evolutionary ideas, which always are present in his 
work, consciously or subconsciously. Earlier astronomers were apt 
to believe the stars born out of nebulae; modern astronomers are 
more inclined to believe the nebulae born out of the stars. But still 
much more work will be required before a final verdict on the matter 
can be pronounced. 

98. Chromosphere and Corona 

The study of the sun reveals to us the incipient stage in the forma- 
tion of a nebulous envelope. This stage may, therefore, be studied in 
much greater detail than the subsequent development, leading over 
into the Be stage, the P Cygni stage, and the nova stage. It is also 
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possible, although not at all certain, that an intensive study of the 
solar envelope will reveal a sufficient indication of the hidden causes 
of this outflow of matter, which in some stars assumes such formidable 
proportions. 

From observations during solar eclipses we know that the nor- 
mal extent of the solar atmos])here is of the order of 200-400 km. 
This means that the majority of the monochromatic images of the 
solar limb photographed during ecli})ses indicate a height of this 
order. 

Where this rule bc^gins to fail, the outer envelope begins. The most 
notable exceptions to the rule are hydrogen, helium, calcium, and 
strontium, among wliicJi (calcium attains, ap})arently, the greatest 
heights. On MitchelTs })hot()graphs of the flasli spectrum, taken in 
Spain during the eclipse of 1905, the H and K lines arc still noticeable 
at a height of 14,000 km. above the photosphere. f 

There is now collected an extensive material bearing on the dis- 
tribution of different elements with height iji the chromosphere. J 
The general verdict of these investigations is that the density-dis- 
tribution of an element is well repre^sented by exponential laws. In 
some cases a single term applies. Tlius PaTinekoek and Minnaert 
give for the distribution of intensity in the hydrogen lines the 
formula ^ 

where K ~ 1,127 and /q = 02 . Kff ergs/cm. sec. and R stands for the 
radius of the sun, while ^ is the height above the reversing layer. 
Mitchell states that in some cases a better result is obtained by using 
two exponential terms. 

The observations give the projected intensity per cm.^ To pass on 
from that to the emission of light per unit volume in the atmosphere 
is easy if we are entitled to neglect reabsorption. Fortunately the 
optical thickness of the chromosphere does not seem to be large, so 
this assumption is permissible. 

Let E(r) denote the radiation emitted per unit time and volume 
in the required spectral line at a distance r from the centre of the 
sun, and denote by the j)crpendicular distance from the centre of 

t Mitchell, Afitrophys. J, 38 (1913), 407. 

% Davidson and Stratton, Mem. Brit. Astr. Ass. 64 (1927), 105. Davidson, 
Minnaert, Dmstein, and Stratton, Monthly Not. 88 (1928), 536. Pannekoek and 
Minnaert, Verh. Kon. Akad. Amsterdam, 13 (1928), No. 5. Mitchell, Aatrophys. J. 71 
(1930), 1; 72 (1930), 146. 
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the sun to the line of sight. The projected intensity at is then 


I{r,) 


r E(r)rdr 


since an element ds of the line of sight is given by 


ds 


r dr 


on assuming spherical symmetry. This is an integral equation for 
E{r), which was first solved by Abel.f The solution is found by 

n, rf, = v, 

multiplying the integral equation by W/r. where w is a con- 

stant, and integrating from v — w to v ™ oo. ('hanging the order of 
integration, by writing the equation in the form 

f I(v) dv f . f dv 


and noticing that 


It 

r dv 

J ^{(u ~v){v~-v')} 


the solution follows by differentiation, in the form 


f 

7T dW J 


dv 

y 


This solution may be applied to the observed projected intensity in 
the chromosphere. Writing 

V = w-)-a:“, 

the following approximate expression of 1 will suffice 

\ 


log/ 


Iog/o+A'|l- 


li 


2R^Iw]' 


This gives to a first approximation 




This relation was applied by McCreaJ to H . The initial state of 


t Cf., for instance, G. Kowalewski, Integralgleichungen, p. 9. 
j Monthly Not, 89 (1929), 483. 
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Hr is = 5. Denoting the number per unit volume of hydrogen 
atoms in this state by the frequency of the line by v, and the 
transition probability 5 -> 2 by emissivity is given by 

4:7TJ^y ~ X^hv(l^2‘ 

The stimulated emission may be neglected in this spectral region, so 
that a ^2 stands for the probability of spontaneous transitions. Intro- 
ducing numerical values for the constants McCrea found the value 
of at the bottom of the chromosphere to be 132. McCrea assumed 
a temperature in the chromosphere of 5,800^. Multiplying up by 
the right Boltzmann factors the numbers of atoms in states 2 and 1 
were found to bo 6,200 and 1-03.10^- respectively. 

The essential point in the above analysis is that the decrease of 
density of hydrogen with height is given by the same exponential 
factor as the projected intensity /, so we may write 

where is 16. 10“^^ gm./cm.^, if we accept McCrea’s analysis. 

The same procedure cannot bo applied unaltered to the corona, 
since the coronal spectrum does not show bright lines which may 
be used for this purpose. Close to the sun the coronal spectrum 
shows bright lines on a continuous background. Farther out it 
changes into a continuous spectrum with absorption lines, similar 
to the spectrum of the disk. The absorption lines are not much 
wider than in the solar spectrum, f which shows that the scatter- 
ing of the light is produced by heavy particles and not by free 
electrons. 

The intensity of the continuous radiation from the corona may be 
represented as a function of r, but there is considerable disagreement 
between different observers as regards the proper form of this func- 
tion. Thus Turner J gave the formula 

I = (^ = const.). 

Becker,]! on the other hand, preferred an expression of the form 



t J. H. Moore, Pub. Astron. Soc, Pacific, 46 (1934), 298. 
t Pop. Astron. 14 (1906), 648. 

II Mem. Roy. Astr. Soc. 57 (1908), 61, appendix. 
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while Bergstrandf interpreted his observations on tlie basis of the 
formula 

7 = /o 



No exact agreement can be expected for observations made at 
different j)}iases of tlie solar cycle, since the corona is known to vary 
greatly in form and extent during a cycle. Leaving the exact value 
of the exponent undecided, we may use the following expression for 
the projected intensity in the corona at a distance r from the solar 

I Wry-, 

where /(, and are j)ositive constants. Using this ex])ression we 


find 


E{r) 


d r zdz 
Ttr dr] \j(z^--r^)z 


'«A', 




where is a constant depending on m. 

Let W denote the solid angle subtended by the sun at the point 
in the corona under consideration, so that 


If - 27rn~V(I-A2/r2)). 

Let further ct,, denote the atomic coefficient of scattering in the corona, 
and I the intensity of jihotospheric radiation, both for frequency v. 
Assuming the continuous emission from the corona to be due to pure 
scattering, the emissivity E must have the form 


where n is the number of scattering atoms ])er unit volume. The 
density of scattering particles in the corona will consequently fall off 
with increasing distance according to the law 

const. 

n == -- — 

f 1 


At sufficient distances from the sun the sohd angle W will be given 
approximately by and the density will therefore ultimately 

fall off proportionately to 


99. Theories of the Chromosphere and the Corona 

The exponential laws found to hold in the chromosphere might 
suggest that it is, for hydrogen, a simple question of hydrostatic 

t Etudes sur la distribution de la lumi^re dans la couronne solaire, Stockholm, 1919 ; 
Monthly Not. 95 (1935), 436. 
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equilibrium with a nearly constant temperature. It is easy to show, 
however, that this cannot be correct. For in this case the constant 
K used in previous formulae must be given by 




kT ' 


where g is the acceleration of gravity, T the temperature, and the 
mass of a hydrogen atom. Introducing numerical values 

695. 10« cm.; g = 27,360 cm./sec.^; T --- 5,000° K., 
which should not be far from the truth, we find 

K ^ 4,600, 

which is four times too large. If hydrogen were completely ionized, 
this figure might be reduced to half this value. But it is doubtful 
whether hydrogen is so strongly ionized that the molecular weight 
will be appreciably influenced. An application of the formulae of 
dissociative equilibrium indicates that the ionization of hydrogen at 
the base of the cliromosphere cannot surpass 10 per cent., and is 
probably much smaller. At greater heights the ionization will be 
larger, but it is of no use following this line any farther since an 
unexplained factor 2 still remains. That hydrostatic conditions 
prevail, in the way it is understood ordinarily, is therefore out of 
the question. 

As a first step towards a dynamic theory of the chromosphere 
McCreaf advanced the suggestion that the chromosphere is supported 
by turbulent motion. It would not be right to criticize this idea from 
the point of view of the narrow definition of turbulence in hydro- 
dynamics. It was intended more as a first attempt at the introduc- 
tion of dynamic concepts in this field, and to point out that the 
violent motions observed in the chromosphere, particularly in the 
form of prominences, camiot fail to have some connexion with the 
support of the chromosphere itself. And it raises the question 
whether the hydrogen chromosphere in reality is anything else than 
the net result of bubbles and outbursts from the solar surface, which 
in solitary instances assume the form of isolated prominences. Taken in 
this sense there is good reason for believing that McCrea was right 
in his suggestion, although it may be that the use of the term 'turbu- 
lence’ in this connexion should have been avoided. 


t M(mthly Not. 89 (1929), 483, 718. 
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A closer study of the observations reveals, in fact, that the observa- 
tions themselves cry out against the application of simple hydro- 
static theories to the chromosphere and corona. Thus on all good 
photographs of the corona it is evident that it consists of a tangle of 
narrow streamers emanating from the solar surface, and stretching 
out into space without suffering any marked blurring in details. 
The projection of a three-dimensional structure of this kind on a plane 
tends greatly to efface the more intricate details. When the details 
are nevertheless so striking as is shown on most ecli|)se photographs, 
it seems that the corona is intrinsically more to be likened to a 
brush discharge than to a ejuiet fluid. 

It is therefore evident that all matter composing the corona can- 
not be in ecjuilibrium, but must be in one-sided motion, there being 
an outward current of so great rapidity that matter does not have 
the time to jjcrform any ap])reciable side-motion. The presence of a 
magnetic field may also tend to i)revent the transverse diffusion of 
matter. The fact that the largest cross-motion observed during an 
eclipse amounts at most to a few kilometres per second shows that 
the streamers may be nearly stationary in space. However, it tells 
\is but little about the motion along the streamers, which must be 
investigated by different means. Mooref has found that the Fraun- 
hofer lines in the coronal spectrum indicate an outward motion 
of the order 26 km. /sec. The great changes in the corona observed 
from maximum to minimum solar activity, and the connexion found 
to exist between prominences and coronal streamers and arches, show 
that fairly rapid changes do take place also in the position of the 
coronal streamers. 

It seems probable that a clue to the better understanding of the 
chromosphere is provided by the fact that it too shows a hairy 
structure, like a billowing meadow, thus disclaiming the idea that 
it is a kind of atmosphere approximately in hydrostatic equilibrium. 
The fibrous structure of the chromosphere may not be so generally 
recognized as that of the corona, but the evidence given by the most 
experienced eclipse observers seems to be convincing. Chromosphere, 
corona, and prominences would in that case form a complex of dyna- 
mic phenomena, the theory of which must be based on considerations 
of the expansive motion of matter moving away from the sun. This 
motion seems even to extend perceptibly into the main atmosphere, 
t Puh. Aatron. Soc. Pacific, 35 (1923), 335; 45 (1933), 147. 
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This is revealed by a progressive red -shift of all solar lines on passing 
from the centre to the limb of the sun (limb effect). The theory of 
this effect was given by McCrea and Mitra,t but the suggestion that 
a radial expansion is the cause of the limb effect is due to St. John. 

The necessity of this conclusion is not so generally realized among 
astronomers as among the geophysicists working on the problem of 
aurorae and magnetic storms. That this is so is natural, since the 
geophysicists are directly concerned wdtli the effect of particles 
expelled from the sun, while the astronomers deal with phenomena 
where the dynamic features are less obvious to the eye. Dynamic 
theories of the solar envelo])e have, tluTcfore, also been first ])roposed 
and discussed by geo])hysicists. The cor])iiscular theory of aurora 
borealis was first pro])osed by Birkeland,J and was discussed mathe- 
matically in various ways by Stormer, who also outlined a dynamic 
theory of the corona|| based on tlic assumyJion that the sun is sur- 
rounded by a weak magnetic field, and that electrons, or charged 
particles in general, are continuouvsly emitted from the solar surface. 

The idea of 'streams of particles from the sun’ as the direct cause of 
aurorae has been discussed by many geophysicists, among whom we 
may further mention Vegard and Chaj)man. An attempt to follow 
up the consequences of these view's for the structure of the chromo- 
sphere and the corona has been made by the author. ff 

Jt would be premature to assert that a definite solution has been 
reached. What appears certain is that clouds of y)articles are emitted 
from the sun from time to time, and it cannot fail to be that this 
yirocess must have sonic influence on the structure of the chromo- 
sphere, and most likely is resyionsible for the development of the 
corona. That magnetic forces come into yilay is jiroved by the form 
of the corona, but it would be going too far to assert that this field is 
a permanent attribute of the sun in the same way as this is the case 
for the terrestrial field. While this latter field has for the most jiart 
its origin in the interior of the earth, it may well be that the magnetic 
field in the corona is a sort of skin effect, or is generated in the 
corona itself. 

It does not seem easy at the present moment to suggest a simple 
t The Observatory, 57 (1934), 379. 

X Cf. The Nortvegian. Aurora Polaris Expedition, PJ02~H, by Kr. Birkeland, Oslo 
1908, Chap. 6. 

I) Comptes rendus, Feb. 20, March 6, 1911. 

•ft Pub. Oslo Univ. Ohs. (1933), No. 5. 
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theory of the chromosphere and the corona which will cover the 
different facts in a satisfactory manner, and it is necessary to make 
an attempt at an isolation of particular facts which appear to be 
amenable to a quantitative treatment. A case of this sort may be 
offered by calcium in the chromosphere, which stands out in a 
s])ecial way among the rest of the chromospheric elements. The 
fact that the 11 and K lines are resonance lines strategically situated 
in an intense jjart of the solar spectrum led Milnel to propose the 
view that tlie Ca TI atoms are su])ported by liglit pressure. Milne has 
worked out this idea at great length for the case of static e(|uilibrium, 
and Cliandrasekhar.j; has investigated how such a (jalciurn chromo- 
sphere will work out if the intensity is not uniform over the solar 
disk, but is mottkHl in some way, which ( 'Imndrasekliar mimicked by 
assuming a periodic s})ace-term in the intensity. 

That light pressure should play a dominant })art in the building-up 
of the chromos])her(‘ and the corona has been suggested from time 
to time; but it does not seem possible to construct a serious quanti- 
tative theory on such a basis, because hydrogen, the principal con- 
stituent of the (}hromos])here, has its resonance lines so far into the 
ultra-violet that it can only suffer a negligible light pressure in the 
solar atmosphere, provided tlie ultra-violet intensity in the solar 
spectrum follows a Planck law corresponding to a tem])erature of the 
order f),000° K. The major cause of the development of the solar 
envelope is thus left unex])lained. But although light pressure can 
at most give a clue to the understanding of the isolated facts of the 
calcium chromosphere in the sun, it may well happen that in early- 
ty])c stars it will play a dominant part. And it has been suggested 
by Gerasimovic,|| supported by (|uantitative arguments, that in Be 
stars light pressure must bo taken into account in the theory of the 
extended hydrogen envelope. For planetary nebulae conditions are 
still more in favour of producing a strong light pressure on hydrogen, 
and may actually be responsible for the outward motion of the 
plane tarics, which is indicated by the doubling of their emission 
lines. This idea has been advanced and advocated by Zanstra.lj* It 
is therefore worth while to consider the theory of an atmosphere 
suj)ported by light pressure. 

t Monthly Not. 84 (1924), 354; 85 (1924), 111 ; 86 (1925), 8. 

t Ibid. 94 (1933), 14; 94 (1934), 726. 

11 Ibid. 94 (1934), 737. 

tt Ibid. 95 (1934), 84. 
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100. A Calcium Chromosphere Supported by Light Pressure 


Let as usual denote the monochromatic flux of energy in the 
atmosphere and the absorption coefficient. The force due to light 
pressure is then per unit volume 


0 


In Milne’s theory the 11 and K lines of calcium are considered as a 
single line only, and other lines are neglected. It is then a question of 
pure scattering of light, and the flux i\, is independent of optical 
height. The line profile is also simplified into a columnar form, so 
that o) 

f AvkJI, 

6 


Av being the width of the line. 

Let rq and 71^ denote the number of C.^all atoms in unit volume in 
the first and second quantum states respectively, the energy- 
density of radiation in the region of the line, and ^ 21 ? ^12 


Einstein coefficients of the transitions 1 
relations 




21 


J 2, which then satisfy the 
B21 Sirhv^jc^y 


where a is the ratio of the weights of the second and first states. We 
further WTite ^ 7 > ^ 1 \ 


or 


W'2/«l = • 

1+p^ 


(123 a) 


Since it is a question of pure scattering, 


Pv = ^J^(2+3t), 


(123 b) 


where r is the optical depth in the chromosphere, and a bar denotes 
multiplication by c^j^Trhv^, 

The momentum of the radiation emitted spontaneously vanishes 
in the mean, but the forced transitions contribute an amount 


o c c 


to the light pressure. 

The force of gravity per unit volume is, on the other hand, 
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where M is the mass of a calcium atom, and the ratio of 
light pressure to gravity becomes 

ri = ^12, % '^2!^ 

Mc^g ?ix+^2 

Consider next the equation of hydrostatic equilibrium 
oz c- 


and let us expand the right-hand side for the case when is small in 
comparison with which is likely to be a tolerable approximation for 
the sun and similar stars of medium effective temperature. We then 


find 



1 


c^Mg 



where p is the density. Using (123 a) and (123 b) we find further, on 
neglecting the square and higher powers of 


7h 


and finally 

dj) 

~dz 




F 

a ~^(2 + 3 T ), 




On the top of the chromosphere the pressure caimot increase with 
height, and can at most vanish; the chromosphere will then hold as 
much matter as it possibly can. The condition for the vanishing of 
the pressure gradient when r vanishes is the following 


l-il + a)- 


Mg 


(125) 


which links up the net flux of radiation within the line with the absorp- 
tion coefficient and the gravitational acceleration. In order to inte- 
grate the equation of hydrostatic equilibrium it is necessary to know 
the relation between z and r. We therefore define an average absorp- 
tion coefficient by the relation 

hv B-,2 

on neglecting n^jn^ in comparison with unity. This means that 


dz = — 


cM Av j 

(jfT* 


(126) 
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which, when introduced in (124), gives, on taking (125) into account, 
1 dp 


T dr 




or integrated p = | ( 1 + cr)c-^t\ Avr^. (127) 

Dividing this expression for the pressure by kTjM gives us the 
density, which introduced into ( 120 ) gives the relation between 
optical thickness and height. This relation can only be integrated 
when the dependence of temperature on height is known. For the 
present purpose it is sufficient to consider the case of constant tem- 
perature, which at once gives the integrated relation 


3 

2 c^kT 


(12S) 


where is a constant of integration. A combination of (127) and 
(128) next gives the dependence of pressure on height: 

10 ttcvAv I kT Y 
3 (l^-o-)/^ 

The constant has the significance of a ‘homogeneous height’. 
Milne finds for the value 1,800 km. for the solar chromosphere, on 
the assumption that z — 0 corresponds to the place where the 
specific intensity of the radiation in the combined H and A' lines 
corresponds to the effective temperature of the sun according to the 
laws of thermal radiation. 

Milne has refined the theory in various directions by taking 
account of the multiplicity of the H and K lines and the presence 
of the infra-red triplet \D IP. He has also developed a theory of 
the velocity -distribution of the atoms which results from the absorp- 
tion and emission processes in the H and K lines. According to his 
results the residual intensities in the H and K lines should stand in 
the same ratio as the corresponding Aveights. 

We have seen earlier that the intensity-distribution within the 
Ca+ lines is of the same type as for other lines in the solar spectrum. 
From the point of view of Milne’s theory this must be considered a 
very remarkable thing, since the genesis of these lines differs radically 
from those of other lines. The residual intensity is to a first approxi- 
mation given by 271 /^ 

and is thus solely determined by the Einstein H-coefficient and 
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gravity. According to calculations of Zwaanf it seems that the 
relation is not far from being true, although there are divergences 
in detail. It would be surprising, however, if these quantities could 
be adjusted in such a manner that the residual intensities of these 
lines should not differ essentially from those of other lines. This 
point may probably be cleared up without shifting the ground too 
much. For instance, we have assumed the calcium chromosphere to 
consist of Call atoms only. This cannot well correspond to facts, and 
the atomic mass M is therefore an average value depending upon the 
degree of ionization and the electronic mass. It may therefore be 
possible to interpret relation (129) by saying that the ratio 
will adjust itself to correspond to the residual intensity which is 
normal for average absorption lines. 

There is next the question of the stability of the chromosphere to 
be considered. The above calculations are based on a quite special 
state, in which tlic density -distribution is intimately dependent on 
the radiative flux. In fact, if the flux suddenly should fall essentially 
below the value demanded by (129), the chromosphere would 
suddenly contract and would merge with the ordinary reversing 
layer. Even when admitting the formal possibility of a state in 
which the equilibrium is maintained by radiation pressure, legi- 
timate doubts may be entertained about its possible realization in 
nature. 

These objections may be met, partially at least, by a considera- 
tion of the excitation processes which take place in the chromo- 
sphere. When supernumerary atoms in the chromosphere fall down 
towards the photosphere they wdll acquire a higher temperature, and 
hence become more transparent to the radiation in the region of the 
H and K lines, so that more radiation will be poured into the cliromo- 
sphere at the base, and the upper part will experience a stronger 
light pressure. If the optical thickness of the layer is too small, the 
opposite process will take place, so that the limiting case considered 
may be a natural state of equihbrium. The ionization processes work 
in the same direction as the excitation processes. 

The density found by Milne at the base of the chromosphere 
(10® Ca+ ions per cm.®) is so low that there must be present a much 
greater density of free electrons in order to prevent calcium from 
suffering a strong second-stage ionization. It was suggested by McCreaJ 
t Dissertation, Utrecht, 1929. t Monthly Not, 89 (1928), 483. 
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that these electrons were obtained by ionization of hydrogen, which 
is present in much greater quantities than calcium. 

An alternate form of Milne’s theory has been studied by J. Woltjer, 
Jr.,t who assumed the calcium chromosphere to have a slow outward 
di’ift, light pressure being assumed to be stronger than gravitation. 
That a certain fraction of the Ca+ atoms are likely to suffer large 
outward accelerations was early realized by Milne. J If an atom, 
for example, acquires an outward velocity so large that it absorbs 
outside the absorption line proper, it will become exposed to the full 
photospheric radiation. According to Milne’s calculations the limit- 
ing velocity which an atom may acquire in this way is of the order 
of 1,600 km. sec.~^ 

Milne’s theory of Hght pressure has been further developed by 
Chandrasekhar, 1 1 who considered the case when the photospheric 
flux varies periodically along the solar surface, and who also took 
account of the darkening towards the limb. In this way it was 
possible in a rough way to obtain some indication of the influence of a 
non-uniformly illuminated photosphere on a chromosphere supported 
by light pressure. As was to be expected, the result seems to be that 
a stable chromosphere is still a possibility, while at the same time the 
departures from a steady state encountered in the theory provide a 
formal possibility of bringing such sporadic phenomena as the genera- 
tion of prominences within the realm of the theory. 

101. A Chromosphere supported by the Emission of Cor- 
puscular Rays 

As emphasized before, it is difficult to believe that the solar chromo- 
sphere, apart from calcium, is supported directly by light pressure. 
Indirectly it may play some part, however, by producing swift 
particles, which in their outward course collide with gases not affected 
by Light pressure. In this way the momentum imparted by light 
pressure may be transferred to atoms which are insensitive to light 
pressure themselves. If the light pressure on some selected gas is 
sufficiently strong, and the density in the envelope not too small, 
light pressure on calcium, for example, might entail a considerable 
distension also of inert gases like hydrogen. This is already sufficient 
reason for an investigation of the dragging effect of swift particles 

f BuU. Astron. Inst. Netherlands, 167, 180, 182, 213, and 262. Also Nature, 129 
(1932), 580. 

t Monthly Not. 86 (1926), 469. 


II Ibid. 94 (1933), 14; 94 (1934), 726. 
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emitted from the photosphere of a star exerted on inert gases in the 
atmosphere. 

However, it is surely premature as yet to assert that we know 
enough about the stars to assert that light pressure is the only agency 
which can lead to the expulsion of particles. I think it is fair to say 
that the evidence of solar observations, taken as a whole, is against 
this idea, and to such a degree that it fully justifies an attempt at the 
development of a non-committal formal analysis of the solar pheno- 
mena from a wider point of view. For this reason we shall also con- 
sider briefly the main points of a theory in which an envelope is 
kept distended by the emission of corpuscular ra^^s, which was first 
developed by the author.f The conditions in the envelope will turn 
out rather differently according as the emitted corpuscles are sup- 
posed to be electrically neutral or charged. If the escaping corpuscles 
are electrically neutral, conditions are simple enough, since the effect 
for strictly stationary conditions, spherical symmetry, etc., will 
mainly have the character of a diminution in gravity. It is there- 
fore evidently possible to represent any envelope in this way. 

Conditions are more involved when the escaping particles are 
negatively charged, and this case we shall treat at greater length. 
For this purpose we select as a typical model of such an envelope 
one consisting of two elements A and B say, of different atomic 
weight, say m and If, A being singly ionized throughout, while 
B is electrically neutral. 

We denote the number of atoms A and B per unit volume by 
and respectively, and the corresponding number of free electrons 
by n^.. We consider tliroughout a stationary state of the envelope in 
which neutral atoms and free electrons remain in hydrostatic equili- 
brium, wliile the positive atoms j)erform a diffusive outward motion, 
so as to comj)ensate the steady loss of negative particles expelled by 
non-thermal agencies. We might, of course, also have been con- 
sidering the opposite case when the non-thermally expelled particles 
were positive. This would lead to an entirely different theory, in 
which ionized elements experienced no lifting force. 

The number of positive particles generated (and expelled) in conse- 
quence of the loss of negative electricity may be written in the form 

div(72.^V) € (130) 

f Puhl, Oslo Univ, Obs. 5 (1933). Cf. also J. Woltjer, Jr., Nature, 129 (1932), 580. 



276 THE SOLAR ENVELOPE Chap. XIX, § 101 

per unit volume, where c is a positive quantity, which we need not 
specify any further for the moment, while V is the velocity of the 
positive ions. 

Denoting the electric potential by i/j, the Poisson equation for this 
potential assumes the form 

VY ~ —4:7Te{n ,^—n^). 

The outward drift of tlie ions will be resisted by collisions with 
free electrons and neutral matter. We represent this resistance by 

per unit volume, Q and q being coefficients proportional to the cross- 
section for collision of the neutral atoms and free electrons respec- 
tively, which may be derived by gas kinetic considerations.! In 
general q will be very small in comparison with Q, 

The resistance experienced by the positive particles must result 
in an equall}^ large lifting force on electrons and neutral atoms of 
magnitudes 

respectively. The lifting force of the primary electrons has been 
neglected, because very fast electrons are known to lose less energy 
per unit length of path than slow ones, about in the lutio of the in- 
verse first power of the velocity. 

We may now write down the hydrodynamic equations of the pro- 
blem. The equation of motion of the positive particles will be 

for the neutral particles: 

( 131 ) 

and for the electrons: 

Here p, p^, and denote the partial pressures of ions, neutral atoms, 
and free electrons respectively: 


^ =^:=kT 

Differentiation with respect to the radius vector r is denoted by V. 
The mass concentrated in the envelope will be so small that the diver- 
gence of the acceleration of gravity may be neglected. Multiplying 


t Cf. R. L. Rosenberg, Zeits, f, Astrophys. 8 (1934), 147. 
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equation (131) by kTjpQ and taking the divergence, we then find, on 
using (130), the following equation for the determination of 



This equation brings out the lifting effect on the neutral particles 
in an interesting way. The right-hand term Qe figures in this equation 
as the divergence of a repulsive field of force, acting on electrically 
neutral atoms, and which thus partly neutralizes gravity. Putting 
=rr 0 the ecpiation reduces to tlie ordinary e(]uation of hydrostatic 
equilibrium. 

The above equation has a sim])le solution when the state is iso- 
thermal and Q€ is proportional to j)q, say 

IcT 

2^0 - 

where w is a new constant. The solution is then 


_ 4X^C^e^ 

the layers being assumed to be jdane parallel, 2 ; denoting the height, 
while A and C are integration constants. 

At tlie base of tlie envelope (z ~ 0) tlie pressure gradient must 
conform to the ordinary equation of hydrostatic ecpulibrium. This 
condition gives tlie equation 


Mg 

kT 




which gives one relation between the integration constants. As a 
second relation we may use a definite value of the pressure at the 
base, say Po. wliich then gives 

p ^ 4C72A2 

Solving for C and A we now find 

C — a.-{-^(oL^—w) [ 


and 


Mg 

kT 


y(‘- 


Mg \ 

kT^Pj' 


wP„k^T^' 


X 


MY I 

These expressions show how the vertical structure of the atmosphere 
changes with increasing electrification. For w = 0 the atmosphere 
exhibits the usual exponential decrease of pressure. When w increases, 



278 THE SOLAR ENVELOPE Chap. XIX, § 101 

the pressure gradient decreases, and when w has reached the limiting 
value the exponent vanishes, and the pressure becomes 

distributed according to a simple power law. Performing the passage 
to the limit in the expression of Pq one finds 

Po = (Zo == 2kTlMg). 

The constant Zq gives the homogeneous height of the envelope. 
Calculating this height when A differs from zero we find 

_ 1 _ 2 _ 2kT 1 

Zo - pj Po z - 

0 

This equation shows how the homogeneous height increases from 
kTjMg in case of no electrification {w = 0) to twice this value when 

W = 0?, 

From the above solution it is possible to build up a composite 
solution corresponding to a discrete set of values of w. Thus when tlie 
generation of positive ions is concentrated in a thin layer at the base 
of the atmosphere, the pressure p^ is easily found to be given by 

^M<f>-\-QKalr 

Pq = Ae^ {A = const.). 

Here Mcf) is the gravitational potential energy of an atom, r is the 
distance to the centre, and K a constant in the equation of continuity 
of positive ions 7 = if. 

For sufficiently small values of QK this gives an ordinary ex- 
ponential decrease of pressure with height, in the limit when QKjf^ 
is equal to the gravitational acceleration the pressure is uniform, 
and for still greater values of the constant the pressure will increase 
with height. This only means that for larger values of the constant 
the gas will no longer remain in hydrostatic equilibrium, but will 
acquire an outward velocity and become expelled from the star. 

102. Influence of Magnetic Fields 

The study of the corona during the last century has revealed that 
at times of minimum solar activity its long streamers show a remark- 
able flattening towards the solar equator. This feature can scarcely 
be interpreted otherwise than as a direct effect of magnetic fields. 
From the work of Hale mentioned earlier (§ 75) it is known that 
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the sun is surrounded by a general magnetic field of axial symmetry, 
the axis being nearly parallel to the axis of rotation. Observations 
indicated, however, that the intensity of this field decreased rapidly 
outwards in the solar atmosphere, and it may be prematme to assert 
that it is this field which extends into the outer corona, and influences 
the direction of the coronal streamers. 

For magnetism to play any part in the motion of a gas it is first of 
all necessary that the gas is ionized and already in motion. The 
presence of a magnetic field may then alter the distribution of density 
considerably, as was pointed out by Cowling, *[* in connexion with 
solar theories. The case considered by Cowling was preferably that 
of a rotating star, but similar effects arc also met with in the case 
of radial expansions. 

Consider the simple example of a star with an axially symmetrical 
magnetic field, charged up to a certain electrical potential, and sur* 
rounded by an envelope of slowly varying density. Consider the motion 
of an electric particle in these crossed electric and magnetic fields, 
account being taken of the deceleration by the gases in the envelope. 

Let —kV be the resistance due to collisions of the particle, and 
assume the motion to be so nearly uniform that the acceleration term 
jfiays no part beside the forces. Let E and H denote the electric 
and magnetic field intensities, and e the charge of the particle. The 
equation of motion is then 

«V = eE+?VxH. (133) 

c 

The solution of this equation has the form 

V- AE+/^ExH+rH, 

where A, /x, and v are constants, which may be determined by intro- 
ducing this expression into the equation of motion. We then find first 

V = -E+A-ExH+^t-(ExH)xH. 

K KC KC 

But by ordinary vector theory 

(ExH)xH = (E.H)H-H2.E, 

in consequence of which the above expression of V beeomes 

V - (l-p-H2)-E+A-ExH+p-(E.H)H. 

\ c j K kc kc 


t Monthly Not. 90 (1929), UO. 
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Comparing this expression of V with the one first given (133), we 
find at once 

V c/k 

7 / EH ^ l+e2jy2/^V* 

This solution shows how the velocity of the electron is composed 
of three components, which we have denoted by AE, vH, and juExH 
respectively. The first component rei)resents a radial motion, which 
we assume to be directed outwards. The second component, vH, 
represents a tendency of the particle to move along the magnetic 
lines of force. Assuming E to be directed radially, and H to corre- 
spond to the field of an elementary magnet, the coefficient v of this 
component will be positive in one hemisphere and negative in the 
other, and thus represents in both cases a tendency of the path to 
bend towards the magnetic equator. That the tendency is towards 
the equator and not away from it is ensured by the fact that (EH) is 
positive in the hemisphere where the magnetic field intensity is 
directed towards the equator. If eE were directed inwards, the paths 
would concentrate near the poles. This would correspond to an influx 
of particles from without. 

The stream lines of these two components thus show the same 
general features as the long coronal streamers during sun-spot 
minimum. 

The third component /xExH is directed perpendicularly to the 
meridian planes. As it preserves the same sign throughout it repre- 
sents a tendency for the stream lines to spiral round the sun. Whether 
a tendency of this kind is present or not in the coronal streamers is 
not easy to say, because of the difficulties introduced by the projec- 
tion of the three-dimensional curve system into a plane. 

Consider next how the magnetic force may influence the quasi- 
static state of a chromosphere consisting of an ionized gas. The 
neutral component may be neglected in this connexion. We allow 
for a slight difference in velocity of rotation of ions and elec- 
trons, and write the equations of motion of ions and electrons 
separately, as 

1 Vp- (mg-eV.A+ X h ) +n,g(V-V,):- 0, 

\ C I 

-VPe+l-ey'/’+-V,xH]+nAq(Ve-y) = 0 . 
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Adding these equations we find 


lVi,-|-ivp,+ ^(V,-V)xH+(r.^-n,MV,-V)-mg = 0. (134) 
iia 0 

Since the gas must be electrically neutral, practically, we may write 

11 2 

Ua ~ — y^ + — Vp^ ^ — Vp, 

'^A '^A 

and equation (134) becomes 




e 

Yc 




In the equatorial regions, where H is sensibly perpendicular to V, it 
is thus possible by a suitable choice of relative velocity V^— V to 
make the pressure gradient vanish, or even reverse its sign. Tliis 
means that the magnetic force may support an extensive equatorial 
ring of matter by postulating a suitable relative velocity of positive 
and negative particles. But this is only strictly true when the relative 
motion reduces to a simple rotation. 

In the discussion of solar magnetic fields (§ 75) it was shown that 
the observations demand such a current system to be present in the 
lowe?r atmospheric strata, and it is of interest to ask what mechanical 
effects this current may have. 

We write then for the current density 


J = n^e{V-VJ = 


^ dir 
477 dr 


to a sufficient approximation (cf. § 75), //' denoting the horizontal 
component of H, which is supposed situated in the meridian plane. 
Introducing this value of J in the equation of hydrostatic equilibrium 
it assumes the form, p denoting now the total pressure, 


dp 

dr 


-P9- 


1 d 

Stt dr 


ir^. 


Integrating from a lower level 1 to a higher level 2 we find 


Pi-Ih - 


Stt" 


an equation first given by Ferraro.t Here the mass per cm.^ in 

a vertical column extending from level 1 to level 2. 

As was noted by Ferraro, these equations can be used to draw 


t Monthly Not, 95 (1935), 280. 
O O 
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interesting conclusions with regard to the minimum density and 
minimum mass per cm.^ above the photosphere. The minimum 
density consistent with a decrease of pressure with height is evidently 

1 dH'^ 

^ 877(7 dr 

and the minimum mass per cm.^ of the photosphere is 


M 


STTg 




H'^ being the value of //' in the photosi>herc. In the equatorial region 
JJ'j, must be of the order 1 50 gauss (§ 75). Using this value and assum- 
ing an average molecular weight of 1-5 we find the total number of 
atoms above the pliotosphere to be 

N 1*4.1022. 


The minimum density in the reversing layer is inore difficult to 
evaluate. But assuming an eA])onentia] drop of //' it apj)cars that the 
minimum density at the bottom of the reversing layer is of the order 
10~® gm./cm.^ Ferraro obtained a value 9 times smaller, owing to his 
using a value ~ 50 gauss. It appears, therefore, that magnetic 
fields should probably be taken into account also when considering 
the vertical distribution of matter in the solar atmosphere. 


103. Kiepenheuer’s Theory of the Corona 

Quite recently Kiepenheuerf has suggested a new theory of the 
corona, which is intrinsically different from all those mentioned 
previously, although it bears resemblance to some of them. Although 
it appears a little j)remature as yet to take a definite stand as regards 
its intrinsic value, it contains so many interesting possibiHties that 
it should be mentioned here. 

Kiepenheuer does not postulate a permanent magnetic field in the 
corona, in which the electrical particles emitted from the sun are 
moving. On the contrary, he assumes the permanent solar magnetic 
field to be very nearly perfectly screened off quite close to the solar 
surface. However, when an ionized cloud of gas passes rapidly through 
such a strongly inhomogeneous field, the cloud must become electric- 
ally polarized. But outside the solar atmosphere there is no longer 
any agency tending to maintain this polarization against the mutual 
electric attraction of the free particles. The return of the cloud to 


t Zeit8,f. Astrophys, 10 (1936), 260. 
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an electrically neutral state is, however, necessarily accompanied by 
the generation of a magnetic field, and this field will last as long as 
there exists a residual polarization of the cloud. 

The point made by Kiepenheuer is that if the dimensions of tlie 
cloud are sufficiently large, and of the order to be postulated for 
solar clouds, several hours will be required for a cloud, once polarized, 
to return to its electrically normal state. This means that it will be 
magnetic during the whole time of its transit through the corona. 
Since all clouds must be polarized in the same sense, they will exert 
a magnetic attractive force on one another, and it is to tliis magnetic 
interaction Kiepenheuer appeals in order to explain the equatorial 
preference of the long streamers during minimum solar activity. 

It is a strong point of this theory that it gives a natural explana- 
tion of the difference in form between the maximum and minimum 
types of the corona. It is, namely, natural to suppose that the velocity 
of expulsion of the clouds during the time of low activity will be 
smaller than in times of maximum activity. The magnetic forces 
might therefore have more chance to act on the cloud in the former 
than in the latter case. The trajectories calculated by Kiepenheuer 
from his theory for different values of the velocity of expulsion 
reproduce very suggestively the charaeteristi(*. maximum and mini- 
mum forms of the corona. 
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STARS WITH EXTENSIVE ENVELOPES 
104. Envelopes of Giant Stars 

There is reason to believe that the development of envelopes 
analogous to the solar chromosphere and corona is more pronounced 
in giant stars than in dwarfs. This is revealed in various ways. 
Since calcium has been recognized as a typically chromospheric 
element, it is suggestive to find that the calcium lines show a charac- 
teristic strengthening with increasing luminosity. This increased 
absorption is to be expected on any chromospheric theory, and is, 
in particular, accounted for by assuming the calcium chromosphere 
to be supported by light pressure. This follows from the relation 
found for the average flux of radiation in the lines, which was found 
to be proportional to the acceleration of gravity. 

There are also other elements whose absorption lines behave in 
such a way as to suggest that the absorption takes place in a tenuous 
envelope rather than in the atmosphere proper, where the majority 
of the lines originate. In some stars it is found that although the 
majority of the lines are widened in such a way as to suggest a rapid 
rotation of the star, other lines are quite narrow. These latter may 
then originate at high levels in a quiescent and tenuous envelope. 
Stars like o Aqr, e Cap, and 0 Per are of this type. It is also fair to 
mention 17 Leporis in this connexion. The spectrum of this star has 
been interpreted by Struvef by assuming the star to be surrounded 
by an expanding shell of gas, which is responsible for narrow absorp- 
tion lines of Fell, Till, Fel, Sell, etc., in the spectrum. 

An obvious way of testing out this hypothesis would be to study 
the spectrum of eclipsing binaries carefully during the beginning or 
the ending of the eclipse. If the eclipsed star is of early type, and the 
eclipsing star a diffuse giant of later type, the chromosphere of the 
latter might produce narrow absorption lines in the spectrum of 
the former. 

A spectacular instance of this sort was shown by the ecHpse of 
^ Aur in the fall of 1934. In this case the primary component is a 
K 5 supergiant and the secondary a £2 star. The elements of the 


t Aatrophys. J, 77 (1932), 85. 
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system are, according to Hopmann, 

i?g=2*4 0; ajrj— V.lO^km.; 0\ = 0-9 gm./cm.~^; 

B^=:355 0; =- 3. 10»km.; Jl^^==:28 0; 0-8.10-«gm./cm ~3. 

The period is 973^. The B 2 star went into eclipse on August 24, and 
came out again about October 2. While the time from outer to inner 
contact of the stars is only about 0*86^\ it was found on spectrograms 



Fig. 31 . Tlio intensity of the Ca'* K line as a fuiKition of j)haso after emergence from 
total eclipse in C Aur (Beer, Monthly Not, 95). Abscissa is the time after ending of 
the eclipse m days. Ordinates give the intensity in arbitrary units. 

obtained at the Cambridge Solar Physics Observatory that sharp 
H and K lines persisted in the spectrum of the B star about a whole 
week after the end of the main eclipse. These lines are obviously due 
to absorption in a very extended calcium envelope surrounding the 
supergiant K 5 star.f 

The behaviour of the hydrogen lines in stellar spectra suggests 
similar conclusions. In fact, the hydrogen lines are also strengthened 
in absorption with increasing luminosity in late-type stars. It is, on 

t Cf. A, Boer, Monthly Not. 95 (1934), 24, and also William H. Christie and O. C. 
Wilson, A atrophy s. J. 81 (1935), 213. 
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the whole, very remarkable that these lines show up at all in stars 
of so low effective temperature as, say, Betelgeuse or Antares; but 
there is scarcely a single late-type giant known which does not 
betray the presence of hydrogen lines. In late-type dwarfs the lines 
are either very weak or wholly absent. 

It would probably be too much to say that hydrogen is a chromo- 
spheric element in the sun as far as the absorption lines are con- 
cerned. When we nevertheless feel inclined to attribute the strength- 
ening of the lines with increasing luminosity to the development of 
an envelope, it is because it is not possible to explain the great 
strength of these lines in late-type spectra on the basis of the 
thermodynamic theory of the atmospheres, which ordinarily works 
well for most elements, as was shown earlier in this book. 

105. Bright-line Stars 

This impression is further strengthened when passing on to the 
behaviour of the hydrogen lines in early-type stars. In many cases 
the hydrogen lines are here found to be reversed into emission lines. 
This is an indication that the envelope has outgrown the star to such 
an extent that the selective emission from the envelope has become 
comparable in strength with the emission from the photosj)hcre of the 
star in the corresponding spectral regions. 

The following table, given by R. H. Curtiss, f shows the frequency 
of bright-line stars among early types. The bright lines belong for 


Table 9 


Class 

No.ofH.D. 

Catalogue 

stars 

Ernission- 
line stars 

Ratio 

0 5-0 9 

55 

7 

1:8 

BO-Bb 

1,996 

136 

1:15 

BS 

1,604. 

13 

1 : 123 

B9 

2,752 

3 

1:917 

A 0 

6,320 

1 

1 : 6,320 


the most part to hydrogen. But other elements also occasionally 
appear in emission. Tliis is the case of He I and He II, Fe I and Fe II, 
and some other metals. The bright hydrogen lines in B spectra are 
usually superposed on wide and shallow absorption lines, indicating 
a rapid rotation of the stars. They are of three types. Either the 


t J. Roy. Astron. Soc. Canada^ 20 (1926), 23. 
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emission is in a single, fairly narrow line at the centre of the under- 
lying absorption line. Or the emission line is double, symmetrically 
centred with respect to the underlying absorption. These are the 
typical forms of hydrogen lines in B spectra. The third type is 
exemplified by the star P Cyg, where the absorption is found on the 
violet side of the emission lines, indicating a relation to novae. 



Fiu. 32. Typical profiles of bright lines in B spectra (Merrill, Humason, and 
Burwell, Asirophyf^. J. 61). Types A and B are typical for bright-line R stars, the 
bright lino being superposed on a very broad and shallow absorption lino. Typo ( 7 , on 
the other hand, is typical for stars of the P Cyg type, which are closely related to 
novae. 

The widths of tlie emission lines increase with increasing wave- 
length. R. H. Curtissf gave the following formula for this relation: 

AA = 0-000628(A— 3,270)(H^— 2-61)-|-2-61. 

Units are angstroms, and stands for the width of defined as 
the distance between the steepest outer gradients. 

The intensity of the central emission lines decreases rapidly with 
increasing order of the line. It is by far the strongest for H^. The 
higher members of the Balmer series appear usually like normal 
absorption lines, occasionally with bright borders. 

Pub. Univ, Obs, Michigarit 3 (1923), 1. 
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There is a general tendency for the lines to be variable in some way 
or other. In binaries like ^ Lyr or o Per the variations of the bright 
lines have the same period as the revolution of the stars. An interest- 
ing case of periodicity was discovered by Merrill, f where the violet 
component of the emission varied periodically, while the red com- 
ponent remained unaltered. (Other lines were not investigated.) 

The variations are mostly aperiodic in character. The bright lines 
in Pleione disappeared some years ago, and similar^ in p, Gen and 

Cyg. In the latter star the bright lines were present in 1895, they 
were definitely absent in 1912 and 1918, just barely visible in 1920, 
and definitely present in 1927.J 

In some stars the emission lines exhibit a very complicated fine 
structure. In the stars y Gas, jS L}' r, and v Sgr the wings of the broad 
absorption lines are split up into components, symmetrically spaced 
about a central frequency. The scale of the pattern is the same 
for all hydrogen lines when measured in terms of a hypothetical 
Doppler velocity.il 

Passing on to stars of earlier classes, the emission lines change 
considerably in character. The duplicity, so characteristic of the 
lines in B spectra, disappears. In 0 stars the lines are without 
particular peculiarities. Besides hydrogen here also He I and Hell 
lines appear in emission. In fact the lines of ionized helium were 
found for the first time in the 0 star ^ Puppis by E. Pickering (1896). 

In WR stars (Wolf-Rayet stars) the emission lines widen out into 
broad bands, many angstroms in width, which only recently were 
recognized as being due to true atomic lines. Besides hydrogen a 
number of other elements are represented, first of all He, G, N, O, 
Al, Si, S, and Si III, all in high stages of excitation. The lines show 
a peculiar structure. Some of them show flat tops with steep slopes, 
but profiles of that form are not the rule. Usually the profiles are 
rounded, unsymmetrical, and occasionally with a central reversal. 

The next link in the chain is provided by the novae, where the lines 
of hydrogen and also other elements are broadened to widths which 
measured in Doppler velocity may amount to more than three 
thousand kilometres per second. 

t Phys, Rev, 25 (1925), 717. 

t R. H. Curtiss, Monthly Not. 88 (1928), 205. 

J( Cf. J. S. Plaskett, ibid. 87 (1926), 31; Pub. Dorn. Astrophys. Ohs. Victoria^ 4 
(1927), No. 4; and also R. H. Curtiss, Monthly Not. 88 (1928), 203. 

tt Cf. C. H. Payne, Zeits.f. Astrophys. 7 (1933), 1. 
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That in all these cases it is a question of different stages in the 
formation of tenuous envelopes round the stars is clearly shown by 
the association of B, 0, and WR stars with planetary and diffuse 
nebulae, and also the fact that novae in the latest stages are sur- 
rounded by diffuse nebulosities. 

106. Rotation Hypothesis for Be Stars 

It was first pointed out by O. Struvef that the absorption lines in 
Be stars are of the type which indicates rapid rotation of the star. 
When the emission lines are double and the components widely 
spaced, the absorption lines are especially broad and shallow. When 
the emission is in a single line, the absorption is more of the usual 
type. Struve suggested therefore that the formation of the envelope 
round the Be stars, in which the bright lines originate, is brought 
about or very much facilitated, by a rapid rotation of the star. 

The duplicity of the bright emission components suggests that the 
lines originate in a rotating gaseous shell or ring. The violet com 
ponent is then supposed to be i)roduced in the part of the shell 
advancing towards the earth, while the red component originates 
in the receding part of the shell. This idea of a rotating gaseous 
ring is not per se so improbable as it may look at first sight. We 
have seen in a preceding section (§ 101) that magnetic forces may 
have a strong tendency to support ionized gases in the magnetic 
equatorial plane, but much less in the vicinity of the poles. And 
Jeans J has shown that rotating rings of gas under the influence of 
light pressure and centrifugal force are in a certain sense possible 
configurations. This side of the question may therefore be left aside 
provisionally, and the observations analysed in a formal way, in 
order to see if a rotating ring or shell may be made to fit the facts. 

In the section on rotating stars it was shown that a closed shell of 
uniform emissivity will give flat, dish-shaped emission lines without 
central depressions. However, a detached shell would rather appear 
brightened towards the limb. An illustration of such an intensity 
distribution is obtained by using the ordinary formulae for the 
intensity distribution over a stellar disk, but with a negative co- 
efficient of darkening towards the limb, —v say. The simplified 
solution for rotationally broadened profiles given on p. 205 then 

t Astrophys. J. 73 (1931), 94. Cf. also Swings and Struve, ibid. 75 (1932), 161. 

t Monthly Not. 83 (1923), 481. 
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assumes the following form 

0 (.) = + [, = 

where a is now the radius of the envelope and W its angular velocity. 
For V > 2/(77 — 2) this profile will show two maxima near rj = 2a/77. 
"I'he solution for a narrow equatorial ring, on the other hand, will 
be nearly linear in rj, and will therefore have the intensity maxima 
at the edges of the profile = 0), 

A central depression of the profile will also arise from the fact 
that the star screens off some light from the back side of the 
luminous shell or ring. This effect will obviously ])e most important 
for ring-formed envelopes. 

For the ‘occultation effect’ to be fully developed the inclination of 
the plane of the ring to the tangent plane of the sky must be near 
to 90°. For decreasing inclinations, the star will eclipse less and less 
of the ring, which means that the central depression must tend to 
fill out. This is fairly well in accordance with observation, and 
indicates that this effect may be of importance. 

But there are other points where the simple rotation hypothesis 
seems to fail. Thus Gerasimovief has pointed out that the observed 
increase in the intensity on passing from narrow to broad emission 
linesj goes against the idea of a rotating ring. In fact the width of 
the line should be a simple function of the inclination of the ring, 
and there is no loop-hole for a systematic dependence of intensity 
on inclination, apart from what is due to the screening of the star. 

The perfect symmetry of the emission profile demanded by the 
rotation h 3 q)othesi 8 is another weak point, which at once leaves the 
P Cygni stars out of the problem. 

The rotation hypothesis in the rather restricted form formulated by 
Struve may perhaps need reconsideration also in other respects, as 
he considered the rotating ring to be the product of a rotational 
breaking up of the star in the sense of Jeans’s theory. But even if 
the special model of a rotating ring should have to be dropped, the 
idea may still prove correct that the formation of bright lines in 
B stars is influenced, and facilitated, by a rapid rotation of the 
stars. 

As an alternative Gerasimovic suggested that Struve’s rotation 

t Monthly Not. 94 (1934), 737. 

J Merrill, Pub. Astron. Soc. Pacific^ 45 (1933), 49. 
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hypothesis should be restricted to Be stars with nebulous lines, and 
he suggested that in Be stars with sharp emission lines the most 
important feature is an expansion of the envelope, the gases being 
repelled from the star by radiation pressure. Gerasimovic could show, 
by a revision of earlier calculations by Johnson, f that in the tempera- 
ture range of the Be stars radiation pressure on hydrogen might well 
counterbalance gravity. 

Although the calculations of Gerasimovic on the expansion of a 
Be envelope as a consequence of light pressure did not lead to results 
which could be immediately interpreted in terms of observations, it 
seems to the present author that this mode of ai)proach is likely to 
become more fruitful in the future. The further step of considering 
the Be emission as a magnified form of the emission from the solar 
chromosphere and the corona seems natural. In both cases there 
is ground for believing that rotation (tlirough the generation of a 
magnetic field), radiation pressure, and other repulsive forces may 
come into play, and an attack on the problem from the point of view 
of the identity in nature of the two phenomena would seem to be a 
fruitful field of work. 

107. Expanding Envelopes. WR Stars and Novae 

Passing on to WR stars and novae conditions become clearer, as 
there is scarcely any doubt that the profiles of the emission lines in 
this case must be interpreted in terms of a preponderant outward 
motion of an extensive gaseous cloud enveloping the star. It may 
still be true that a rotation of the star plays a part in bringing about 
and maintaining the outflow. But there is little chance of proving 
such a proposition from the spectrum, where the widths of the 
emission lines correspond to Doppler velocities from 500 km./sec. 
for WR stars and up to 3,000 km./sec. for novae. That rotational 
velocities of this order should be found in stars is wellnigh 
impossible. 

The first author who seriously suggested that the width of emission 
lines in the spectra of WR stars and novae reveals the existence of 
envelopes expanding with a prodigious velocity was Beals, J who 
thought that the envelope was expanding under the influence of 
radiation pressure. However, a simple uniform expansion cannot 

t Monthly Not. 85 (192.5), 813, and 86 (1926), 300. 

+ Pop. A\3tron. 37 (1929), 511 ; Monthly Not. 90 (1930), 202. 
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explain the many irregular profiles observed in bands of novae, and 
Genardf suggested that the observations rather indicate a series of 
violent eruptions from the surface. These two points of view are not 
mutually exclusive, the latter appearing as a kind of refined edition 
of the former, as far as kinematics is concerned. 

In developing a formal theory of expanding envelopes it is natural 
to begin with the point of view of Beals, and consider a spherically 
symmetrical envelope, in which the velocity is directed radially and 
is a function of the radius vector r to the centre only. Preliminary 
work in this field has been done by GerasimovicJ and Chandra- 
sekhar. || The first attempt at such a theory was, however, given 
much earlier by Carroll, 

Consider then a star surrounded by a spherically symmetrical 
expanding envelope. The state is taken to be stationary, which 
answers well to conditions in WR stars, but is a poorer approximation 
in the case of novae. 

Consider a volume element dv in the form of a ring round the line 
joining the observer and the centre of the star, the direction to the 
centre forming an angle 6 with the line of sight. This volume element 

dv== 27rr^ dr sine de. 


The radiation of rest-frequency Vq emitted from this element in the 
direction of the observer will have the apparent frequency 

where u is the radial velocity in the line of sight, positive in the 
direction towards the observer, so that 

u ~ V cos 6, 


Let us, in the expression of the volume element, perform a trans- 
formation of coordinates from r, 0 to r,v. The Jacobian of this 
transformation is ^ 

dv Vq V sin 6 ’ 

and the expression of the volume element becomes 

, 27Tcr^drj 
dv == — dv. 

»'o y 

Let p' denote the emissivity of matter for radiation of natural 
frequency Vq. The emission from the given volume element is then 


t Monthly Not. 92 (1932), 396. 
II Ibid. 94 (1934), 522. 


t Ibid. 94 (1934), 737. 
tt Ibid. 88 (1928), 548. 
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pdv and the total emission in the frequency interval dv is obtained by 
integrating this expression over those parts of the envelope which 
contribute to this emission in the direction of the observer. The 
question of the limits of integration requires some care. We therefore 
leave these limits arbitrary for the moment. Neglecting reabsorption 
we may then write for the observed intensity per unit frequency 


range: 


2ttc f dr 


^ r 

^0 J 


The problem in hand is thus reduced to the evaluation of this 
integral for different assumiitions with regard to V and p\ 



Fig. 33. Typical flat -topped profiles of emission lines in WR stars 
(Beals, Monthly Not. 91 ). 


108. Envelope expanding with Constant F. 

In so far as the dimensions of the star arc negligible in comparison 
with the dimensions of the luminous envelope, the integral is just a 
constant, and the intensity per unit frequency range is also a constant 
within the limits v = vo(l ± V/c). 

This holds independently of the functional form of p. The emission 
line is then drawn out into a band of width Ar = 2 vq V jc, and with 
uniform intensity inside these limits. The profile is of the so-called 
flat-topped form. A few pure cases of this sort are known, but flat- 
topped profiles are exceptions and not the rule. 

When the star is not negligible in dimensions compared with the 
envelope, the red wing of the line is rounded off by the so-called 
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‘occultation effect’, which simply means that the star screens off the 
light emitted by the part of the envelope which is hidden behind 
the star. Since this part of the envelope is moving away from the 
observer, the occupation effect will only affect the red wing of the 
line. Instead of the stellar radius a, the lower limit of integration for 
a direction 6 is aj^ind. Let R denote the outer radius of the shell, 
and assume the emissivity to be a constant. Then 

= const.(i?^— a^^in^^), 


sin 0 being a function of v by Doppler’s principle. 

A better aj)proximation may be had by assuming the emissivity 
proportional to mass density, instead of assuming it constant. 
Denote mass density by p as usual. The equation of continuity for 
radial motion is 




dr 


(prW) = 0, 


which for a stationary state may be written 

prW = K — const. 

Taking p p leads to the intensity formula for the red wing 

= const. (iJ— a/sin 0), 

corresj)onding to a much more gradual rise in intensity than in the 
former case. This is easily understood, since the emission is now 
more concentrated towards the surface of the star. There is also a 
displacement of the centre of gravity of the line towards the violet, 
since the intensity drops to zero at an angle 9q given by sin^Q = ajR, 
If the luminous part of the envelope forms a detached shell of inner 
radius the intensity remains constant also in the red wing of the 
line until an angle is reached, for which 

sin^i — a/R^. 

From then on the intensity drops off as before. If the shell is 
sufficiently thick optically, there may occur reabsorption effects. 
As will be shown later (§ 123), these must preferentially be sought 
near the centre of the line, where the line of sight passes the luminous 
shells tangentially, and the optical paths in the shell are a maximum. 
If the Be envelopes are also assumed to belong to the expanding 
type, the central depression between the two emission components 
of double emission lines in Be spectra must also be interpreted as a 
reabsorption effect. 

It is also worth noticing that the shell itself will produce absorption 
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lines in the stellar spectrum. The sharp absorption hnes on the violet 
edges of emission bands in novae and P Cygni stars are typical 
instances. More doubtful, but still suggestive in this connexion, is 
the occurrence of very narrow absorption lines in Bne spectra. | 

This rough model of an expanding atmosphere only gives a first 
apjjroximation to the truth, as flat-topped profiles are scarce. 

This, of course, was to be exj^ected. For the moving gases are 
subjected to the influence of tlie gravitation of the star, which will 
retard their motion, and make the velocity smallest at the greatest 
heights. Or, conversely, it may be that the gases are accelerated 
away from the star, by radiation i)ressure, for example, or electrical 
forces, in which case the velocity will be the larg(*T, the greater the 
lieight. As a suitable illustration of these two op})Ositc cases we shall 
consider the theory of the line profile when the atmosphere is 
accelerated outward by an inverse square force, or retarded in its 
outward motion by such a force. 


109, Accelerated Expansion 

Assume the matter to leave the stellar surface with zero velocity, 
and let Tq denote the limiting velocity at infinity. The equation of 
conservation of energy then gives the following expression for the 
velocity: F = ^(l-a/r). 

For the sake of convenience we may assume the emissivity p to be 
proportional to n' = >1 


where A and n are constants. This particular choice has the advantage 
of analytic simpheity, as it permits the integration to be carried out. 
From the given expression of V we find, in fact, 

r'^dr A^dV 

-r = 


Changing the variable from r to F, p' dv becomes 


dv 


4,7rcA 

vooFg 


V^dV, 


from which the integral follows directly. 

The above choice of the emissivity function is also sufficiently flex- 
ible to represent a detached shell of luminosity. By differentiation 


f Cf. Struve and Swings, Astrophys, J. 75 (1932), 176 et seq. 
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it follows that the emissivity has a maximum at 

r = a(l+|). 

This maximum will thus lie outside the star, and have a real impor- 
tance, provided n is positive. The larger n is, the more pronounced 
is the concentration of the luminosity into a shell. The given expres- 
sion is thus also able to give a first approximation to an expanding 
planetary ring nebula. Corresponding results might, of course, also 
be obtained by different analytical expressions of p , It is only 



V Vo 


Fig. 34. Theoretical emissioxi-lme profiles of an expanding atmosphere. Tlio 
motion is supposed accelerated outward according to the law discussed in the text, 
and the emissivity is assumed to be proportional to (Chandrasekhar, Monthly 

Not. 94 ). Note the rounded form of the profiles in contrast to the flat-topped profiles, 
which correspond to an expansion with constant V. 

necessary that pr^ is given as an integrable function of V. If it be 
desired, for instance, to study a shell with a more sharply defined 
outer boundary, it is possible to assume the emissivity to have the 
form pf _ const. 

where i is a new constant. In the following, however, we shall be 
concerned with the simple power law only, which was first studied 
by Chandrasekhar, although in an analytically different form. The 
assumed dependence of p' on the velocity need not give rise to any 
objections. In fact in these calculations V stands only for a certain 
function of r, and the separating out in the expression for p' of terms 
in V and terms in r is made only from the point of view of con- 
venience. We assume n to be larger than —1, so as to make the 
integral converge at the stellar sirnface. The intensity is then 


v^aVl{n+l) 


+ const. 
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The limits of integration will turn out differently in the two halves 
of the line, owing to the occultation effect. In the violet wing there 
is no question of a screening by the star, and the upper limit of V is 
the limiting velocity Vq, and the lower limit is the radial velocity u, 
which corresponds to the given frequency interval 



Fig. 35. Profile of an emission line originating in an expanding atmosphere with a 
decelerated motion. The matter is supposed to bo ejected with a constant velocity, 
and the motion to be slowcid down by gravity. The emissivity has the same func- 
tional form as in Fig. 34. The profile is now soon to approach much more to the 
ideal flat-toi)ped form. This is due to the assumed functional form of the emissivity, 
essentially, which confines the velocity within much more narrow limits, provided 
the initial velocity of ejection is sufficiently large, as is assumed in tho computed 
example (Cliandrasokhar, Monthly Not, 94 , 522). 


In the red wing of the Hne the upper limit is still Fo» lower 

limit is higher than u, because sin0 has the lower limit ajr, corre- 
sponding to the boundary of the ‘shadow cyhnder’ of the star. 
Denoting this r by we have 


COS0 = 


u 


FoV(l-«K)’ 

or (1— a/rgy(l+a/rg) = w/l^. 

This equation must be solved for ajr^ and the proper root introduced 
into the expression of F, which then gives the lower limit of the 
integral. 

The conditions are illustrated in Fig. 34. The curves illustrate how 
the profile becomes more and more rounded with diminishing effec- 
tive thickness of the shell, i.e. for increasing values of n. 


110. Decelerated Expansion 

The case of the ejection of particles from the stellar surface with an 
initial velocity say, the motion being subsequently subjected to 

3696.15 Q q 
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a retardation according to the inverse square law, may be treated 
in nearly the same way, by a little rearrangement of the analytical 
machinery. The energy equation becomes in this case 

F2=F|^+Fg(l-^), 

Vo being as before the velocity at infinity. The transformation from 
r to F gives in tliis case 

r^dr _ 2r^dV 

~V ^ ^fF^)’ 


and the intensity becomes 

j 47rC.4F”+^ 


const. 



Fio. 36. Trofiles of in Nova Cyg 1920, August 27 (upper curve), and 
in Nova Lac 1911, January 29 (Genard). 

The question of the integration limits is this time a httle more 
complicated, as it is necessary to distinguish between the cases 
u <Vo, and < « < IJ. In the violet wing the upper limit is Vi, 
as it is always possible to find a cos 0 small enough for cos 0 = u/J^ to 
hold. If w < the lower limit is V^ itself, corresponding to a limiting 
COS0 — ujVo. The intensity is therefore constant in this range. 

In the range Vo<u <Vi 

the lower limit is F = «, giving 

/y — const.(Fj+'— 
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In the red wing a similar distinction between u^Vq must be made. 
When 

the lower limit of integration is TJ,. The upper limit is determined in 
the same way as for accelerated motion, by first solving the equation 


QOS 6 


u 


V(l-a7rf) = - 


u 




for a/r^, and introducing this root into the expression for F, which 
then gives the proper lower limit. 



Fig . 37. Profiles of in Nova Cyg 1920, August 27 (upper curve), and 
in Nova Lac 1911, January 29 (Genard, Monthly Not. 92). 


When u <Vq this equation has but one positive real root. When 
< ^ < the equation has two positive real roots, which give both 
integration limits. For increasing values of u these roots will come 
closer and closer together till the intensity finally vanishes when the 
roots coincide. This double root is therefore obtained by calculating 
the maximum value of u. By a simple calculation one finds the critical 
value of r to be given by 
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where 
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n 


A typical profile of the sort discussed above is shown in Fig. 35. 

The above discussion of possible i)rofiles of emission lines from 
expanding envelopes brings out the fact that there is a large variety 
of possibilities to be considered. In particular, it appears premature 



Fig. 38. Profiles of the nebular line 4,658 A. in Nova Cyg 1920, 

August 27 (upper curve), an<l in Nova Lao 1911, January 29 (Gonard, 
Monthly Not. 92). 

for Genardf to consider it necessary to assume series of irregular 
eruptions in order to account for the profiles of emission bands in 
novae, as the general features of his measured profiles fall well in 
line with what is to be expected in spherically symmetrical envelopes, 
although modifications may be required in detail. 


t Monthly Not. 92 (1932), 396. 
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FORBIDDEN TRANSITIONS 

111. Transitions from Metastable States 

Although there may be divergence of opinion about details, it must 
be admitted that the study of the emission bands in the spectra of 
WR stars and novae has shown conclusively that the outer atmo- 
spheres of these stars are expanding freely into interstellar space. 
The velocities of outflow are so large that it is clear that the ejected 
gases will not return to the star again, but form a nebula of indefinite 
extent around the star, of the same apparent constitution as the 
gaseous nebulae long observed in the sky. 

There is reason to believe that these nebulae are generated by the 
activity of O stars, WR stars, and novae. The evidence for this is 
given by the fact that the stars embedded in diffuse nebulae are all 
of the 0 type, or occasionally the B type, while the nuclear stars of 
planetary nebulae are mostly W R stars. All planctaries are perhaps 
post-novae. Thus the Crab nebula in Taurus is suspected of being 
identical with a nova recorded by Chinese astronomers 900 years 
ago. The organic connexion between stars and nebulae appears on 
the whole to be a settled fact. 

The transition of matter from atmospheric density at the surface 
of a star to the ultra-vacuum of interstellar space, where the illumi- 
nating star is situated at a great distance, entails considerable changes 
in the physical properties of the gas. The gradual development of 
these changes may be followed step by step for the novae, and the 
final state is permanently recorded in the spectra of planetary and 
diffuse nebulae. 

The most significant feature about this transformation is the 
appearance of lines corresponding to ‘forbidden transitions’ in the 
spectra of novae and nebulae, which, during the last ten years has 
made the study of transitions from metastable states an important 
part of astrophysics. 

The theory of transition probabilities is usually based on the calcu- 
lations of harmonic amplitudes, in the way shown earlier in this book. 
It is by this procedure that the ordinary selection rules of spectro- 
scopy have been verified theoretically. On passing to higher approxi- 
mations, however, it is usually found that transitions forbidden by 
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the selection rules will take place with a finite probability, although 
at a rate of the order a million times less than for ordinary transitions. 

In most cases forbidden transitions are of no importance, but a 
certain class of such transitions, those taking place from a meta- 
stable state, may under certain conditions play a considerable role. 
By a metastable state we understand a quantum state from which 
all spontaneous transitions to lower energy states are forbidden by 
the ordinary selection rules. A state of this sort is the state 25 in 
hydrogen. This is a level from which all spontaneous transitions lead 
to the normal state. But since this latter is a I 5 state, transitions 
from 25 are forbidden by the selection principle for the azimuthal 
quantum number. 

The reason why transitions from metastable states may acquire a 
special importance for nebulae lies close at hand. Considering the 
Orion nebula as a convenient example, it is clear that its emission 
of radiation is stimulated by the high-temperature 0 stars which 
are embedded in the nebula. The radiation from the embedded stars 
will be absorbed by the nebular material, and mostly go to ionize the 
atoms, the nebular radiation being emitted for the most part during 
the recombination process. In the course of this process a number of 
atoms will be caught in metastable states. And they will remain 
there imtil something happens to them. 

Under ordinary experimental conditions the first thing happening 
to such an atom would be a collision, either with another gas atom 
or with the surface of adjoining solid bodies. In the Orion nebula, 
however, there are no solid bodies to collide with, and the density of 
the gas is so small that serious collisions will only take place a few 
times per year. 

One may imagine, however, that the atom will be removed from 
the metastable state by absorption of energy, in consequence of 
which it will be lifted to a higher state, from which it may sufTer 
transitions to the normal state. But the radiation density in the 
nebula is so small that the probability of such absorption acts is 
unimportant in comparison with the residual probability of spontane- 
ous transitions in violation of the selection principle. Conversely, 
when anywhere in the stellar or nebular spectra forbidden emission 
lines from metastable states are discovered, we know that they 
originate in tenuous matter situated at some distance from the 
exciting light source. 
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When the transition probabilities have been calculated, or found 
by experiments of some sort, it is possible to say something more 
definite of the physical conditions underlying the emission process. 

112. Metastable States of Astrophysical Significance 

It is not possible here to enter into great detail on the theory 
of forbidden transitions, because it is very complicated. We must 
therefore be content with indicating the principal points and a dis- 
cussion of the results. 

The forbidden transitions of astrophysical interest belong for the 
most part to three types, which are illustrated by the diagram given 
in Fig. 39. 



Fia. 39. Level diagram of low metastable states. Boyce, Monzel, and 
Payne {Proc, Nat. Acad. Washington, 19 , 581) suggested a special termi- 
nology for transitions between such states. Transitions from middle to low 
were called ‘nebular’ transitions, from high to middle ‘auroral’ transi- 
tions, and from high to low ‘ trans-auroral’ transitions. For the atomic con- 
figurations which correspond to the above level schemes compare Table 10. 

It will be noticed that transitions to the lowest level give rise to 
inter-system combination lines, while transitions to the middle level 
are forbidden by the selection rule for the azimuthal quantum 
number. This difference means that the theory of these transitions 
will also be different. 

The list on p. 304 includes those atomic configurations which have 
the above level systems as the lowest levels, and which prove to have 
astrophysical importance. 

The quantum theory of forbidden transitions has been considered 
by a series of investigators, but still the theory appears far from 
complete. As mentioned above there are several ways in which a 
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Table 10 


I:2p^ 

3p^ 

II : 2ps 

3p3 

j III : 2p4 

3p* 

Cl 

SiL 

NI 

PI 

1 oi 

SI 

Nil 

PII 

on 

SII 

1 


OIII 

S III j 

Fill 

Cl III 

I F II 

Cl II 

FTV 

CIV 

No IV 

A IV 

1 

1 



transition may be forbidden in the first approximation and will 
reaj)pear in the next. The occurrence of inter-system combination 
lines means that there exists a departure from the ideal couphng 
system assumed in the classification of the levels. We have here 
assumed the multiplets to be normal in the sense of the Russell- 
Saunders coupling system. It may be recalled that this system rests 
upon the assumption that the interaction between orbital magnetic 
moments and the electronic spins separately is sufficiently strong to 
make them combine into quantized resultants L and 8 respectively. 
These two vectors enter into interaction, and combine into a resultant 
J, but this latter interaction is supposed small in comparison with 
the one producing the quantized vectors L and 8, 

The presence of inter-system combination lines means that there 
is a departure from this coupling scheme, a lessening of some sort of 
the bonds between the individual spins or orbital momenta, and a 
corresponding strengthening of the bond between L and 8. As was 
pointed out by Condon| this may give rise to transitions enforced by 
a spontaneous radiation which may be said to be due to the oscilla- 
tion of a magnetic dipole in the atom. The magnetic moment of the 
atom is proportional to L-\-28, and if there is a sufficient lessening 
of the bonds, this moment will no longer be entirely quantized, but, 
for a combination of two states of different multiplicity, correspond 
to an oscillation, and a consequent transition. 

Although we are not going to develop the details of the theory of 
inter-system combinations, it may be of interest to recall some pro- 
perties of magnetic dipole radiation. The classical theory of such a 
dipole runs exactly parallel to the theory of an electric dipole. Denote 
the moment of the former by M and of the latter by P, and further 
the electric and magnetic field intensities by E and H. To pass from 
an electric to a magnetic dipole means to replace P, E, and H by 
Jf, H, and — P in all formulae. Carrying this formalism directly over 


t Astrophys. J. 79 (1934), 217. 
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into the quantum theory, the Einstein probability of spontaneous 
transitions from a state a to a state b is given by the usual formulae 
((25) and (53)) provided the matrix element of the electric moment is 
replaced by the corresponding matrix element of the magnetic 


moment: 


* ah 


3^3 


{a\M\bY 


where {a\M\b) is the matrix element of M for the two states a and 6. 
The analogy between electric and magnetic dipole is so close that 
much of the ordinary radiation theory is applicable also to the latter. 
Thus the selection rule A J ™ 0:£: 1 (except J ^ 0 -> J ~ 0) still 
holds. The magnetic moment is further given by 


M = 


eh 

STTfJLC 


{L+2S). 


The problem is thus reduced to the calculation of the matrix com- 
ponents of L-\-2S, which, however, is no really simple matter. It 
was carried out by Condon in the paper referred to above for some 
interesting cases, which will be considered further below. 

The transitions '^S are of a different type. The terms have the 
same multiplicity, so there is no question of inter-system combina- 
tions. In return there is a violation of the selection rule for the 
azimuthal quantum number, as the jump in L is by two units. This 
time the magnetic dipole radiation is of no j^articular consequence, 
and the transition will be enforced by what is called the electric 
quadripole radiation of the atom. 

Consider the radiation from an electric system according to the 
classical theory and find the expression for the potentials at a great 
distance from the atom. Expanding the potential according to powers 
of the ratio of the atomic dimensions relative to the distance r from 
the atomic centre, the first term in the expansion will be given by the 
net charge divided by r. The second term will contain the dipole 
moment P multiplied by a function of the angle 6 between P and r, 
divided by The third term will by definition give the quadripole 
moment of the electric system, again multiplied by a function of 0, 
and divided by r^. If the first two terms are zero, or do not vary with 
the time, the quadripole term will come into play and determine the 
radiation from the system. Our usual selection rules are determined 
by the vanishing of the electric dipole moment, and may prove 
invalid when the quadripole term is also taken into consideration. 

3595.15 J, I* 
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But it is usually found that the probabilities of transitions corre- 
sponding to quadripole radiation are millions of times smaller than 
for dipole radiations. 

For transitions -> W it is the quadripole radiation which pro- 
duces the main effect. Quadripole radiation will also contribute 
to the intensity of inter-system combination lines, but is small in 
comparison with the effect of the magnetic dipole radiation, and 
may be neglected in the first round. Stevensonf developed a theory 
of inter-system combinations in which both effects were treated 
indiscriminately, and it was (London who first pointed out their 
relative importance. Otherwise his paper gave the same results as 
Stevenson’s. 

The quantum theory of quadripole radiation was first developed by 
RubinowiczJ and his collaborators. In particular he has shown that 
in quadripole radiation the selection rule for the azimuthal quantum 
number may be violated, and Bartlett|| has shown that the same is 
the case for the inner quantum number J, except for the transition 
J = 0 -> J — 0. Bartlett also made extensive calculations on the 
intensity of inter-system lines, although his work was not so complete 
avS that of Stevenson and Condon. The selection rules for J which are 
expected to hold for transitions in J are, according to Rubinowicz,f f 
AJ = 0, ^ 1, ^2; except 0-^0, 4 i, and 1 0. 

We next give the numerical data of interest to astrophysics as 
given in Condon’s paper. 

Table 11 

Transition Probabilities from Metastable States (in sec.'^'^) 

Case If the 2p^ configuration, d = magnetic; dipole linc^f g — quadripole lines 


Transitions 

Cl 

Nil 

OIII 


1-5. 10-* 

24.10”* 

18.10-3 


0*5.10-« 

8-1. 10-* 

6.10-3 

hS„-^U\(d} 

41.10“* 

66.10-8 

10-2.10-3 


0-6. 10-® 

0-5.10”* 

1-5. 10-* 


1-0 

1-7 

1-8 


It will be noticed that in the transition the quadripole radia- 

tion is the most important, although it is really an inter-system line. 

t Proc. Pay. Soc. A, 137 (1932), 298. 

X See Rvibinowicz and Blaton, Ergeb. d. exacten Naturwiss. 11 (1932), 170, for a 
full review of his theory. 1| Phys. Rev. 34 (1929), 1247. 

tt Zeits.f. Physikf 61 (1930), 338. 
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In the next table we give the data for O II and 0 1, corresponding 
to the configurations II and III of Fig. 39, since only in these cases 
are there sufficiently accurate data at hand. 

Table 12 

Transition Probabilities from Metastable States in secr'^ 


Case II : 

0 TI 

Case II L : 2 / j ^ 

01 





7-5. 10-2 


2-42. 10“® 


2 - 5 . 10-2 

V'./2 

40. 10-2 


i-o.ur^ 



40 . 10-2 

>.S'„ 

1-8.10-^ 

Vi! 

^ 3/2 

2:1 

1-7 

1-0 j 

! 

■,S'„ ‘L., 

2-0. lO--* 


113. Origin of the Luminosity in Gaseous Nebulae 

The theory of forbidden transitions first became of imj)ortance in 
the inter])retation of spectra of gaseous nebulae, wliere the appear- 
ance of several lines of unknown origin was long considered an out- 
staiiding problem. The correct interpretation of these lines in terms 
of forbidden transitions from metastable states, notably in ionized 
oxygen and nitrogen atoms gave the key to the understanding of the 
physical constitution of the nebulae, and made it possible to make tlie 
first stoj)s towards a quantitative theory of such nebulae. 

It is here only a question of nebulae belonging to our galactic system, 
and among these only such as show an emission-line spectrum. The 
very extended and irregular nebulae, of the type of the Orion nebula 
or the Trifid nebula, form one extreme of the emission nebulae, and 
the small, very regular, round or annular ])lanetary nebulae form the 
other extreme. All known emission nebulae are relatively near. The 
Orion nebula has a distance of the order 500 light years. The Trifid 
nebula in Sagittarius may have a distance of 3,000 or 4,000 light 
years, and most known irregular emission nebulae will be found 
between these extremes. As far as the parallaxes of iilanetary nebulae 
are known, it appeal’s that the nearest are a few hundred light years 
off, while the farthest we know have distances of some thousand light 
years. 

The emission of light from the nebulae is undoubtedly in all cases 
due to embedded stars or stars standing so close that their radiation is 
sufficient to stimulate the nebular emission. In the case of planetaries 
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the situation is fairly clear, since these nebulae have a central star, 
which obviously is the cause of the emission. As regards the irregular 
nebulae the situation is sometimes a little doubtful, but in most cases 
the active star is easily identified. 

Hubble, whose work has contributed very mucli to the proper 
understanding of nebular radiation, has found that there is a definite 
relation between the spectrum of the active star and the character of 
the nebular radiation, which runs as follows: 

Planetary nebulae are excited by stars of earlier class than Oe 5. 

Emission nebulae are excited by stars of class Oe^toB 0. 

If nebular stuff is illuminated by stars later than B 1 the nebulae will 
show up simply in reflected fight — the spectrum of the nebula 
coinciding with the spectrum of the star. An example is furnished 
by the Pleiades (spectral class H4-A"0). We call such nebulae 
reflection nebulae. 

It appears that in all cases when an investigation may be ])rofitably 
undertaken the nebular fight intensity falls off with the inverse 
square of the distance from the exciting star, as would be expected 
when it is a question of a simple reflection of the fight. This holds 
for reflection nebulae as well as for ordinary emission nebulae. The 
relation was first tested by Herzsprungf for the Pleiades. Later it 
was taken up on a broad basis by Hubble, J who extended the investi- 
gation to both reflection and emission nebulae. 

When the stars are responsible for the nebular radiation it is to 
be expected that intrinsically very luminous nebulae must be associ- 
ated with stars of high absolute luminosity. As shown by Hubble, 
this relation leads to the consequence that the apparent magnitude 
of the illuminating star must stand in a definite relation to the surface 
brightness of the surrounding nebula. Hubble gave this relation in 
the form that the apparent diameter A of the nebula (on the photo- 
graphic plate) must be proportional to the apparent luminosity of 
the exciting star, or expressed logarithmically :|1 
m-l-5logA = 11*09, 

where m is the apparent magnitude of the star and a the apparent 
diameter in seconds of arc. The diagram in Fig. 40 shows the agree- 
ment between theory and observation for irregular emission nebulae. 

t Afitron. Nach, 195 (1913), 449. t Astrophys. J. 56 (1922), 400. 

1| The numerical constant 11*09 was first given correctly by Zanstra, ibid. 68 
(1927), 60. 
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It appears that the linear relation between m and 5log^ corresponds 
to actual facts, and that the numerical values of the constants are 
also reproduced. That the slope of the line comes out right i)roves 
the correctness of the inverse square law in this case. That the height 
of the line also is correct shows that there is no light lost in tlie nebula. 
This would be easily intelligible for a pure reflection nebula, but is 
not so easily understood for emission nebulae, where the radiation 

(0 

2-5 

2 0 

15 

1U 

05 

0 


- 0-5 


Fig. 40. Correlation between apparent magnitude of the embedded star 
and the extension of the surrounding nebula. The straight line gives the 
theoretical correlation. 

received from the star is obviously transformed in many ways before 
it is re-emitted. The agreement is too good, and calls for a special 
explanation. Anyhow, the agreement in question is sufficient to show 
beyond doubt that nebulae have no intrinsic energy soiirces and are 
merely to be considered as transformers of stellar energy, in the same 
way as the earth, the planets, and the moons in our own solar system. 

That part at least of this latter agreement is accidental is indicated, 
however, by the fact that the relation is very far from being true for 
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planetary nebulae, where the neliula is 7-8 magnitudes brighter than 
the exciting central star. 

The true explanation of the discrepancy between the magnitudes 
of the central star and the surrounding nebula for planetaries should 
probably be looked for in the very high temperature of the central 
stars. It is difficult to obtain a very direct determination of these 
temperatures, but Wright has shown that the maximum intensity 
in the radiation for these stars is to be found far beyond the limit of 
atmospheric absorption . 

The spectral type of these stars is pronouncedly of the early O or 
the Wolf-Kayet type, which further indicates very high temperature. 
It is a reasonable ])rocedure to admit that tlie light radiation from 
the central star is the sole cause of nebular light, and to use the dis- 
crepancy in luminosity between star and nebula for a determination 
of the stellar temperature, a jrocedure first suggested by Zanstra.f 

114. Spectra of Gaseous Nebulae 

The spectra of the emission nebulae consist of sharp emission lines, 
possibly on a very faint continuous background. The Balrner lines 
of hydrogen arc prominent in all nebular spectra, the first fourteen 
lines from to being easily distinguishable. Beyond the series 
limit 3,647*0 A. there is a strong continuous emission, especially in 
the spectra of many planetaries, which is clearly due to the recom- 
bination of free nuclei and free electrons to form neutral hydrogen 
atoms in the second quantum state. The hydrogen lines are sharp, 
and show no unusual pecuharities. 

Helium is represented by both arc lines and spark lines. The rela- 
tive intensity of these lines varies much from one nebula to another, 
as a consequence of different conditions of excitation. It was thus 
discovered by Max Wolff that in slitless spectra of planetary nebulae 
the images were considerably larger in light of He I lines than in 
He II lines. This interesting feature provides a further proof that the 
nebular radiation is stimulated from the central star. 

The hnes of hydrogen and helium appearing in nebulae are quite 
ordinary lines, which by themselves would not attract much atten- 
tion, although the study of these hnes already gives many indications 
about the internal constitution of the nebulae. The rest of the 

t Aatrophys, J. 65 (1927), 50; Publ. Dorn. Astr. Oba, Victoria^ 4 (1931), 209. 
j Sitz. d. Akad. d. Wiaa. Heidelberg^ 27 (1911). 
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nebular lines, however, are sensational, as they are a mixture of 
ordinary and forbidden lines, belonging for the most part to singly 
and doubly ionized oxygen and nitrogen, and to a minor degree 
to other atoms. This discovery was made by Bowenf in 1927 on 
the basis of experiments made by Bowen and Millikan, A. Fowler, 
Paschen, and other experimenters working with the spectra of strongly 
ionized atoms. 

As most of the interest here is concentrated on the forbidden lines, 
we give a tabular survey of all lines of this character observed in 
nebulae, along with their series relationshii^s and chemical origin. 

Table 13 

Forbidden Lines in Nebular Hjjectra 


Intensity 


K/cfnent 

M uJtipJet 

Wavc-lenyth 

A'.G.U.7.(>27 N.G.C. 6,572 

N IT 

D-S 

5754-8 

4 

2 


P-S 

6348-J 

10 

10 


P-D 

6583-6 

30 

30 

O T 

D-S 

6302 

3 

5 


P-D 

6364 

1 

2 

Oil 

S-D 

3726-16 

15 

8 


H-D 

3728-01 

7 

4 


D-P 

7319-0 

3 

3 


D-P 

7330-4 

2 

2 

O ill 

D-S 

4363-21 

20 

80 


P-D 

4058-91 

80 

200 


P-D 

r>006-84 

250 

800 

Ne 111 

D-S 

3342 




P-D 

3868-74 

50 

70 


P-D 

3967-51 

50 

70 

Ne IV 

D-P 

4725-5 


4 

No V 

P-D 

3345-8 


8 


P-D 

3425-8 


20 

SII 

S-P 

4068-62 


6 


S-P 

4076-22 


3 


1 S-D 

6716 




S-D 

6730 


1 

A III 

P-D 

7136-6 

5 

1 

A IV 

S-D 

4711-4 




S-D 

4740-2 

20 

5 

A V 

P-D 

6313 

2 



The most conspicuous lines belong to oxygen and nitrogen, and are 
just of the types discussed earlier, arising by transitions from meta- 
t Piih. Aatron, Soc, PaciJiCf 39 (1927), 295; Astrophya. J. 67 (1928), 1. 
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stable states in the close vicinity of the ground state. In order to 
make the matter still clearer we reproduce diagrams of the energy 
levels in OIII, Oil, and Nil which show the coordination of the 
more conspicuous forbidden lines, and some others winch are per- 
mitted. 



Fig. 41. Term diagram of low energy states in O III. This diagram shows the origin 
of the chief nebular lines Nj and iVg, and also a number of permitted lines of much 
higher excitation energy which appear in nebular spectra. Those latter linos are 
probably excited by the absorption of the resonance line 304 of Ho II. Cf. Fig. 46. 

It appears that the most conspicuous lines originate in oxygen. 
The most intense pair, the doublet 5,007, 4,559, is emitted by OIII, 
while the ultra-violet doublet 3,726, 3,729, which is also very intense, 
is emitted by 0 II. The first doublet lines are called the chief nebular 
lines, and are denoted by Nj and N 2 respectively. The relative in- 
tensity of the lines in each doublet remains the same in all nebulae, 
as they should do. It is further clear that the chief nebular lines re- 
quire a greater stimulus in order to appear than does the ultra- 
violet doublet. For this reason we should expect that in slitless 
spectra the nebulae should show smaller disks in the light of the 
former doublet than in the case of the latter, which they do. Also the 
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relative intensity of the doublets changes progressively in the same 
sense as the relative intensity of ionized and neutral helium lines, 
which is also to be expected. 



FiC!. 42. Lov(^l diagram of low energy states in Oil sliowing the origin of sonin 
forbidden nebular lines, particularly the ultra-violet doublet 3,726-9. 

115. Forbidden Lines in the Spectra of Novae and other 
Sources 

Well past maximum brightness the novae usually begin to show the 
chief nebular lines, and their spectra begin to resemble that of a 
planetary nebula in most respects, apart from a great lack of sharp- 
ness of the lines. The novae differ from the nebulae, however, in 
that they also show the green auroral line 5,577 A., which is due to 
the transition O I. The recent nova in Hercules also 

showed the forbidden 01 lines 6,300-23 and 6,363*88.f Also some 
■j* F. J. M. Stratton and A. Beer, Monthly Not. 95 (1935), 432. 

SS 


S595.15 
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forbidden lines of Cl, NI, FII, Fill, Si I, and SI appear in the 
spectra of novae, but not in ordinary nebulae. For a full discussion 
of these lines see the paper by Boyce, Menzel, and Payne.t 

In some cases forbidden lines have 
been found in spectra of stars. It is 
then always a question of pecuhar 
stars which are obviously con- 
nected with nebulae of some sort. 
MerrillJ discovered forbidden lines 
in the spectrum of the long-period 
variable star E Aquarii. There is 
no doubt about the fact that the 
star is a genuine long-period vari- 
able, as it shows the characteristic 
titanium oxide bands, and bright 
hydrogen lines. Its nebular lines 
are the OIII doublet and Ag, 
the He I line 4,471*5, the Neill 
lines 3,869, 3,967, the Sill line 
4,068, and the unidentified lino 
4,658*3. 

The star is embedded in a lumi- 
nous nebula, and it is almost the 
only known case in which such a 
nebula is physically connected with 
a late-type star. However, in the 
Fia. 43. Level diagram of low energy jggl-V the star has developed 

Stifll'OS 111 JN J-J.. 

a spectrum of the P Cygni type, 
and it is clear that the star has an early -type companion which 
acts as a nucleus for a planetary nebula. || The system bears some 
resemblance to Hubble’s variable nebula N. G. C. 2,261 which is 
physically connected with R Monocerotis.f f 

The star rj Carinae is situated in a region where nebulae abound, 
and this star is also probably embedded in nebulous stuff. Its 
magnitude has been subjected to great variations. About 1843 it 
was one of the brightest stars in the southern hemisphere, but 

t Proc. NaL Acad. Sc. 19 (1933), 581. t Astrophys. J. 53 (1921), 375. 

11 Men-ill, Puh. Astron. Soc. Pacific, 39 (1927), ; Astrophys. J. 81 (1935), 312. 

tt Cf. Slipher, Lick Ohs. Bull. 3 (1918), 63. 

Xi R. T. A. limes, Ann. Cape Ohs. 9 (1903), 78. 
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then it began to decline; in 1856 its brightness dropped suddenly, 
and in the course of some years it became invisible to the naked eye. 
It suffered another sharp decUne in 1894. The spectrum of this 
star is variable and peculiar. According to Bokf its spectrum in 
1892-3 was cF5 with very bright hydrogen lines and faint iron 
spark lines in emission. In 1895 the continuous background was very 
faint, and the intensity of the bright lines had increased. MerrillJ 
has found that about 20 of the iron lines appearing in the later cycle 
of the star are due to forbidden transitions. According to Merrill 
most of these lines appear also in the spectrum of the Be star H.D. 
45,677. 

These stars all seem to represent some sort of intermediate stages 
between gaseous nebulae and stars. The novae are particularly 
interesting in this respect, as the close study of the development of 
the nova spectrum reveals how the transition from a stellar to a 
nebular state takes place. The appearance of a definite forbidden 
line in a nova is clearly an indication that the density of the expanding 
shell of gas surrounding a nova has reached a definite limit, depend- 
ing on the transition probability and excitation energy of the 
forbidden line in (piestion. The detailed discussion of this question 
seems to promise considerable information about the constitution 
of novae. 

t Pop. Astrov. 38 (]030), (."f. also Bok’s (lis.sortatioii, Groningen, 1932. 

J Afttroplij/B. J. 67 {\ 928), 391 . 
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THEORY OF RADIATIVE TRANSFORMATIONS IN 
NEBULAE 

116. Ionization Theory of Nebulae 

The gaseous nebulae bring out in a more pertinent form than the 
stars in general the problem of the radiative equilibrium of a tenuous 
gas, since we are here obviously dealing with very radical departures 
from a state of thermal equilibrium. It is only in this way that it is 
possible to stimulate forbidden transitions to such an extraordinary 
degree as is actually observed. 

This problem has several aspects. First of all it is already surprising 
to find atoms of such a high degree of ionization as 0++ and N^^* 
playing an important })art in nebular radiation. The solution of this 
problem is obviously to be sought, on the one hand, in the excessively 
low density which sloM^s down recom])ination processes very much. 
On the other hand it is connected with the very high temperature of 
the embedded stars, w^hich provides radiation of very great ionizing 
power. 

We shall now sliow how these tw^o causes in combination will 
suffice to explain the observed state of ionization. f We consider a 
gaseous mass at great distances from a hot star. Let n^y and denote 
the number of atoms in the normal state and the ionized state per 
unit volume and neglect all intermediate states. In our earlier nota- 
tion the state is then fixed by the single equation 

UqCIqi = ( 1 ^^) 

In order to calculate the coefficients and we must know the 
absorption coefficient of the atom in the continuous region beyond 
the series limit of the principal series, and also the corresponding 
emission coefficient for the converse process. The former we denote 

by or^ and the latter by ^ \ Py energy density 

of the radiation field. The stimulating effect of the radiation field is as 

usual given by the factor (l+ 

\ Sirfiv^ ) 

The quantity is proportional to by the Einstein relations con- 

t A. S. Eddington, Proc. Roy, Soc. A, 111 (1926). 424. 
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necting emission and absorption coefficients. It is not easy to see 
directly how these relations are to be modified in the continuous 
region, and it is therefore better to derive them de novo. 

For this purpose we consider a state of thermal equilibrium, so that 
the ratio is known. The above equation then gives immediately 
the ratio of «io/<^oi’ whicli is all we want. The number of absorbed 
quanta per unit time and volume is 

Uq (j^cp^dvlhv. 

The corresponding number of recombination jjrocesses is, on the 
other I land, , \ 

where dn^ is the number of free electrons in unit volume, the velocity 
V of which is confined to the interval v to v-\-dv. The ions are assumed 
to be so heavy that their velocity may be neglected in the description 
of tlie recombination process. The velocity v is connected with the 
frequency v of the absorbed radiation by the relation 

hv --- 


where y ionization energy of the atom in the given state. 

Hence 

dv =r= 

h 


We need also the usual statistical formulae, which need no further 
explanation here (see p. 172), 


ft ^ ^^0 

The condition of equilibrium 

then assumes the form 


^ivjkT J ’ 


,2AV 


jX^CVcDg 


( 136 ) 

( 137 ) 


which is the desired relation. 

When conditions do not correspond to thermal equilibrium, equa- 
tion (136) must be multiplied by hv and integrated over all frequen- 
cies on the left and all electron velocities on the right: 


00 00 

0 V-0 
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This equation expresses the conservation of energy for all transitions 
out of and into the given state. The transition coefficients and 
are therefore given by the expressions 


00 


oo 




0 0 

Let us apply these formulae to tlie following simple ease. The radia- 
tion field is assumed to consist of dilute thermal radiation, so that 


Pv 


c 


in the usual notation. The velocity-distribution of the electrons we 
assume to be given by MaxwelFs distribution Jaw, corresponding to 
a temperature Tq, which is different from the temjieraturo T of the 
star. The absorption coefficient is taken to be zero for all fre- 
quencies smaller than For larger frequencies it is su])posed to 
fall off proportionally to which is known to give good approxima- 
tions for continuous X-ray absorptioji. On these assumptions we 
find for Uq^: 

“01 = W Iog( 1 ; a, = ao v-=>; v > 


In the calculation of it is obviously j)ermissible to neglect the 
term in on account of the smallness of the dilution factor W, The 
integration then gives 


®io — 


87rao IcTq 
^0 


Remembering that/^ = we find as the new equation of 

dissociation, on introducing our expressions for and into (135), 


» = y||jiog(i_e-Wfcr)-i. (139) 

A very much more elaborate theory of ionization in nebulae by 
Ambarzumianf leads to a nearly equivalent formula. The difference 
consists in replacing log(l— by and ^(TJT) by 

2to+1, tq denoting the optical thickness of the nebula below the 
outer boundary in the continuous region. 

It appears from this equation that the temperature of the gas does 


t Monthly Not. 95 (1935), 469. 
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not influence the equilibrium very much — the dominating tempera- 
ture is that of the exciting star. Since 

— Q—hv^kT^—1 ^—hVfJkT^ 

in practical cases, one really passes from the state of ionization in 
thermal equilibrium at a temperature T to that of a nebula at 
temperature Tq by reducing all particle densities in the ratio WaJ(TJT), 
We shall soon indicate arguments which show that the Tq to be intro- 
duced into this formula is not much different from T, my ,J{T/Tq) — 2. 
The main interest therefore centres on the dilution factor W, 

117. The Trifid Nebula 

A tyj)ical instance is afforded by the Trifid nebula in Sagittarius. 
This is a roundish object, which is probably illuminated by an 
embedded O star of the seventh magnitude. Since the absolute mag- 
nitude of 0 stars is about —3-5, it follows from the usual relation 
between parallax and absolute and apparent magnitude that the 
distance of the nebula is of the order 3,300 light years. A moderate 
estimate of 30,000"^ K. for the temperature of the star then leads 
to a radius of 7*5 solar radii. The apparent diameter of the nebula is 
10', which with the given distance corresponds to a linear diameter 
of about ten light years. Let R denote the radius of the star and r 
the distance from the star to the point at which the ionization is 
calculated. The dilution factor W is then given by 

W = R^l4r^ 

and the value of tliis factor at a distance I j)arsec from the star is 
found to be 2-7 . 10~^^. 

The spectrum of this nebula shows, according to Hubble, the chief 
nebular lines of OIII with about the same intensity as the ultra- 
violet doublet 3,726-9 of 0 II. As a rough guess we may then assume 
that the 0++ atoms have the same abundance as the 0+ atoms. 
The frequency limit follows in the usual way from the ionization 
potential of 0+, which is 34-94 volts. With these data we find from 
(139) the following value of the density of free electrons: 

235 cm.-® 

No stress can be placed on this figure, except so far as it indicates 
the order of magnitude. But remembering that the corresponding 
figure for the number of air molecules in one cm.® is 270.10^’, one 
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realizes that no tinkering with the data can explain away the exces- 
sively low density of the gaseous nebulae. 

118. The Temperature in Nebulae 

In the above calculation it was assumed that the temperature in 
the nebulae was roughly one -fourth of the effective temperature of 
the illuminating star. This somewhat startling assumption needs, of 
course, further qualification. To give a quantitative theory proves 
very difficult, however, and we shall be satisfied with the following 
rather qualitative considerations. 

Let us first consider the mechanism by which the free electrons in 
the nebula acquire their velocities, and how they lose them. The 
conditions are in this respect rather different from the processes of 
exchange of velocities in a stationary gas in thermal equilibrium. In 
the gas both gains and losses of velocity are due to collisions between 
atoms in the gas. In tlie nebulae the free electrons will mostly acquire 
their initial velocity in ionization processes, taking place by absorp- 
tion of radiation, and they will gradually lose their velocity by 
collisions with atoms and ions, and at an accelerated rate, leading to 
capture of the electron by an ion. 

The average velocity of an electron on a ‘free path’ from its release 
in the absorption process to its capture by an ion will clearly depend 
very much on the probability of capture as a function of the relative 
velocity. The expression which w^e have derived for the coefficient 
of capture, equation (137), shows that the probability increases 
proportionately to the inverse first power of the velocity — since 

varies as and the number of colhsions per unit time is propor- 
tional to V. Hence the probability increases very rapidly with decreas- 
ing V, and it is evident that during most of the time the electron is free 
its velocity will be high. 

We may estimate this average velocity in the following rough way. 
According to the theory of Bohrf of the passage of electrified particles 
through matter, the loss of energy dE of a particle on passing a 
distance dx is given by an expression of the form 

dE — —Kv~^ dx, 

where v is the velocity of the particle and K a slowly varying function 
of V, which we here consider as a constant. Putting E = and 


t PhiL Mag. 30 (1915), 681. 
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integrating we find for the total range of the particle, that is, the 
distance travelled from the moment it is started with an initial 
velocity Vq until the velocity is reduced to zero: 


X 




V 


3 

0- 


For tlie time spent on this free path we find similarly 


t 


C dx It ^ 


and tlie averages square of the velocity is 

t 

rydx 


F2 


1 r ^'2^ 

t j 




It is easily found that the average energy of the electrons expelled 
by absorjition of dilute ultra-violet radiation of temperature T is 


Defining the temperature of the nebula by the equation 

IkT, 

it follows that ^0 — 3 

This, of course, only indicates some kind of order of magnitude. 
Thus the assumed length of the free path in its de})endence on the 
initial velocity is largely liypothetical. But altering the power of 
V in this expression within reasonable limits will not change the result 
much. The essential point is the basic assumption that at the end 
of the free path the electron is captured by an ion. When this is 
dropped conditions will change fundamentally, and ivill depend 
essentially on the coefficient of dilution. 

We may get an indication of conditions in this next step by assum- 
ing the expelled electrons to remain free so long that most of them 
will have acquired a Maxwellian velocity -distribution as a conse- 
quence of collisions, and that the diffuse radiation from the gas 
corresponds to the temperature according to the laws of Karchhoff 
and Planck. This is the case first considered by Fabry,t which for 
the first time brought out the fact that a cosmic nebula may have a 
high temperature, provided only that the temperature of the illumi- 
nating star is sufficiently high. As a first approximation we then 


3595.15 


t de Physique, 6 (1910), 207. 
T t 
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assume the energy absorbed per second by a slab of gas of unit volume 
to be 00 

Q. J a^cp^{T) dv, 

Vm 

and the energy emitted by the gas in the same time to be 

00 

4it J a^Cp^{T^) dv. 

Vfn 

Here Q. is the solid angle subtended by the star at the point in 
question. In the emission this is replaced by 47r since tlie emission is 
uniform in all directions. Under stationary conditions tliese two 
quantities must be equal, or 


CO CO 

W j <J^Py(T) = J ^vPA’^a) 


since Q/47 t is just the coefficient of dilution W. Assuming as usual 
proportional to on the short wave-lengtli side of v = and 
zero on the long wave-length side, we find 




For temperatures not higher than 40,000° K., and absorption limits 
at least as far into the ultra-violet as for the Lyman series, it is 
permissible to expand the logarithms and to retain the first term of 
the series only. Hence the above equation may be brought to the 

fcrm m m T.rp 


For the Trifid nebula considered above, assuming the typical element 
of the nebula to be hydrogen — ^which is true, the relevant data 
will be 


T = 30,000° K.; W = 2*7.10~i^ hv^ = 2-16. lO'^i ergs. 

Solving the above equation for Tq in successive approximations, one 
finds the corresponding value of Tq to be about 4,500° K. 


119. Transformation of Radiation in a Nebula 

As a next step in the analysis of nebulae we may try to follow up 
the cycle of transformations suffered by the incident star light in the 
nebula. This latter we may picture as a vast expanse of hydrogen 
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gas for the most part, some helium, and a small amount of air and 
other gases. The gases may be assumed to be arranged in plane 
parallel strata, and the illuminating star to be well outside the gas. 
This simplified picture will do both for diffuse and planetary nebulae, 
as it is in most cases possible to approximate to the spherical shells 
of the latter by planes, as far as the transmission of radiation is 
concerned. 

On the side of the nebula nearest to the star the incident radiation 
will at once begin to become depleted by absorption in the Lyman 
series, and in the continuum extending beyond the head of this series, 
which we shall refer to as meaning the Lyman continuum. As 
a consequence of this absorption there will be created, firstly, a 
certain number of atoms in excited states, and next a certain number 
of free electrons. The excited atoms will very rapidly regain the 
normal state, after having suffered a series of cyclical changes, in 
which the various series of the hydrogen spectrum are emitted. Con- 
sidering the very low intensity of the incident star light, and the 
known short life-periods of the hydrogen states, it is at once clear 
that the number of hydrogen atoms in excited states in a nebula is 
excessively small, and would, when interpreted thermodynamically 
correspond to a very low temperature. 

It is different with the absorption in the Lyman continuum by 
which free electrons are created. Here the mean free life-period of 
the ionized state will depend on the gas-density. If this is sufficiently 
small, the life-period, or time spent on a free path, may become very 
long, and the gas may simulate a high temperature, as was set out 
more elaborately above. 

Here it interests us more to know what liappcns to the energy of the 
expelled electrons. As long as the electron is free, it spends its energy 
in collisions, where it is partly emitted as low-frequency continuous 
radiation, but mostly imparted to other particles, and to some degree 
is used for exciting atoms to higher states. This may be particularly 
the case with atoms of the type 0+, etc., in their nornial state, 
where the excitation energy of the next state is very low — much 
lower than the lowest excitation energy of hydrogen. Finally, how- 
ever, the electron gets caught by an ion, mostly a free hydrogen 
nucleus. It may choose among all the available states of the atom, 
but once caught it will very soon by some route arrive back in the 
normal state. 
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By such circular processes the incident dilute radiation of the star 
is converted into radiation of longer wave-lengths. It is in this way 
that the hydrogen emission in the nebulae, the Balmer series, and the 
continuous radiation beyond the head of this scries is generated. 
In so far as hydrogen is concerned, the nebula is nearly perfectly 
transparent to light emitted in tlie Balmer series and higher series, 
since the number of atoms in quantum states above the normal state 
is vanishingly small. This radiation is therefore lost to the further 
balance of radiant energy in the nebula. 

The radiation which passes into Lyman lines will suffer further 
transformations by reabsorption. A Lyman-^, for instance, will soon 
be reabsorbed, whence it may either return as Lyman-j 3 or it may 
return as an Ha and an La. The Ha generated in this way is lost to 
the nebula. The La, on the other hand, will go on being reabsorbed 
and re-emitted all the way through the nebula, diffusing slowly out- 
wards, and hnally escaping when the surfece has been reached. 

We are thus led to consider the simplified problem of a liydrogen 
nebula, when all transitions are reduced to a three-state cycle, in 
wliich only the first, the second, and the Lyman continuum partici- 
pate, the continuum playing the same part as an ordinary quantum 
state. 

The theory of such cycles was considered earlier in connexion with 
the problem of the hydrogen lines in the sun. In that case the inci- 
dent radiation is so little diluted that before the lines have become 
deepened somewhat the probability of a closed set of transitions 
does not differ much for two opposite cycles. For a nebula, however, 
the probability is overwhelmingly in favour of a unidirectional 
cycle already from the start. In order to realize this we may, in the 
theory of a three-state cycle given earlier (cf. § 48 ), take states 1 and 
2 to represent the first and second quantum states of the hydrogen 
atom, and state 3 to represent the Lyman continuum. It was then 
shown that the ratio of the probability of a successive climbing up 
towards the ionized state and with a single return jump, %2^23^3i> 
is smaller than a direct jump to the continuum with a step-wise 
return, ( 11 ^( 132 ^ 21 * ^ factor 


y = 


WF,, 

^Z2^21 


Here W is the dilution coefficient and F is given by 
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while denotes the radiation frequency corresponding to a transi- 
tion i -> k. Provided each Jiv^y is in no case vanishingly small in 
comparison with kT, it follows that y is, for the case of a nebula, a 
negligible quantity. We have in fact seen earlier that the order of 
magnitude of the dilution coefficient W in a nebula is of the order 

of 10-13. 

It is interesting, however, that the further course of events in a 
nebula is the op])ositc of the course in a stellar atmosphere. In the 
sun the gi’adual working out of the spectral lines serves to intensify 
the difference in jirobability of opposite cycles. In the nebulae, on the 
other hand, the transformation of radiation will serve to decrease 
the jirobability by depleting the continuous flux in the Lyman 
continuum, and to increase ^ 03 , by throwing new radiation into the 
Lyman-on line. By tliis process the ratio of the probabilities may be 
reduced by as much as a factor 10 ^, but still this does not alter the 
main course of events. 


120. Theory of a Three -State Cycle 

It is worth while to go into some detail with regard to the trans- 
formation in a hydi'ogen nebula in order to substantiate the above 
conclusions quantitatively. To fix the ideas we consider a star 
enveloped by a concentric, thin, spherical shell of gas, representing 
the nebula. Assuming the shell to be sufficiently thin in comparison 
with its radius, we may use the equation of radiative transfer for flat 
layers 




-kI+E, 


where the symbols have their usual significance. 

Since we have seen that transitions to the continuum from state 
2 are of negligible importance, we are left with resonance transi- 
tions in Lyman-a, and transitions to the Lyman continuum and back. 
In this latter case a continuous range of frequencies come into play, 
which means a very great complication to the theory. In a first 
survey of this theory the practice has therefore been introduced of 
working with an ‘average’ frequency v for the continuum, and throw- 
ing aU the difficulties of the problem into the calculation of this 
average value. That such a procedure only means a rather rough 
approximation need scarcely be emphasized. But the state of the 
theory in general is such that it justifies the use of simplifications of 
this kind. 
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Consider first the transmission of radiation in the continuum. The 
emission function E has then the form 

4^7rE ~ n^a^^hv. 

The equation of equilibrium for the transitions to and from state 3 is 

^3(^3iH“^32) ~ ^1^13* 

Transitions from state 2 to the continuum have been neglected, 
because we have seen that a cycle in this direction has a negligible 
probability. Hence it follows that 




^31 


®31“t“®32 


% ^13* 


Writing 


^31 

^ 31-}- ^32 




the emission function becomes 


4t'iTE ----- 

But is just the energy absorbed per second per unit volume 

from the radiation field by atoms in the lower state. It is necessary 
to distinguish between the diffuse radiation in the nebula and the 
flux of radiation from the central star. Denoting this latter flux by 
S on the inside boundary of the nebula, the flux at optical height r 
above the inner boundary is clearly 

Se-\ 

Since the radiation from the star is practically j)arallel at the distance 
of the nebula, there is no need to distinguish between flux and total 
intensity. 

In case of the diffuse flux, on the other hand, it is necessary to 
make such a distinction, and we write as usual F for the flux and J 
for the total intensity. Having already denoted the absorption 
coefficient by k, it follows that the emission function E has the form 

4tTrE = pk(J 

The equation of radiative transfer has consequently the form 

dr 477 

+1 

where J == 2n j I dfi, 

I being the intensity of diffuse radiation. 
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In order to solve this equation we proceed in the usual way. 
MultipKcation by 27r dfji and integration with respect to ii gives 

dr 

while multiplication by 27r/xfZ/x and integration gives 

-1 

since the diffuse radiation is distributed over various directions to 
such a degree that the usual approximation 

1 

27r J IfjL^ dfjL — 

- 1 

may be adopted. We are then left with the equation 

^2 T 

, , S(l-p)J~-3pSe~^ = XU-SpSe-'^, ( 140 ) 

dr^ 


the solution of which is 

A ^— 1 

where A and B are integiation constants, and A is given by 

A2 = 3(l-ij). 

1 dJ 

Since the corresponding flux is — ~ — , we find 

3 dr 


F= -iX(Ae^r_^Be-^^) + 


pS 


'‘A2-1' 

The case A^ — 1, i.e. p = |, demands separate treatment. Putting 
^ — I in the original equation one finds 

d^J 


dr^ 


J-2Se-\ 


the solution of which is 

J = Ae^+Be-^+8re-^. 
Further the corresponding flux is 

F = -l(Ae^-Be-^)-iS(l-r)e- 


121. The Boundary Conditions 

In order to determine the integration constants A and B it is 
necessary to specify the conditions to be satisfied at the outer and 
inner boundary of the shell. 
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On the outer boundary the conditions are clearly the same as in 
the case of a stellar atmosphere. Denoting the optical thickness of 
the shell by tq we must therefore have 


J (Tq) 2i^(To), 

which ensures that there will be (practically) no back radiation at 
the boundary. 

The condition to be satisfied on the inner boundary is the vanishing 
of the diffuse flux. This is a consequence of tlie conservation of energy, 
no diffuse radiation being generated inside the empty shell. Tliis 
means that the diffuse intensity J will be constant inside the shell. 
The condition at the inner boundary gives the equation 


A - 


B + 


A(A2-1)- 


On the outer boundary the condition is 


which gives tlie explicit expression of B: 

„ _ 3p/S (1-f |A)e^’’«+|Ae-’’» 

^ A(A2— 1 ) ( 1 + |A)eA^o+ (1 _ I A)e-An’ 

The corresponding equations for the critical value p == | are 

B = A+S 


and 


g-To_|_5gTo 


Chandrasekharf has made extensive calculations of the emergent 
flux under different conditions. In Figs. 44 and 45 we reproduce 
some of his diagrams. 


122. The Resonance Line 

We imagine the profile of the line to have a flat-topped columnar 
form, so the absorption coefficient in the line is a constant, which we 
denote by cufc. The corresponding optical height is corfr, and the 
equation for the total intensity in the line becomes, by the usual 
machinery of approximations. 


t ZeitB. f, Astrophys. 9 (1935), 266, 
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where a dash indicates that the quantities belong to the radiation in 
the resonance line. 



Fig. 44. I’lioso curves give the emergent diUiiHe ultra-violet flux for different 

values of p. 



Fig. 45. Diffuse flux in units of N for different values of p. The optical 
thickness is assumed to be tq = 2. 


The emission function E is by definition given by 

^ttE = hvn^a2p 

The equation of equilibrium of the normal state may be written 

Multiplying by W it is seen that the first term on the right is just 
the total absorption in Lyman-a, and may therefore be written 

3695.16 U U 
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cokJ'. Similarly, the second term on the right becomes 
times the total absorption in the continuum, which was written as 
Hence, finally, 

4:7tE = — p)^k[J 


and the equation determining J' becomes 

= -a>-(A2J+A2/Se-^), 

aT“ V 

on remembering that A- 3(1— Expressing A-J by d^JIdr'^, on 
using (140) we find 

Integrating twice we find 

J' a-ybr — oj^(J-{~38e~'^), 

V 


where a and b are integration constants. The corresponding expres- 
sion for the flux is 


F' = - A_L(i^+,SV.-). 

OCU CT OCO V 

Since F and F' both vanish at the inner boundary, 


-3cL)—8y 

V 


and the expression for the flux becomes 

F' = 

At the outer boundary both J ~ 2F and J' ~ 2F\ which demands 
that A / 

a = -(co-l)J(To) + -'S{3a>To+2+(3cu-2)e-^»}. 


The problem is thus formally solved. 

The above expression for the flux in Lyman -a might have been 
written down directly. But we have found it better to let it appear 
in its proper place. Apart from close to the inner boundary, F' is 
clearly of the order of magnitude of Svjvy which shows how the radia- 
tion absorbed in hydrogen degenerates into Lyman-a radiation. The 
above expression for F' may also be written in the form 


8 = 8e''^+F-\-r+ 
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This equation expresses the incident flux as the sum of the flux of 
direct star light, the continuous flux F, the Lyman-a flux F', 
and an additional flux 

F" - I~-^)f' = 

which clearly gives the flux of all other radiation emitted in the 
recombination processes, which do not go directly to the ground state. 

This theory of a three-state cycle cannot be used for a calculation 
of the intensities of the Balmer lines, which are important data in the 
theory of nebulae. An approximate theory of the relative intensities 
of these lines was developed by Cillie,f by considering a seven-state 
cycle of transitions. But in that case it did not prove possible to cast 
the theory into such a clear form as is the case with the theory of a 
three-state cycle. 

123. Radiation Field in an Expanding Nebula 

The above results are only applicable to a nebula at rest, and will 
suflPer serious modifications for an expanding nebula. Unfortunately, 
the theory is much less developed in this case, which is regrettable, 
because several interesting problems awaiting a solution are inti- 
mately connected with the internal motion in tlie nebula. 

The effect of motion will be less important for the spectral region 
beyond the absorjition limits than for the field of the spectral lines. 
In the former case a small shift of the absorx)tion limit by Doppler 
effect does not make much difference, but in the latter the shift may 
take an atom out of the region in which the emergent flux is appre- 
ciable, so that it is unable to absorb eiiergy from the flux. 

At present only first attcmj)ts at a theory of reabsorption in 
expanding cnveloj^es are available, J and it is therefore better here 
only to consider the qualitative aspects of the problem. 

The amount of reabsorption in an expanding nebula will depend 
intimately on the distribution of macroscopic velocities on the one 
hand, and the intrinsic width of the spectral line under consideration, 
as it is determined by damping or thermal Doppler effect, on the 
other. The effect will also bo very different according as the nebula 
is ‘optically thin’, as was assumed in the theory of the contours of 

t Monthly Not, 92 (1932), 820. 

t H. Zanstra, ibid. 95 (1934), 84; J. Woltjer, Jr., Bull. Astron. Inst. Nether- 
/and«,7 (1934), 217. 
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emission lines in novae and WR stars, or ‘optically thick', as was 
assumed in the preceding theory of radiative equilibrium of a nebula 
at rest. 

For the problem of the reabsorption effect in observed emission 
lines of novae and WR stars the interesting case is clearly that of 
a thin nebula. The reduction of the spherical problem to a plane one 
has then no longer any meaning, since the mean free path of a 
quantum is of the order of the cross-section of the nebula itself. 

Consider the two cases discussed earlier of a uniformly a ccelerated 
nebula and a uniformly decelerated nebula, as these two ojiposite 
cases will bring out the main point. For the yiroblem of reabsorption 
of a given line it is clearly essential that the intensity in the diffuse 
radiation shall fall within the n^gion of tho line, as seen from a 
coordinate system at rest relative to the atom. In an optically thin 
envelope this requires that the radial velocity along a given line of 
sight shall assume the same value at several different points. 

This is not the case when the envelope is uniformly accelerated 
outward, but it may take ])lace when the outward motion of the 
atmosphere is uniformly decelerated. In order to see this we write 
the radial velocity, in units of the velocity at infinity, in the form 

u ™ cos 0^(1+ J./r), 

where A is positive for a decelerated and negative for an accelerated 
enveloiie. Along a given line of sight we have 

sin 6 — rjr, 

where Vq is the perpendicular distance from the stellar centre to the 
line of sight. Hence 

- — sm0 . 

^0 / 

When A is negative, u increases uniformly when 0 varies from n to 
0, and no real maximum of u will be found. When A is positive, u 
has two maxima, symmetrically situated about the zero position, 
and determined by the equation 

On both sides of a maximum there will exist corresponding regions 
with the same value of the radial velocity, and the radiation emitted 
from the farther half along the direction of the line of sight may be 
absorbed in the nearer region. 
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No reabsorption can occur for \u\ less than the limiting velocity 
at infinity. Hence an inner core of the line, the width of which 
measured in velocity units will be twice the velocity at infinity, 
will remain unaffected. Outside this core reabsorption will take 
place right out to the border of the line. The reabsorption effect 
considered here will therefore preferentially be effective in the line 
wings. The resulting line profile will, moreover, be influenced by 
the occultation effect, especially in the red wing. 

All preceding considerations involve the assumption that the 
nebula is optically thin in the frequency range under consideration. 
If the nebula is optically thick, the reabsorption de^.pending on the 
distribution of macroscopic velocities will become negligible, and the 
influence of the intrinsic width of the line will become of the first 
importance. TJiis case, which is of interest in connexion with the 
radiation pressure due to resonance absorption, was discussed by 
Zanstra,f who showed that the reduction in radiation pressure due 
to the motion under certain circumstances is in the ratio of the 
S(]uaro of Vjv, V being the macroscopic velocity and v the mean 
thermal velocity in the gas. 

124. Excitation of Permitted Lines of OIII and NIII 

The admixture of small amounts of foreign gases to the hydrogen 
content does not change the essential features of the problem. The 
effect will in all cases be that radiation is transformed into the lowest 
resonance line of the element, which is kept, so to say, imprisoned in 
the nebula and only leaks slowly aw^ay, while the rest of the trans- 
formed radiation is lost at once. 

There is one interesting excei)tion to this state of affairs, which was 
recently i^ointed out by Bowen, J and which serves to emphasize the 
correctness of the analysis. This is the case in which there is an acci- 
dental coincidence of some lines emitted by one element with lines 
absorbed by another. This is the case with a mixture of He+ with 
ionized air. The lowest resonance line of Ho+ has the wave-length 
303*780 A. and this wave-length lies in the close vicinity of the 
OIII line 303*799 A. There is no necessity for an exact coincidence 
for the effect to become important, since a moderate relative motion 
of the different parts of the nebula will suffice to bring the frequencies 
of some O III atoms into the critical frequency interval. 

f Monthly Not. 95 (1934), 84. J Astrophys. J. 81 (1935), 1. 
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This coincidence is of particular interest, as it appears to give the 
clue to the appearance of some permitted lines of 0 III, which other- 
wise would be very difficult to explain. These lines are indicated in 
the diagium, Fig, 4G. The process of excitation of these lines is then 
first the generation of a strong emission in the helium resonance 
line 303-780. The next step is the absorption of this line by 0111 
atoms in the state 2^ ^P, which brings the atoms to the state 3d ^P. 



Fia. 46. Diagram illustrating the method of excitation of permitted linos of 
N III and O III in nebular spectra. The He II resonance line 303-780 is represented on 
the right in the figure. Owing to its resonance character an abnormal amount of 
radiation will be thrown into this line. By a clianco coincidence this lino is absorbed 
by the 3d^P-2p^P line in GUI, the difference in wave-length being small enough 
to be adjustable by Doppler effect. This absorption starts the emission of an ultra- 
violet line 374-436, which again sets a similar cycle going in N III, which is shown on 
the left (Bowen, Astrophys, J. 81 ). 

From this state the atoms then suffer permitted spontaneous transi- 
tions to 3j9^P and farther on to 38 ^P. From this state the only 
permitted transition leads back to the 2p ®P state, which makes the 
cycle a closed one. 

It is now a curious fact that the ultra-violet line 374-436 A. emitted 
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during this last transition lies in the close vicinity of the resonance 
line 374*422 A. of N III. Here the game repeats itself. The ground 
state of this latter line is 2p and the absorption of the line brings 
the NIII atom into a state, from which it may suffer spon- 

taneous transitions first to 2p or Ss ^S, and thence finally back to 
2p^P^ from which the cycle started. This cycle also gives rise to a 
number of lines observed in the spectra of nebulae. 

125. Excitation of Forbidden Nebular Lines 

The next question is to find out how the forbidden nebular lines 
are excited. At the first moment it might be thought that these 
lines are stimulated by a similar cycle, the atoms being hfted to a 
higher state by absorption of radiation, from which they suffer 
transitions to the metastable upper states of the forbidden lines from 
which the forbidden transitions take place. 

A cycle of this type cannot take place within the multitude of 
discrete quantum states because it would necessarily involve for- 
bidden transitions before the initial state of the lines is reached. It 
is, in fact, necessary for the atoms to include the ionized state in the 
cycle. 

This is important, and for a double reason. First of all we should 
expect that if the forbidden lines are generated in a cycle including 
the ionized state some permitted lines might also be included in the 
cycle. But this does not appear to be true. Apparently all permitted 
lines are generated by separate cycles which are set going by the 
absorption of some resonance lines. Secondly, it must be realized 
that the ionization of atoms like O III requires quite a high energy. 
The ionization potential of OIII is, in fact, 54*8 volts, about four 
times larger than that of hydrogen, and the ionizing radiation is 
confined to wave-lengths shorter than 250 A. In order to set the 
cycle going fast enough for the production of forbidden lines at the 
observed rate, it is then clear off-hand that quite high values of 
the stellar temperature are required to get the radiation forced over 
into sufficiently short wave-lengths. 

In this way, however, one gets into difficulties with various 
attempts at a determination of the temperature of the nuclear stars. 
It appears quite certain that most stars associated with diffuse 
emission nebulae have an effective temperature of the order 30,000- 
40,000° K. But Bowen estimated that in order to stimulate the 
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forbidden lines by a purely radiative cycle the temperature of the 
exciting star would have to be of the order 100,000° K. 

It seems therefore probable that the purely radiative cycle can 
be ruled out as a cause of excitation of forbidden lines in nebulae. 
As a second alternative there is only left the possibility of excitation 
by electronic impact, which was first suggested by Bowen. f It is 
then most natural to think of the electrons set free by continuous 
absorption in hydrogen, which process was discussed earlier. Since 
the excitation potentials of the forbidden lines are so small, most 
free electrons in the nebulae will have energy enough to excite an 
atom to a metastable state. 

However, no really quantitative work has thus far been done on 
this problem, and a closer attention to its details is very much to be 
desired. 

126. Chemical Composition of Nebulae 

After this survey of the excitation jirocesses it is now possible to 
form an opinion on the relative abundance of the elements in the 
nebulae. It is clear, namely, that no reliable conclusion can be drawn 
from a comparison of the intensity of a forbidden line and a permitted 
line when the difference in the excitation process is not taken into 
account. And a comparison of the Balmer lines of hydrogen with the 
permitted OIII lines would also lead to a misleading view of the 
relative importance of the two elements. The lines compared must 
belong to the same class as regards the excitation process before one 
may hope that the relative intensity will give an indication of the 
true relative abundance, a point of view which was first emphasized 
by Bowen. J Leaving out forbidden lines, and lines excited by 
absorption of resonance lines, one is effectively left with lines of 
hydrogen and helium, two very faint carbon lines, and one oxygen 
line. This shows clearly the predominance of hydrogen and helium 
in the nebulae. It is not possible to give definite figures for the 
abundance of other elements, but it is evident that they are present 
only in small quantities. 


t Astrophya. J. 67 (1928), 1. 


t Ibid. 81 (1936), 1. 
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ABSORPTION BY INTERSTELLAR GASES 

127. Detached Lines 

Thus far the constitution of nebulae has been studied from the 
properties of their emission lines. It would be of great imj)ortance 
to be able to study the properties of interstellar gases also by using 
transmitted light. But this is only possible in some quite exceptional 
cases. 

Two conditions must be satisfied before it is possible to detect 
interstellar absorption lines. First of all, the element must have 
absorption lines in the accessible part of the stellar spectrum. Next, 
stars must be available which have a spectrum free of absorption 
lines in the given region, of so high a luminosity that their sj)ectra 
can be photographed even though they are very far off from the 
earth. The most propitious stars are therefore B and 0 stars, W R 
stars, and novae. Which elements to look for it is more difficult to say 
beforehand, but observations have decided in favour of calcium and 
sodium. 

This happened as early as 1904 when Hartmannf discovered that 
the H and K lines in the spectrum of the spectroscopic binary S 
Orionis were double. One pair of components he found to oscillate 
back and forth as they should do in virtue of the orbital motion of 
the stars. The second pair of lines, however, remained quiet, or very 
nearly so. 

Lines of this sort became known as ‘stationary calcium lines’, an 
appellation which some years ago was changed into ‘detached lines’. 
By and by detached lines were discovered in quite a number of early- 
type binaries. In most cases only the calcium lines H and K are 
stationary, but Mss Heger J at the Lick Observatory discovered a few 
cases of detached sodium lines. Recently Merrill |1 has announced 
the discovery of four new interstellar lines in the red and yellow 
region of the spectrum. The origin of these lines is thus far unknown. 
However, the fussy character of the lines makes it probable that they 
are really narrow molecular bands. tf 

t Astrophys, J. 19 (1904), 268. 
t Lick Obs. Bull. 10 (1919), 59; 11 (1924), 141. 
i| Pub. Astron. Soc. Pacific, 46 (1934), 206. 
tt H. N. llussell. Monthly Not. 95 (1935), 635. 
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It is not necessary for a star to be a binary in order to reveal 
stationary Knes. It is sufficient that the star has no prominent 
calcium lines of its own, and has an appreciable radial velocity — 
appreciable in comparison with the radial velocity of the interstellar 
gases responsible for the absorption. 

128, The Galactic Rotation and the Intensity of Interstellar 

Lines 

The study of interstellar lines is of interest in two respects. First 
the displacement of the lines from 
their zero velocity position gives an 
average measure of the velocity of the 
interstellar gases, which has served 
well in the study of the galactic rota- 
tion. Next it is possible to obtain 
some information about the density 
and temperature of the interstellar 
gases from the line intensities. 

In Oort’s theoryf of the differential 
galactic rotation the radial velocity 
along a given line of sight should 
increase or decrease proportionately 
to distance. 

It is easy to see why this must be 
so. Let r and r' denote the distances 
from the galactic centre to the sun 
and to a star in the galactic plane 
respectively, 0 the angle between r 
and r', s the distance from the sun to 
the star, and d the angle between r 
and 5. Let finally W denote the angu- 
lar velocity of rotation, which is 
assumed to be a function of the distance to the galactic centre only. 

From the equation 

^2 _ r2-f-r'2--2rr'cos^ 

we find the radial velocity u of the star to be given by 

ds . , , ,d(f> 
dt ^ dt 

t Bull. Aatron. Inst. Netherlands, 3 (1927), 275; 4 (1927), 79. 



nates used in the theory of galactic 
rotation. 
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since r and /•' remain constant during a circular revolution. But to 
a first approximation 

= W{r’)-W{r) = 8COS0+..., r'sin^ := ssin^. 

at or 

T 3 W 

Hence, finally, u ~ sin 2^+... . 

2 3r 

The observed value of IrdWJdr is about —17 km. /sec. per kiloparsec, 
corresponding to a rotation period of tiic galaxy of about 250 million 
years. 

It is clear from the symmetry of the j)roblem that, assuming the 
interstellar gases to participate in the diffcu-ential galactic rotation, 
the displacement of a line from its zero position expressed in km. /sec. 
is just half the radial velocity due to differential rotation at the 
])osition of the observed star. It is imj)ortant that this velocity is 
measurable without measuring the width of the line. This latter is, 
in fact, also affected by the density and temperature of the absorb- 
ing gases, which fact may perhaps lead to a determination of these 
quantities. 

But this second problem is difficult to solve, because the line 
intensities are very insensitive to changes in density and temperature 
in the region wliere the lines are accessible to observations. This point 
was brought out by Eddington. f 

In order to see this clearly we may neglect the Doppler width of 
the line due to thermal motion, and assume its intrinsic width to be 
due to radiation damping alone. Write the absorption coefficient in 
the usual form 

Vq being the proper frequency of the line relative to the observer. If 
Vq is this frequency relative to an atom of radial velocity u, we have 

ro = Vq(1—uIc). 

We hence find for the optical length of tlie line of sight 

r 8 (Is 

J 82 +(v-vi) 2 ’ 

0 

where n is the number of absorbing atoms in unit volume. Since 8 is 
t Monthly Not, 95 (1934), 2, 
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proportional to u, and hence also to vq — Vq, this integration may be 
carried out, giving 

where Vq corresponds to the distance s of the observed star. This 
expression may be further simplified by introducing the radial 
velocity U due to galactic rotation at the distance of the star, and 
by using the addition theorem of tan functions. Writing 

Si/ ~ V — Vq, Sit = VqU jc, 


we find easily 


T, =- nK — tan-' . 

cIvq 1 - f - 1 ^“ 


(141) 


The profile of the line is now given by tl)e formula for the trans- 
mitted intensity: j r 

± - IqC V, 

In order to fix ideas we maj- assume the radial velocity U to be 
positive, so that the absorption lino is displaced towards the red. 
Since vqI^ is of the order 10^, u will be a large quantity, provided U 
exceeds one km. /sec., which we assume to be the case. The variations 
of Ty with V is very slow in the interval ^ ~ 0 to v = —u, which 
corresponds to the Doppler width of the line. In this region the 
tan-' expression only varies from nearly \tt at the ends of the 
interval to nearly m in the middle. Outside this region will fall 
off ultimately as 

Whether the line width will grow appreciably broader than the 
Doppler width or not depends on the value of 


A — nK 


ds 

dvQ 


If A is small in comparison with unity, it is possible to write 1— 
instead of and the intensity of the line, 


^ ^ J dv, 

0 

becomes approximately R — ^ir^Ahu, 

since 8-^ is the Doppler width. In this case the intensity is propor- 
tional to the density of absorbing atoms, and this latter quantity is 
then easy to determine. As a matter of fact this is the only case in 
which this density can be determined in a trustworthy manner. But 
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unfortunately it has proved very difficult to find stars where the fine 
intensities fall in this range. 

When.d is large in comparison with unity , the transmitted intensity 
will be very nearly zero over the interval in which is large. Some- 
where in the wing of the line, however, has decreased to the order 
unity, and from then on it drops so fast that we may take the 
intensity of the line to be given by 

R = /oCva— Vi), 

where Vo and are the two values of v which are roots of the equation 

1 . 

Since A has been assumed to be large, tan and tan"^ need not be 
distinguished, this equation assumes the form 

= All, 

the solution of which is 

i) == 

so that 

The expression of the line intensity becomes 
B = IqS^{u^-}-4Au—4:). 

It should be noted that the term Au is independent of galactic 
longitude, and only dependent on distance. The term depends 
on longitude, however, and as long as 4 A is small in comparison with 
u we should therefore expect a pronounced longitude effect in the 
intensity. But this question has not been investigated very closely 
from the observational side as yet, and the existence of such an 
effect has thus far not been established. 

129. The Density of Interstellar Calcium and Sodium 

The determination of density from the line intensities is in this 
case an elusive task, because the intensity is so closely linked up with 
the radial velocity. At present the information revealed about the 
intensity in this way is only sufficient to indicate a lower limit to the 
density. 

In order to see this it is convenient to distinguish between three 
different ranges of density, as was done by Eddington in his dis- 
cussion of this question. The first range (range A) extends from zero 
up to a density corresponding to 

.= 2 , 


T, 
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say, where corresponds to the theoretical central intensity of the 
line. The next range of the density (B) extends from this value and 
to an upper limit where 4 A becomes comparable with u. The third 
range (( 7 ) extends from this latter value to infinity. 

In range A the intensity is proportional to density, and it would 
be an easy matter to determine density for various constituents if 
it were confined to this range. In range B the intensity depends very 
little on density, as it only enters as a small correcting term in the 
greater part of the range. In C, on the other hand, the intensity is 
proportional to the square root of the density, and the mutual rela- 
tionship is again of a type allowing the density to be fairly well 
determined. 

The first problem to solve is to find out in which range the densities 
of calcium and sodium are to be ])laced. This is easy as range B is 
distinguished from A and C by the fac^t that all individual peculiari- 
ties of the lines are blotted out. There can, for instance, no longer be 
any difference in intensity between the H and the K lines, and if 
both calcium and sodium are in this range their lines should be 
equally intense. 

The obvious way of ap 2 )lying this test is to consider the relative 
intensity of the H and K lines in the same spectrum. In range A 
the relative intensity should be the ratio of the respective transition 
probabilities, and in range C the relative intensity should be the 
square root of this ratio. As far as observations go, however, tlicre 
is no difference to be found between these lines, which at once in- 
dicates that the density of Ca+ atoms is in range B, 

Consider next the limits of range B. These are determined on one 
hand by ~ 2 at the centre of the line, i.e. by (141) 

2dv'^ 1 
77 ds K 

very nearly. The value of dsjdv^, corresponding to sin 20 — 1 and 
a radial velocity of 1 7 km. per kiloparsec, is 

— =:=z 7*10. 10^® cm. sec. 

dv^ 

The value of the constant K is for the K line 

K ^ ^ f = 5*54. 10“^ cm. 2 sec.~^ 

fXC 



Chap. XXIII, §129 ABSORPTION BY INTERSTELLAR GASES 343 
Introducing these values in the expression of we find 

Multiplying this number by the mass of a Ca atom, 6*4 . lO'^s gip the 
mass-density is found to be about gm. cm.~*^ 

The upper limit to the density in range B, as we have delin(‘d it, is 

ni^ == ^4 \7m. 

Expressing u in km. /sec., we find, by using tlie value 
8 -= 1-15. 10« sec.“i 
for tlie damj)ing constant. 

For a distance of one kiloparsec (u = 17 km. /sec.), the upper limit 
to the density is thus al)out 1,500 times larger than the lower limit: 

-- 2*4. 10“® cm. 
or 2-4 atoms per cubic metre. 

Somewhere in this range the actual density of Ca+ is to be expected. 
For sodium the corresponding range in density is lower by a factor 
about 0-0. The sodium fines are about as intense as the calcium 
lines,! which indicates that sodium is also in range B, 

Using the equations of dissociative equilibrium, modified to suit 
conditions in interstellar si)ace, it is now ])ossible to derive the corre- 
sponding ranges for the atoms in other stages of ionization as well as 
the ranges of total abundance. 

It is then found that, due to the rather wide limits of range jS, the 
data are consistent with the view that the relative abundance of Ca 
and Na is the same in interstellar space as in the stellar atmospheres. 
This result was obtained by Eddington. J 

Further information about the interstellar gas may be obtained 
from a detailed study of the form of the stationary fines in relation 
to galactic longitude and latitude. 

130. Cosmic Dust and the Reddening Effect 

While the atoms of calcium and sodium producing the stationary 
lines are undoubtedly in a gaseous state, there is definite evidence 
that a considerable amount of matter in interstellar space occurs in 
the form of fine dust. This is shown, first of all, by the presence of 
dark nebulae, or such nebulae as reflect the incident stellar light 

t C. S. Beals, Monthly Not. 93 (1933), 685. 
t Ibid. 95 (1934), 2. 
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without change of quality. But it is also shown by a reddening of the 
light coming from distant objects in or close to the Milky Way. 

The information to be obtained about the state of this matter from 
obseiwations of dark nebulae or reflection nebulae is rather vague. 
We can do little more than infer that the dust particles must have 
diameters comi)arable with the wave-length of visible light. The 
absence of any marked reddening of the light transmitted through 
dark nebulae indicates that the diameters of the particles are not 
much smaller than the wave-length of light, and considerations based 
on the estimated mass of the material indicates that they cannot be 
much larger either. Schalenf has tried to substantiate these con- 
clusions more definitely by making extensive calculations based on 
Mie’sJ theory of absorption and scattering of light by small metallic 
droplets. 

The reddening effect was first definitely discovered b}^ Trumpler § 
in a study of open galactic clusters. From a statistical study of the 
angular diameters of such clusters in relation to the apparent magni- 
tudes and types of their brightest stars Trumpler concluded that a 
space absorption corresponding to 0-67 in. per kiloparsec in the 
photographic region and 0*32 m. in the visual region would be con- 
sistent with the observed facts. 

Later work has served to confirm Trumplcr’s conclusions. The 
most direct confirmation came from a study of the colour indices of 
globular clusters in low galactic latitudes which was made by 
Stebbins,|| and by Emma T. R. Williams and A. N. Vyssotsky. tt 
general, the closer the clusters are to the galactic plane, the redder they 
are. This indicates definitely that the light suffers a marked selective 
absorption in the galaxy, and that this absorption is produced by 
particles of smaller size than those collected in dark clouds. 

Although this discovery is of rather recent origin, there is already 
collected a large amount of material bearing upon the problem. The 
general trend of the material is to confirm the existence of the obscur- 
ing matter, and to show that it is very irregularly distributed in the 
galactic plane. In some places, as for instance in the direction of the 
Scutum star cloud, regions free from obscuring matter appear to 
exist, extending right into the centre of the galaxy itself. But apart 
from such isolated regions some absorption and reddening of light 

t Med. Vpaala Ohs. No. 58 (1934) and No. 64 (1936). 

t Ann, d. Phys. 25 (1908), 377. § Lick Ohs. BuU. 14 (1930), 154. 

jl Proc. Nat. Acad. 19 (1933), 222. tt Astrophys. J. 77 (1933), 301. 
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coming from distant parts of the galaxy must always be reckoned 
with. 

While the total optical thickness of the absorbing cloud of dust is 
clearly very large in the galactic plane, it is quite moderate in a 
direction perpendicular to this plane. Thus Hubble, *j* from his ex- 
tensive counts of extra-galactic nebulae, estimated that the total 
optical thickness in a direction from pole to pole of the galaxy is of 
the order of 0*5 m. Other investigators find a somewhat larger value 
of the obscuration. The corresponding differential absorption, i.e. 
the reddening of light passing perpendicularly through the galaxy, is, 
according to Stebbins, 0*18 m., while Williams and Vyssotsky find the 
smaller value 0*13 m. It is obvious that the absorbing layer of dust 
forms a very flat disk in the galactic plane, much more flattened, in 
fact, than the galaxy itself. This result recalls the well-known fact 
that the equatorial dark markings in extra-galactic nebulae seen 
edge -wise are narrower than the nebulae themselves. 

An intensive study of interstellar absorption is a necessary feature 
of stellar spectroscopy. For unless the reddening effect is taken 
properly into account, temperatures derived from colour indices may 
be very misleading for stars even at quite moderate distances. In 
fact, in some cases when the colour tem 2 )erature appeared absurdly 
low, as for ^ Persei for example, a selective interstellar absorption 
was invoked as a probable cause even before Trumpler’s work. But 
apart from this side of the problem, the study of cosmic dust appears 
to be of high theoretical importance for the study of the evolution of 
individual stars as well as for the galaxy itself, and by analogy, for 
all other galaxies. 


t Aatrophys, J, 19 (1934), 8. 
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We give here some data which are useful in the application of the dissocia- 
tion theory to stellar problems. These data are mostly taken from Jevons’s 
Report on Band Spectra of Diatomic Molecules, with some additions 
collected by Russell (Astrophys. J. 79 (1934), 322). The relevant quantities 
are: 1. The fundamental vibration frequency w, given in wave number 
units. 2. The mean separation between the atoms, r^, in angstroms. 
3. The dissociation energy x, in volts. 4. The ratio of the weights of the 
ground states involved, 0 = 5. The reduced molecular mass. 

The figures in ( ) are uncertain; those in [ ] are still more so. 

Table 14 

Molecular Constants 


Mol 

w 

^*0 

X 

a 

M 

Mol 

w 

U 

X 

Q 

M 

H. 

4,371 

0-75 

4-43 

4 

0-50 

CO 

2,167 

M5 

(10-0) 

81 

6*86 

BH 

(2,230) 

123 

[3-45] 

12 

0-92 

NO 

1,906 

M5 

[6'1] 

6 

7*46 

CH 

2,851 

M3 

(4*0) 

3 

0-92 

AIO 

977 

1*61 

(4-1) 

27 

10*1 

NH 

(3,000) 

108 

[4-4] 

8/3 

0-93 

8iO 

1,240 

1*50 

{7-9) 

81 

10*2 

OH 

3,508 

0*97 

[5-0] 

3 

0-94 

TiO 

1,008 

1*62 

(0-74) 

21 

12*0 

MgH 

1,493 

1-73 

11-41] 

1 

0-96 

ZrO 

937 

(1*8) 

(7-5) 

21 

13*6 

AlH 

1,681 

1-64 

3-06 

12 

1 0*96 

Ca 

1,641 

1 1*31 

[5-f.J 

9 

6*00 

SiH i 

(2,012) 

1*53 

(3-0) 

3 

0*97 

CN 

2,069 

i M7 

|7-lj 

18 

6*46 

CaH 

1,317 1 

202 

(1-9) 

1 

1 0*98 

^2 

2,360 

i 1*09 

7-90 

16 

7*00 

CuH 

1,946 

1*46 

3-0 

4 

0*98 

SiF 

865 

2*26 

(5-0) 

9 

11*4 

ZnH 

1,552 

1*61 

0-91 

1 i 

0*99 

SiN 

1,152 

1*53 

(6-2) 

18 

9*36 

0, 

1,556 

1-20 

5-09 

27 ! 

8*00 

Na, 

159 

3*07 

[0-76] 

4 

11*5 

BO 

1,885 

1-20 

(6-6) 

27 

6*50 

HF 

4,037 

0*86 

6-4 

121 

0*95 


In the next table we give a survey of the ground configuration of astro- 
physically interesting atoms in their electrically neutral and singly 
ionized states. The ionization energy is expressed in volts, and the series 
relationship of the electron last bound is given in the simplest form, 
without indicating the state of other electrons. (From Bacher and 
Goudsmit, Atomic Energy States,) 
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Table 15 


Ground Configurations and Ionization Potentials of the Atoms 



M. 


X 




X 


EL 


J 


EL 


X 

J. 

H 

}8 

13-53 

20. 

(’a 

48 

6-09 

1. 




20. 

Ca+ 

49 

11-82 

2. 

Ho 

Is 

24-47 

21. 

Sc 

4.S- 

6-7 

2. 

He* 

1.9 

54-14 

21. 

Sc + 

4.9 

12-80 

3. 

Li 

2s 

5-37 ! 

22. 

Ti 

4,*; 

6-81 

3. 

Li + 

1,9 

75-28 

22. 

Tif 

4.9 

13-60 

4. 

Be 

2s ^ 

9-28 1 

23. 

V 

4s 

6-76 

4. 

Bo< 

2.9 

18-12 

23. 

V *■ 

2d 

14-1 

5. 

B 

2p 

S-28 

24. 

Cr 

48 

G-74 

5. 

Bi 

2.9 

25-00 

i 24. 

Cr+ 

2(1 

16-6 

6. 

C 

2p 

11-22 

25. 

Mn 

4.*^ 

7-41 

6. 

C+ 

2p 

24-27 

1 25. 

Mn^ 

4,9 

15-70 

7. 

N 

2p 

14-48 

26. 

Fo 

4.V 

7-83 

7. 

N+ 

2p 

29-47 

26. 

Fo *■ 

4.9 

16-5 

8. 

O 

2p 

13-55 

27. 

Co 

4.9 

8-5 

8. 

0+ 

2p 

34-93 

1 27. 

Co^ 

3d 

17-3 

9. 

F 

2p 

18-6 

28. 

Ni 

4.9 

7-61 

9. 

Fi- 

2p 

34-6 

; 28. 

Ni^- 

3d 

18-2 

10. 

No 

2p 

21-47 

29. 

Cu 

48 

7-68 

10. 

No + 

2p 

40-89 

: 29. 

Cu+ 

2d 

20-2 

11. 

Na 

28 

5-12 

30. 

Zn 

4s 

9-. 36 

11. 

Nai 

2p 

47-02 

i 30. 

Zn + 

4,9 

17-89 

12. 

Mg 

28 

7-61 

31. 

Oa. 

4p 

5-97 

12. 

Mg + 

3.9 

14-96 

1 31. 

Ga *" 

4.9 

20-43 

13. 

Al 

2p 

5-9() 

32. 

Ce 

4p 

8-09 

13. 

Al* 

3,9 

18-74 

1 32. 

Go ‘ 

4p 

15-9 

14. 

Si 

2p 

8-12 

33. 

As 

4p 

10 

14. 

Si+ 

2p 

16-27 

j 



15. 

P 

2p 

10-5 

34. 

Sc 

4p 

9-5 

15. 

P* 

2p 

lt)-8 





16. 

S 

2p 

10-3 

35. 

Br 

4p 

11-8 

16. 

S+ 

2p 

23-3 





17. 

Cl 

2p 

12-96 

36. 

Kr 

4p 

13-94 

17. 

CI^ 

2p 

23-9 

1 




18. 

A 

2p 

15-69 

37. 

Rb 

5.S- 

41-6 

18. 

A-*- 


27-72 





19. 

K 

4s 

4-32 1 

1 38. 

Sr 

5.9 

5-07 

19. 

K * 

2p 

31-7 

1 

1 





Table 16 

Universal Constants 


Velocity ol' light ..... 
Electronic charge ..... 
Eloc^tronic masH ..... 
Mass of a hydrogen atom 
Planck’s constant ..... 
Boltzmann’s < tons taut .... 

Constant of gravitation .... 
Avogadro’s number .... 
Radiation density at 1° K. 

Rydberg c-onstant for infinite nuclear mass . 
Constantin Wien’s displacement law A„//' -- b 
One ‘volt ’ in ergs. ..... 


c - 2-99790. H)‘« (‘in. HOC. 
c - 4-770. 10-i‘»e.s.u. 
ft - 9-035. 10“2«gm. 

H 1-602. 10--«gm. 
h - - 6-547 . J0“27 0j.g, Heo. 
k 1-3709. 10-18 erg. deg.“i 
(t ■— 6-66. 10-® cm.® gm.~i sec.“- 
N -= 6-064. 10*1® mole- 1 

a -- 7-64 . 10~i®gm.cm.-i soc.-20eg.-4 

/<*oo ' 1 09737-42 cm. -1 

b r- 0-289 cm. dog. 

1-59. 10-1*1 erg. 


Table 17 

Astronomical Data 

The sun: 

Mass ....... 

Radius ...... 

Mean density ..... 

Surface gravity ..... 

Luminosity ...... 

Surface brightness .... 

Absolute bolometric magnitude 
Mean distance from the earth . 

Number of seconds in one year 

One light year ...... 

One parsec ~ 3-26 light years 

3f)96.i6 y y 2 


1- 985. 10®® gm. 

0- 951.101® cm. 

1 -4109 gm. cm.-® 

2- 736. 10* cm. sec."® 

3- 780.10®® erg, sec.-i 

2- 08 erg. sec.-i cm.-® 

4- 85 

1- 494.101® cm. 

3- 156.10’ sec. 
9-461.10^’ cm. 
3-08.101® cm. 
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Abel, solution of an integral equation, 
205, 263. 

Abney, on the rotation of stars, 202. 

Absorption, classical theory, 94; quan- 
tum theory, 99; lino profiles, 120, 134 
et seq. 

Abundance of elements, in the sun, 169, 
1 83 ; in the stars, 182, 183, 251. 

Adams, calibration of Rowland intensi- 
ties, 167 ; detennination of the solar 
rotation, 202 ; planetary spectroscopy, 

259. 

Adel, identification of planetary bands, 

260. 

Alkali spectra, 57. 

Ambarzumian, ionization in nebulae, 
318. 

Angular momentum, 44. 

Antisymmetry of wave functions, 60. 

Auroral transitions, 303, 

(TAzambuja, on the profiles of magnesium 
5-linos, 138. 

Azimuthal quantum number, 36. 

Bahr, vibration bands in HgO, 225. 

Baldot, on the spectra of comets, 244. 

Balmor’s formula, 44, 45. 

Bands, vibration, 224; electronic, 225; 
branches, 227 ; multiplet structure, 
228 ; in stellar spectra, 230. 

Bartlett, theory of forbidden transitions, 
306. 

Baxandall, identification of AlO in the 
spectrum of Mira, 230; discovery of 
CH in stars, 231. 

Beals, expansion of the atmospheres of 
WR stars and novae, 291 ; diagram of 
WR profiles, 291 ; intensity of inter- 
stellar lines, 343. 

Becker, intensity of the corona, 264 

Beer, the eclipse of ^ Aurigae, 285; 
forbidden 01 lines in Nova Herculis, 
313. 

Bergstrand, intensity of the corona, 265. 

Bethe, 192. 

Birge, interpretation of TiO bands in 
stellar spectra, 230 ; discovery of 
carbon isotopes, 232; solar tempera- 
ture from band intensities, 235. 

Birkeland, corpuscular theory of aurora 
borealis, 268. 

Blaton, theory of quadripole radiation, 
306. 


Bobrownikoff, spectra of Halley’s comet, 
244. 

Bohr, theory of the Rydberg constant, 
45 ; ionization by swift particles pass- 
ing through matter, 320. 

Bok, spectrum of r] Carinac, 315. 

Boltzmann, molecular statistics, 10; the 
gas constant, 12; radiation law, 108. 

Bom, inf-eiisity of Zeeman components, 
75. 

Bowen, spin doublets, 58; identification 
of nebular lines, 311 ; excitation of 
permitted lines of OUT and N 111 
in nebulae, 333, 334; abimdaneo of 
elements in nebulae, 336. 

Boyce, motastablo states, 303, 314. 

Brackett, infra-red hydrogen series, 186, 
188. 

Breit, dispersion theory, 152. 

Cambresier, theory of stellar bands, 245, 
248, 251. 

Campbell, spectrum of comet Daniel, 
244. 

Canonical equations of motion, 5; dis- 
tribution of Gibbs, 12, 23. 

Carroll, rotational deformation of line 
profiles, 206, 212 ; theory of a spheric- 
ally expanding star, 292. 

Cauchy’s theorem, 16, 85, 89. 

Central fields, in atoms, 35. 

Chandrasekhar, influence of opacity on 
lino intensities, 194, 200; chromo- 
spheric theory, 269, 274; profiles of 
emission lines originating in an ex- 
panding envelope, 292, 296, 297 ; tlireo- 
state cycle theory of a hydrogen 
envelope, 328. 

Chapman, corpuscular theory of aurorae 
and magnetic storms, 268. 

Characteristic differentials, 191. 

Chartier, convergence test, 85. 

Cliristie, eclipse of C Aurigae, 285. 

Christy, identification of TiO bands in 
stellar spectra, 230; molecular dis- 
sociation in stars, 245. 

Cillid, intensities of Balmer lines in 
nebulae, 331. 

Comets, 244. 

Condon, forbidden lines and the theory 
of magnetic dipole radiation, 304 et 
seq. 
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Cowling, influence of magnetic forces on 
the distribution of matter in the chro- 
mosphere, 279. 

Curtiss, frequency of bright-line B stars, 
286. 

Cyclic transitions, 122, 140; in dilute 
temperature radiation, 145 ; in nebulae, 
324, 325. 

CzeiTiy, vibration bands in HCl, 225. 

Damping constant of spectral linos, 86. 

Darwin, on the use of Cauchy’s theorem 
in statistical mechanics, 16; influence 
of the electronic spin on t he hydrogen 
terms, 55; intensity of Zeeman com- 
ponents, 75. 

Davidson, chromospheric spectra, 262. 

Debye, interaction between cliarged 
particles in a gas, 156. 

Decay, time of, 93, 95. 

Degenerate systems, 22. 

Dirac, quantum statistics, 13; theory of 
quantum mechanics, 19; tlie rela- 
tivistic wave equation, 58; wave- , 
mechanical formulation of Pauli’s I 
principle, 60; disso(;iativo equilibrium 
in the presence of a temperature 
gradient, 158. 

Dirichlet’s integral theorem, 85, I 

Dispersion, electrons, 95, 99 ; theory, 89. i 

Displaced terms, 74. | 

Dissociation theory, 13; of stellar com- j 
pounds, 245. 

Doppler effect, 90, 100, 163. 

Dorgelo, sum rule, 72. 

Dunham, discovery of COo in the spec- I 
trum of Venus, 259; on the identifica- 
tion of the previously unidentified 
bands in the spectra of the major 
planets, 260. 

Eddington, theory of the fine structure 
constant, 53 ; approximate solution of 
the equation of transfer, 112; theory 
of mixed scattering and absorption, 
126, 129, 165; origin of long period 
variability, 223; ionization in nebulae, 
316; interstellar absorption lines, 339, 
343. 

Effective quantum number, 57. 

Effective temperature, 114. 

Einstein coefficients, 23, 29, 85, 144. 

Electric dipole, 30 ; moment, 30, 40. 

Electron, spin, 53; density in stars, 180; 
density in nebulae, 319. 

Ellennan, spectra of N stars, 243. 


Elvey, deformation of lines in the spec- 
trum of eclipsing binaries, 210, 211; 
rotational speed of stars, 212, 213, 214. 

Emission lines, theory of, 83; in stellar 
spectra, 286. 

Emissivity, definition, 106. 

Epstein, quantum theory of the Stark 
effect, 220. 

j Fabry, effective temperature of the sun, 

I 118; temporaturo of interstellar gases, 

I 321. 

' Fermi, quantum statistics, 13. 

Ferraro, influence of magnetic forces on 
the equilibrium of the chromosphere, 
281, 282. 

Ferrers’s associated Legendre polyno- 
mials, 37. 

Flux of radiation, 106, 113. 

Forbidden lines, in nebulae, 311; in 
novae 313; oxoitation of 335. 

Fowler, A., spectra of stripped atotris, 
311. 

Fowler, K. 11., formulation of statistical 
mechanics, 16; intensity maxima of 
spectral Jin(\s as a function of effoctivo 
temperature, 175; the rate of fading- 
out of the absorption lines, 179. 

Fraunhofer, solar absorption linos, 125. 

Fuos, normalization of continuous wave 
functions, 190. 

Galactic rotation, 338. 

Gaunt, theory of the photoelectric offend, 

192. 

Gonard, profiles of emission lines in the 
spectra of novae, 292, 298, 299, 300. 

Generalized momenta, 4. 

Gorasimovic, on ultra-violet emission in 
stars, 189; influence of light pressure 
on the equilibrium of envelopes in Be 
stars; hypothesis of expansion of Be 
envelopes, 290, 292. 

Giauque, discovery of the oxygen iso- 
topes in earth’s atmosphere, 232. 

Gibbs, statistical theoiy, 10, 13. 

Gordon, theory of the photoelectric 
effect, 192. 

Goudsmit, hypothesis of the spinning 
electron, 54. 

Groups, electronic, in the atoms, 61 
et soq. 

Hale, discovery of solar magnetism, 218, 
279; observation of the spectra of N 
stars, 243. 
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Halley’s comet, 243, 244. ! 

Hamilton, equations of motion, 5 ; varia- j 
tion principle, 3; integration theiory, I 
5 ; partial differential equation, 6, 8, 9 ; | 
function, 6, 8, 9; operator, 19, 20. I 

Harmonic analysis of lino profiles for the 1 
detection of rotation, 207. i 

Hartmann, discovery of interstellar lines, 
337. 

Hartree, invention of the method of the 
self-consistent field, 35. 

Heaviside layer in the atmosphere, 184, 
185. 

Heger, discovery of interstellar sodium 
lines, 337. 

Heisenberg, separation of spin doublets, 
55; incorporation of Pauli’s principle 
in wav<^ meclinnics, 00; the intensity 
of Zeeman components, 75. 

Heitler, theory of the reaction isochore, 
248. 

Higgs, the electron density in stellar 
atmospheres, 181. 

Hogg, profiles of C^a^ lines in stellar 
spectra, ISI. 

Holtsmark, tiiiMuy of pressure broaden- 
ing, 221. 

Honl, relative intensities of multiplet 
linos, 70, 77. 

Hiichel, interaction between cljarged 
particles in a gas, 156. 

Huggins, absorption bands of ozone, 258 ; 
dis(50vory of bands in the spectrum of 
tfupitor, 259. 

Hutchisson, on tlio tlieory of molecular 
vibrations, 238, 242. 

Ingram, on the analysis of Mg+ 4,481 in 
the spectrum of Algol, and other stars, 
211, 213. 

Innos, variation of t] Carinae, 314. 

Integral equation, for tho total intensity 
of Jf 130; for tho intensity of a i 
rotationally deformed lino profile 207 ; j 
for the radiation from an envelope, 
263. 

Intensity, total for coincident lines in 
degenerate systems, 42; of Fraunhofer 
lines, 160; of radiation, 106; of arc 
lines, 1 75 ; of spark linos, 177 ; maxima 
of lines, 175. 

Jackson, solution of the equation of 
transfer by integral equations, 130. 

Jacobi, int/Ogration theory of the equa- 
tions of motion, 1. 


Jeans, on the equilibrium of planetary 
nebulae, 289. 

Johnson, M . C., on the emission of hydro- 
gen and helium from a star by radia- 
tion pressure, 291. 

Johnston, H. L., discovery of the oxygen 
isotopes, 232. 

Jordan, on tho spin separation <4* doub- 
lets, 55 ; on tho intensity of Zeeman 
components, 75. 

Joy, the influence of band abs(jrption on 
tho variability of Mira stars, 223; on 
the spectrum of Mira, 230. 

Kaplan, on tlie origin of 11 auroral 
spectrum, 258. 

Kennelly, the Hea\'iside-Kemielly layta*, 
184, 185. 

Kienle, on the continuous radiation from 
the stars, 189. 

Kiepenheuer, on the theory of the 
Corona, 282, 283. 

Kinetic potential, 2. 

King, A., discovery of the carbon isotope's, 
232; derivation of the solar tcmj)ora- 
ture from tho intensity distribution in 
bands, 235. 

King, L. V., solution of tho transfer 
equation by the use of integral equa- 
tions, 130. 

Kirclihoff, radiation law, 109. 

Klein, wave -mocha rii cal theory of the 
Zeeman effect, 217. 

V. Khiber, on the profiles of Fraunhofer 
lines, 134. 

Kramers, tlieory of sc'rios-limit absorp- 
tion, 194. 

Kratzer, detect ion of isotojios from the 
analysis of band spectra, 232, 

Kronig, theory of multiplet intensities, 
77 ; theory of multiplet structure in 
bands, 228. 

Ladenburg, test of the influence of 
thermal Doppler effect on line width, 

I 102. 

Lagrange, equations of motion, 2. 

Laguerre polynomials, 51. 

Lande, spin separation of alkali doublets, 
58; on the intensity of Zeeman com- 
ponents, 76. 

Laplacoan operator, in polar coordinates, 
36; in cylindrical coordinates, 217. 

Laporte, on multiplet spectra in Hand- 
buch der Astrophysik, 72, 77. 
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Legondro polynomials, 37 ; associated, ; 

38, 217. I 

Light pressure, defined by the radiation ; 
tensor, 107 ; isotropic light pressure, ! 
108. ! 
Limb darkening, coefficient of, defined, I 
119; negative coefficient of in the j 
theory of Be envelopes, 289, 290. ' 

Limb effect, progressive red shift of lines : 
on passing from the centre to the limb j 
of the sun, 268; in eclipsing bina- i 
ries, meaning a progressive deforma- 1 
tion of line profiles during the eclipse, ! 
212 . 

Lindblad, on the theory of the continu- : 

ous spectrum from a star, 117. i 

Line profiles, of a pure emission lino, i 
86; of pure absorption lines, 100 et j 
seq.; in the spectra of the sun and ; 
the stars, 1 34 et seq. ; of H and K i 
in stellar spectra, 181; in spectra of 
rotating stars, 202; profiles of lines , 
originating in an expanding envelope, ; 
291-300; of interstellar lines, 340, : 
341. 

Liouville’s theorem, 11. 

Loomis, isotope effects in band spectra, ' 
232. I 

Lorentz, theory of the Zeeman effect, ' 
216, 218. 

Lowen, quantum theory of dispersion, ! 
163. 

V. Moanen’s white dwarf, 222, I 

Magnetic quantum number, definition, ! 
36. 

Mass formula of the relativity theory, ' 
7. 

Matrix, of perturbation, 81. 

Maxwell, on molecular statistics, 10; ' 
velocity distribution, 13, 100; electro- , 
magnetic equations, 94. 

McCrea, differential effects of opacity, i 
194; density of hydrogen in the chro- | 
mosphere, 263, 264; theory of the limb I 
effect, 268 ; on the electron density in i 
the chromosphere, 273. | 

McLaughlin, rotational limb effect | 
studied in Algol and p Lyrae, 212. i 
McLennan, identification of the green | 
auroral line with a forbidden O I line, i 
258. j 

MeUin, inversion formulae for some | 
integrals, 205. | 

Menzel, on metastable states of astro- | 
physical significance, 303, 314. i 


Morrill, identification of ZrO bands in 
the spectra of S stars, 230; typical 
bright-line profiles in Be stars, 287 ; a 
case of periodic variations of a Be 
bright line, 288 ; discovery of forbidden 
lines in the spectrum of R Aquarii, 
314; forbidden linos in H.D. 45,677, 
315; discovery of new interstellar 
lines, 327. 

Metastability, definition of, etc., 301, 
302 ; astrophysical significance of, 303 ; 
theory of transition from metastablo 
states, 304- 7. 

Mie, theory of light absorption by small 
metallic spheres, 344. 

Millikan, spin separation of alkali doub- 
lets, 58; spectra of stripped atoms, 

311. 

Milne, theory of the continuous spectrum 
of the sun, 117; theory of combined 
absorption and scattering, 126; the 
method of maxima, 175, 181, 182; 
different ial effects of opacity, 194, 200 ; 
a calcium chromosphere supported by 
light pressure, 269 ; expulsion of atoms 
by light pressure, 274. 

Miimaert/, theory of line profiles, 132; 
observ'ation of line profiles, 134, 138, 
151; theory and observations of total 
lino intensities, 100, 164, 165, 166, 
167; search for absorption edges in 
the sun, 188; eclipse observations, 
262. 

Mitchell, eclipse observations. 262. 

Mitra, on the theory of the limb effect, 
268. 

Molecular compoimds, theory of, 223-9, 
234-41, 245-51; in stars, 230. 

Momentum, four-dimensional, 9. 

Moore, G. E., calibration of Rowland 
intensities, 167. 

Moore, J. E., radial velocity of the 
corona, 267 ; width of Fraunhofer lines 
in the corona, 264. 

Morgan, difference between giants and 
dwarfs, 196. 

Mulders, profile of a Mg 6-line, 138; 
total line intensities, 160, 164, 166, 
167. 

Multiplet spectra, nomenclature of, 70. 

Nebula, the Orion, 307 ; the Trifid, 307, 
319, 322. 

Nebulae, planetaiy, emission, reflection, 
308; ionization in, 316; temperature 
in, 320. 
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Newall, identification of the G band with 1 
CH, 231. 

Newton, equations of motion, 1 . I 

Nomenclature, spectroscopic, 62. ! 

Normalization, of discrete wave func- i 
tions, 25; of continuous wave func- | 
tions, 190. 

Novae, lines widened by Doppler effect, 
288, 291 ; diagrams of line profiles in, 
288, 289, 290. 

Occultation effect, 290, 294. 

Ohman, observation of a white ^lwarf, 
222 . 

Oldenborg, on intensities in baml spectra, 
244. 

Oort, on differential galactic rotation, 
338. 

Opacity, 184-9, 194-201. 

Operators, 19. 

Optical depth, definition. 111. 

Ornstein, intensity rules, 76; on eclipse, 
observations, 262. 

Orthogonality, 22. 

Parmekoek, theory of line profiles, 132, 
136, 147, 165; ionization theory, 158; 
damping constant from observations 
of a Cygni, 167 ; solar eclipse observa- 
tions, 262. 

Parkhurst, observ'ation of N spectra, 243. 

Partition function, 14, 155. 

Paschon, series, 186, 188; spectra of 
strongly ionized atoms, 311. 

Pauli, on the formulation of the Fermi- 
Dirac quantum statistics, 13; refer- 
ence to an article in Handbuch der 
Phyaik, 32; exclusion principle, 59, 
60. 

Payne, profiles of H and K, 181 ; on the 
abundance of elements, 182; differen- 
tial effects of opacity, 200; constitu- 
tion of WR stars, 288; on forbidden 
lines, 303, 314. 

Periodic system, theory of, 59 ; diagram, | 
65. ; 

Pertner-Exnor, Meteor ologische Optik, | 
185. i 

Perturbation, theory, 26, 50; matrix, 
82. 

Phase space, 10. 

Photoelectric effect, 189. 

Piccardi, dissociation of molecules, 245. 

Pickering, discovery of He II lines, 288. 

Planck, density of thermal radiation, 24, 
109, 117. 
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Plaskett, H. H., fine structure of Bahner 
lines, 46 ; the temperature of the sun, 
118; observations of lino profiles, 134, 
139, 147. 

Plaskett, J. S., on the rotation of 21 Cas, 
212; fine structure of lines in the 
spectra of y Cas, j3 Lyr, and v Sgr, 
288. 

Poyn ting’s vector, 96, 99. 

Probability coefficients, 11; in multi- 
plets, 75; in hydrogen, 148. 

Profile, see Line profiles. 

Quadripole radiation, 305. 

Quantum conditions, 21 ; numbers, 36, 
56. 

Radiation, dilute temperature, 145; 
transfer of, 105; tensor, 107 ; thermal, 
24; field theory of, 73 et seq. 

Rare earths, 68. 

I Rayleigh , radiation law, 115,1 23 ; scatter- 
i ing, 185. 

: Reaction isochoro, 248. 

I Recurrence foimulae, of Legendre poly- 
nomials, 38; of Ferrers’s associated 
Legendre polynomials, 38; of Heimite 
I polynomials, 34. 

I Refraction index, theory of, 94. 

. Reiche, tost of thermal Doppler effect, 

! 102 . 

Resonance lines, theory of, 83; wave 
lengths of, 176; theory of the radia- 
tive transfer within, in a nebula, 328. 
i Richardson, discovery of AlH in sun 
spots, 321 ; solar temperature from 
band intensities, 235. 
i Righini, a study of a Mg 6-line in the 
sun, 138. 

i Ritz, correction to Rydberg’s formula, 49. 
i Rodrigues’s formula, 37. 

; Rosenberg, on the cross-section for 
atomic collisions, 276. 

Rosenfeld, dissociation of stellar com- 
pounds, 245, 248, 251. 

Rosseland, on the effect of cyclic transi- 
tions on the residual line intensities, 
162; on solar magnetic fields, 219; on 
the intensities of auroral bands, 244; 
on a chromosphere supported by cor- 
puscular rays, 268, 275. 

Rossiter, rotation effects in j8 Lyr and /5 
Per, 212. 

Rotating stars, 202, 289. 

Rowland, intensities of Fraunhofer lines, 
160, 167, 169. 
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Ruboixs, tlio spectrum of HjO, 225. 

Rubinowicz, theory of quadripole radia- | 
tion, 306. 

Rufus, intensity of the Q band, 231. 

Russell, nomenclature, 70; Russell- 
Saundei-s coupling, 72; multiplet in- 
tensities, 77 ; abundance of elements in 
the sun, 160, 167, 169, 182; opacity 
formulae, 194; state of ionization in 
stellar atmospheres, diagrams, 199, 
201 ; state of dissociation, diagrams, 
253, 254, 255, 256, calculations, 257 ; 
interpretation of interstellar lines, 337. 

Rydberg, constant, 45 ; formula, 49. 

Saha, theory of spectral classes, 175. 

St. John, the limb effect, 268. 

Sandford, discovery of the (;arbon iso- 
topes, 232. 

Saunders, the Russell-Saimdors coupling, 
70, 72. 

Scattering, coherent, 122. 

Schal6n, theory of interstellar absorption, 
344. 

Schlesinger, discovery of stellar rotation, 

211 . 

Schrodinger, wave equation, 19; per- 
turbations in line series duo to re- 
sonance, 53. 

Schiitz, tost of line profiles by total 
absolution, 102. 

Schwarzschild, quantum conditions, 21 ; 
on the use of integral equations in 
problems of radiative transfer, 130; 
on line profiles, 134; on the theory of 
the Stark effect, 220. 

Screening, 64. 

Selection principles, for the harmonic 
oscillator, 34 ; for central fields, 39, 40, j 
41, 42. I 

Self-adjoint operator, 20. | 

Self-consistent field, 35. 

Shajn, on the rotation effect in eclipsing 
binaries, 210, 213. 

Shane, intensity of the Q band, 231. 

Slater, theory of valency, 63. 

Slipher, on comets, 244; on the inter- 
pretation of planetary bands, 260; 
on Hubble’s variable nebula, 314. 

Slob, on total line intensities, 160, 164, 
166, 

Somraerfeld, quantum conditions, 21 ; 
the fine-structure formula, 53 ; on mul- 
tiplet intensities, 76, 77. 

Spin, electronic, 53, 54. 

Stark effect, 220. 


Stebbins, on TiO and Cj in a Herculis, 
255 ; on interstellar absorjjtion, 345. 
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